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. ALLEN Gravitation
GRAVITATION

KEY CONCEPT

The discovery of the law of gravitation
The way the law of universal gravitation was discovered is often considered the paradigm of modern
scientific technique. The major steps involved were
* The hypothesis about planetary motion given by Nicolaus Copernicus (1473-1543).
* The careful experimental measurements of the positions of the planets and the Sun by Tycho
Brahe (1546-1601).
* Analysis of the data and the formulation of empirical laws by Johannes Kepler (1571-1630).
* The development of a general theory by Isaac Newton (1642-1727).

Newton's law of Gravitation
It states that every body in the universe attracts every other body with a force which is directly
proportional to the product of their masses and is inversely proportional to the square of the distance

between them.
F oc mm andFocisoF m,m, F F,
12 r2 o« ) @_lif __________ _fl@
Gmlm2 n . . . < r »
.. F=—=———=T [G = Universal gravitational constant]

Note : This formula is only applicable for spherical symmetric masses or point masses.
Vector form of Newton's law of Gravitation :

Let 1,, = Displacement vector from m, to m,
I,, = Displacement vector from m, to m,
F,, = Gravitational force exerted on m, by m,

1312 = Gravitational force exerted on m by m,

= Gmm, . Gmm,

= — T e

12 2 21 3 21
21 21

Negative sign shows that :

(1) The direction of Flz is opposite to that T,
(i1) The gravitational force is attractive in nature

Similarly 1":':21 = _Gm—;mzf]z or 1":':21 == Gm,m, I, = FIZ
Iy I,
The gravitational force between two bodies are equal in magnitude and opposite in direction.
Gravitational constant ''G"'
. Gravitational constant is a scalar quantity.
. Unit : SI:G=6.67x 10" N-m?/kg?
CGS : 6.67 x 10 dyne—cm?/g>
Dimensions : M'L*T?
. Its value is same throughout the universe, G does not depend on the nature and size of the bodies, it
also does not depend upon nature of the medium between the bodies.

_
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Ex.

Sol.

Ex.

Sol.

Ex.

Sol.

Its value was first find out by the scientist '""Henry Cavendish'' with the help of "Torsion Balance"
experiment.
Value of G is small therefore gravitational force is weaker than electrostatic and nuclear forces.

Two particles of masses 1 kg and 2 kg are placed at a separation of 50 cm. Assuming that the only
forces acting on the particles are their mutual gravitation, find the initial acceleration of heavier particle.

Gmm, 6.67x107" x1x2

Force exerted by one particle on another F = 2 0.5 =53x10""N
F  53x107" 0
Acceleration of heavier particle= " —=—"""—= 2.65x10" "ms

2

This example shows that gravitation is very weak but only this force keep bind our solar system and
also this universe, all galaxies and other interstellar system.

Two stationary particles of masses M, and M, are at a distance 'd' apart. A third particle lying on the
line joining the particles, experiences no resultant gravitational forces. What is the distance of this
particle from M.

) _ GMm " "
The force on m towards M is F = " M, m s
wnnn [ e d
GM,m
The force on m towards M, is F, = (d——r)2

According to question net force on mis zero i.e. F, = F,

) (d—r)2

cT,
Three particles, each of mass m, are situated at the vertices of an equilateral triangle of side 'a'. The
only forces acting on the particles are their mutual gravitational forces. It is desired that each particle
moves in a circle while maintaining their original separation 'a". Determine the initial velocity that
should be given to each particle and time period of circular motion.
The resultant force on particle at A due to other two particles is

GMm _ GM,m _ (d—r}z M,
M

r 1

G 2
F, = \F% + F2 +2F,F, . cos60° =3 ;21 (i) { Fs =F

i i r—%><alsin60°—i
Radius of the circle 3 \/5

If each particle is given a tangential velocity v, so that F acts as the centripetal force,

sz sz
Now -3 ...(ii)
T a
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From (i) and (i) f mv’ Gm \/5 = V= ,me

Time period T = 21 Zna ,/ 1/
3Gm

Gravitational forces are central forces as they act along the line joining the centres of two bodies.
The gravitational forces are conservative forces so work done by gravitational force does not depends
upon path and therefore if any particle moves along a closed path under the action of gravitational
force then the work done by this force is always zero.

The total gravitational force on one particle due to number of particles is the resultant of forces of

attraction exerted on the given particle due to individual particles i.e. F=F +F, +F, +............ it

means the principle of superposition is valid.

Gravitational Field

@
(@)

(b)
@

(@)

(b)

The gravitational field is the space around a mass or an assembly of masses over

which it can exert gravitational forces on other masses.

Theoretically speaking, the gravitational field extends up to infinity. However, in )
actual practice, the gravitational field may become too weak to be measured beyond C}QV S
a particular distance. Htational
Gravitational Field Intensity [g or E]

Gravitational force acting per unit mass at any point in the gravitational field is
called Gravitational field intensity. I

GMm GM . F . oM, o
m = el Vector form: g=—or &8=———T
m

Ze

g:

Gravitational field intensity is a vector quantity having dimension [LT?] and unit N/kg.

Since the force between two point masses is having the similar expression as that of force between
two point charges, we can write the gravitational field & gravitational potential in the same manner as
the electric field & electric potential.

Analogy betwen Electrostatics & Gravitation

Point Charge Point Mass
kQ GM
=2 g= 2
k -GM
r r
Uniform charged ring Ring of uniform mass distribution
kQx ) GMx ‘
E= (r2+x2)3/2 on axis g= (r2+x2)3/2 on axis
: L . r
E is max. when x = NG g is max. when x = NG
kQ kQ -GM -GM

at center

V=", _, onaxis, — atcenter V.= [2 _; onaxis,
Vo +x r Vo +x

Gravitation
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(3) Uniform linear charge Uniform linear mass
\\ GT}L (cosp—cosa)
IR S, E‘- = =% sin(a +B) TR
""""""" A . -~ ’ GT}L(sinot—sinB)
L+ —(cosB—cosa) -
' (A=mass per unit length)
4) Infinite Linear charge Infinite linear mass
o o
I I
I I
A B A B
oo oo
E 2KA 2GA
(@ = g=",
1, r
(b) V-V, =-2K\ lnr—1 V,-V,= 2GA In Eﬁj
(5) Infinite Sheet of charge Infinite Sheet of mass
= © « 471G = 21G
E = 280 g = E XanQu = ZTUo

(o = mass per unit area)

* Notice gravitational force is always attractive and hence gravitational potential is always —ve. (for a
repulsive force potential is postive). This can be explained from the sign of W__ in moving the test
charge from co to the point under consideration.

**  Since g points from B towards A potential increases as we move from A to B. Just like electric

potentical gravitational potential also increases opposite to field direction.

(6) Uniformly charged hollow shpere Hollow sphere of uniform mass
Charge Q, radius R Mass M , radius R
distance of field point from center r distance of field point from center r
Caselr>R
Q
r P GM
g= 2
kQ GM
E = _2 G = -
r r
k
vo X
r
L 4
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CasellIr<R
0
g=0
GM
E=0 V.= R

(7) Electrostatics self energy of uniformly

Gravitational self energy of uniform

charged thin spherical shell. thin spherical shell.
2 2
u=KQ UM
2R 2R
(8) Uniformly charged solid sphere Uniformly solid sphere
mass M, radius R mass M, radius R
kQ GM
E=—>5,r>R g=">5 ,r>R
r r
kQr GM
R3,I'<R _R3 ' r<R
kQ GM
V=—",r>R V =—,r>R
r a r
kQ 32 -GM (3 2
(9) Electrostatics self energy of uniformly Gravitational self energy of uniform
charged solid sphere. solid sphere.
2 2
U- 3KQ U- 3GM
5 R 5 R
Ex. Find gravitational force between the point mass & the rod of uniform mass.
M r m
0]
| |
~ L rd
2
g Ans GMm
3 1 1
5 r+— || r——
)
i
gi Sol. dm =-—dx dx,dm
g G (dM) m L il
2 dF = <
1 x> L
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Ex.

Sol.

Ex.

(3]
X, = I+—
- 2

¢ GM d
i
{4
He GMm [l}x‘ ~ GMm L 3 GMm
L [x]

) T

A thin rod of mass M and length L is bent in a semicircle as shown in figure.
(a) Whatisits gravitational force (both magnitude and direction) on a particle with mass m at O, the

centre of curvature?
(b) What would be the force on m if the rod is, in the form of a complete circle?
(a) Considering an element of rod of length d/ as shown in figure and treating it as a point of mass
(M/L) d/ situated at a distance R from P, the gravitational force due to this element on the particle will
be

Gm(M/L)(Rd6)

dF = " along OP [as d/ =Rd0 ] P

So the component of this force along x and y—axis will be dr

GmM cos6 do . dF = dF sin6 GmM sin6 d6
LR - A, = Al sInE = LR 0 4A4F

dF_=dF cosO =

GmM T GmM . . 0
So that Fx = T cos0 do — [Sln 6]0 =0

0

GmM | . GmM 27GmM
_ pdo _ oMM n _ ZmOmM
and F, = LR o - LR [~cos®] [

0o~ 12

as R:L}
T

2nGmM
So F= JFXZ+Fy2 :Fy: RT las F is zero]

i.e., the resultant force is along the y—axis and has magnitude (2tGmM/L?)
(b) If the rod was bent into a complete circle,
GmM (2x GmM

21 .
FX:K . cos@dG:OandalsoFy:K . sin® d6 =0

i.e, the resultant force on m at O due to the ring is zero.

Find ratio of gravitational field on the surface of two planets which are of uniform mass density &
have radius R; & R, if

(a) They are of same mass

(b) They are of same density

2
Ans @) 2 =Ry &R
& R & Ry
4 3
oM 93™P 46R
TR R’ 3 f
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Ex.

Ans.

Sol.
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A uniform solid sphere of density p and radius R has a spherical cavity of radius r
inside it as shown. Find gravitation field at

¢
(b)C

(c) P (prove that field inside cavity is uniform)

4
k[nr3pj -
A 41GpOC 4 —_—
@ 3 Jco ) = 3‘) () 37GPO,0;

(0C)?
g = gravitational field at any point inside sphere
. GM.
g= R r
= %i nR’pt
g= %nGp T

Let the sphere with cavity is formed by superimposing it with a small sphere of density (—p) as shown

‘+=>

Resultant field g =g +§g,

= (g nGpjﬁ’ + (g nGpJ P—O2

:%nGpTOz. [0102 ZO_C.]

It is indepndent of position of point inside cavity

AtO g=g +g,

=0+ ((Y))Z (6(\))

B G: mr’p &
(co)

(: nGrzpj
—=CO

(o)
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Acceleration Due to Gravity (g)

Gravitational Force ng ma if R = Radius of Earth, M_ = Mass of Earth.
m
GM.m GM, w=0 %: !

then o =ma —a =g= N (GM_=gR?) ... (i) .

€ € h

. GM, G '
In form of density g = F = R_i X3 R’ xp
4 g
Sog= EWGReP ... (11)
If p is constant then g oc R_ g
Variation in Acceleration due gravity -
(a) Due to Altitude (height) 8T R +fl)2
5 _ R h
g~ (R ,+h) i

Ex.

Sol.

Ex.

Sol.

| 4

-2
By binomial expansion (1 + le = [1 - &J

€

2h
[If h << R, then higher power terms are negligible] .. 8 =& {1 ——} o

Two equal masses m and m are hung from a balance whose scale pans differ in vertical height by 'h'".
Determine the error in weighing in terms of density of the Earth p.

2h h, h GM_ h |.. _GM
gh:g{l__},WZ—WI:ng—mgl=2mg{R—l—R—2}=21’Il X "g=Jy & h=h,=h

R, R: .
4 h 8n
Error in weighing =W, -W = ZmGg nRsz = ?Gmph
(b) Due to depth :
Assuming density of Earth remains same throughout. At depth d inside the Earth :
d
8=8 1_R_ valid for any depth

d
Decrement in g with depth = Ag =g—-g =g~ g{l—R—}

€

Ag, i
g R
At which depth from Earth surface, acceleration due to gravity is decreased by 1%
Ag, d 1

d =64 km

¢ R, 100 6400
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polar axis N

(c) Due to shape of the Earth
R <R
p e

L g.<g,
= by putting the values g,—8.= 0.02 m/s?

(d) Due to Rotation of the Earth
g'=g—-R 0’ cos’A
If latitude angle A = 0. It means at equator. g' . =g =g—-R o’

If latitude angle A = 90°. It means at poles. g' =g =g =g >g

n._n

Change in "g" only due to rotation Ag = g, 8= 0.03 m/s?

s 0.02m/s”  (due to shape)
Ag..= g —g.=(0.05 m/s’) —»< . )
Bou™ &~ 8. ( ) 0.03m/s’  (due to rotation)

Weightlessness

- GM.
State of the free fall (a = T r j is called state of weightlessness. If a body is in a satellite (which

does not produce its own gravity) orbiting the Earth at a height h above its surface then

mGM _ mg

R+h2 2

®W ()
R

True weight = mg =

Apparent weight = m(g, —a)
vo _GM _ GM
buta=" """ " Rehy

Note : The condition of weightlessness can be overcome by creating artificial gravity by rotating the
satellite in addition to its revolution.

= & = Apparent weight=m(g_—g)=0

Escape speed (v )
Minimum speed required for an object at Earth's surface so that it just escapes the Earth's gravitational
field.
Escape energy
Minimum energy given to a particle in form of kinetic energy so that Ve
it can just escape from Earth's gravitational field. surfagg
GM,m
Escape energy = "R (—ve of PE of Earth's surface)
.. GM,m 1 _ , /2GMe
Escape energy = Kinetic Energy = R = EIIlVe = V.= R o

m
*
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Ex.

Sol.

Ex.

Ans.

Sol.

Ex.

Sol.

2GM, 1
e v = (In form of mass) If M = constant AL

Re
\2gR, (In form of g) If g = constant v_oc R,
8w

f G.
3 & (In form of density) If p = constant v, R,

* Escape velocity does not depend on mass of body, angle of projection or direction of projection.
v.oem’ and v_oc©°
* Escape velocity at : Earth surface v_ = 11.2 km/s Moon surface v_ = 2.31 km/s
* Atmosphere on Moon is absent because root mean square velocity of gas particle is greater then
escape velocity. v_ >v,_
A space—ship is launched into a circular orbit close to the Earth's surface. What additional speed
should now be imparted to the spaceship so that orbit to overcome the gravitational pull of the Earth.
Let AK be the additional kinetic energy imparted to the spaceship to overcome the gravitation pull

2
Re

e

vV =
e

vV =
e

then b i M AK=0+0= AK = onm
en by energy conservation — R + =0+0= = OR

Total kineti GMm AK GMm GMm GMm b l ,  GMm 2GM
otal kinetic energy = IR + =TSR + 2 = then 2mv 2_—R =V,= —R

R R
/GM /2GM /GM GM
But v = R So Additional velocity =v, —v = TR VR - (\/5 - 1) R

Find the minimum speed with which an object should be projected vertically upward from earth’s
surface to reach a height equal to radius of earth, R .

GM

R, 2 2R,
GM

V= |—
R

The distance between the centres of two stars is 10a. The masses of the stars are M and 16M and their

radii a and 2a respectively. A body of mass m is fired straight from surface of the larger star towards

smaller star.

(a) Find the distance between centre of smaller star and the point of zero gravitational field strength:

P is the point where field strength is zero.
GM  G(16M)

2 2 0
I L 1

and ro+r,= 10a
So, r = 2a, r, = 8a
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(b)

Sol.

The initial minimum speed of the body to reach smaller star is K, /G—M . Find the value of K:
a

From conservation of mechanical energy.

1
EmVﬁm = Potential energy of body at P— Potential energy of body at larger star

B GMm B 16GMm e GMm B 16GMm
= (10a—2a) 2a

L L,

A

Kepler’s Laws

(@)
(b)

(©)

Kepler found important regularities in the motion of the planets. These regularities are known as
‘Kepler’s three laws of planetary motion’.
First Law (Law of Orbits) : All planets move around the Sun in elliptical orbits, having the Sun at
one focus of the orbit.
Second Law (Law of Areas) : A line joining any planet to the Sun sweeps out equal areas in equal
times, that is, the areal speed of the planet remains constant.
According to the second law, when the planet is nearest the Sun,
then its speed is maximum and when it is farthest from the Sun,
then its speed is minimum. In figure if a planet moves from A to
B in a given time—interval, and from C to D in the same time—
interval, then the areas ASB and CSD will be equal.

dA ]

& om ..(111)
Now, the areal speed dA/dt of the planet is constant, according to Kepler’s second law. Therefore,
according to eq. (iii), the angular momentum J of the planet is also constant, that is, the angular
momentum of the planet is conserved. Thus, Kepler’s second law is equivalent to conservation of
angular momentum.
Third Law : (Law of Periods) : The square of the period of revolution (time of one complete
revolution) of any planet around the Sun is directly proportional to the cube of the semi—major axis of
its elliptical orbit.

T? o @’
So it is clear through this rule that the farthest planet from the Sun has largest period of revolution.
The period of revolution of the closest planet Mercury is 88 days, while that of the farthest dwarf
planet Pluto is 248 years.

Satellite motion

A light body revolving round a heavier body due to gravitational attraction, is called satellite. Earth is
a satellite of the Sun while Moon is satellite of Earth.

Orbital velocity (v,) : A satellite of mass m moving in an orbit of radius r with speed v, then required
centripetal force is provided by gravitation.

Gravitation
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For a satellite very close to the Earth surface h<<R_ . Yo

e

T mvg GMm 0 R ‘
oo g r \j V (R +h) vV
>

GM
Vo = AR T gR, =8 km/s

. If a body is taken at some height from Earth and given horizontal velocity of magnitude 8 km/sec then
the body becomes satellite of Earth.
. v depends upon : Mass of planet, Radius of circular orbit of satellite, g (at planet), Density of planet

. If orbital velocity of a near by satellite becomes /2 v_(or increased by 41.4%, or K.E. is doubled)
then the satellite escapes from gravitational field of Earth.

2nr 2nr/ o 4n2
Vo R\/7

For Geostationary Satellite T = 24 hr, h=36,000km=6R_ (r=7R), v, = 3.1 km/s

Time Period of a Satellite T = r =T o B(r=R+h)

GM,
For Near by satellite v, = R = 8 km/s

€

Ns

/R
T = 2n ;e = 84 minute = 1 hour 24 minute = 1.4 hr = 5063 s

2n(R,)" 3n
(G x 4/37R, x p)* =\ Gp

In terms of density T, =

Time period of near by satellite only depends upon density of planet.
For Moon h _=380,000 kmand T = 27 days

_ 2m(R,+h)  2m(386400x10%)

v = = =1.04 km/sec.
o T, 27 %24 %60 %60
. . o 1 , GMm I’
Energies of a Satellite Kinetic energy K.E. = —mv, = >
2 2r 2mr
_ GMm 5 L’
Potential energy PE. = - =-mv, =——
r mr
2 2
Total mechanical energy T.E. = P.E.+ K.E.=— mv, __GMm __ L -
2 2r 2mr

Essential Condition's for Satellite Motion
¢ Centre of satellite's orbit coincide with centre of Earth.
* Plane of orbit of satellite is passing through centre of Earth.
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Special Points about Geo-Stationary Satellite

» All three essential conditions for satellite motion should be followed.

* Itrotatesin equatorial plane.

* Its height from Earth surface is 36000 km. (~6R )

* Its angular velocity and time period should be same as that of Earth.

» Itsrotating direction should be same as that of Earth (West to East).

» Its orbitis called parking orbit and its orbital velocity is 3.1 km./sec.

* Maximum latitude at which message can be recieved by geostationary satellite is

0=cos™ R,
R, +h

The area of earth's surface covered by geostationary satellite is S = QR? =

2mhR
R.+h

Polar Satellite (Sun — synchronous satellite)

It is that satellite which revolves in polar orbit around Earth. A polar orbit Polar orbit
is that orbit whose angle of inclination with equatorial plane of Earth is

90° and a satellite in polar orbit will pass over both the north and south Equator
geographic poles once per orbit. Polar satellites are Sun—synchronous
satellites. Every location on Earth lies within the observation of polar
satellite twice each day. The polar satellites are used for getting the cloud
images, atmospheric data, ozone layer in the atmosphere and to detect the
ozone hole over Antarctica.

Only the equatorial orbits are stable for a satellite. For any satellite to orbit around in a stable orbit, it
must move in such an orbit so that the centre of Earth lies at the centre of the orbit.

Equatorial
plane

Equatorial
orbit

Binding energy

Ex.

Sol.

Total mechanical energy (potential + kinetic) of a closed system is negative. The modulus of this total
mechanical energy is known as the binding energy of the system. This is the energy due to which
system is closed or different parts of the system are bound to each other.

Binding energy of satellite (system)

1 , GMm I’ - PE.
BE. = -TE.BEE.= —myv; = = > Hence BE.=K.E.=-TE. = —(——
2 2r 2mr 2
Work done in Changing the Orbit of Satellite
— GMm GMm|( 1 1
W = Change in mechanical energy of system but E = o O W=E -E = T
1 2

A satellite moves eastwards very near the surface of the Earth in equatorial plane with speed (v,).
Another satellite moves at the same height with the same speed in the equatorial plane but westwards.
If R = radius of the Earth and o be its angular speed of the Earth about its own axis. Then find the
approximate difference in the two time period as observed on the Earth.

2R 2R
and T

2R® }_ 4noR?

Twest = Vo + Ro east Vo — Ro = AT = Teast - Twest =2nR {Vg _szz Vg _szz

Gravitation
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Ex.

Sol.

Ex.

Sol.

ALLEN .

An artificial satellite (mass m) of a planet (mass M) revolves in a circular orbit whose radius is n times
the radius R of the planet. In the process of motion, the satellite experiences a slight resistance due to
cosmic dust. Assuming the force of resistance on satellite to depend on velocity as F = av? where 'a’
is a constant, calculate how long the satellite will stay in the space before it falls onto the planet's

surface.

Air resistance F = — av?, where orbital velocity v =
r = the distance of the satellite from planet's centre = F=—
The work done by the resistance force dW = Fdx = Fvdt =

The loss of energy of the satellite =dE ..

Since dE = - dW (work energy theorem) —

m R dr m\/ﬁ(\/ﬁ—l)
== oM | odom

B (GM)3/2 a

(Vn-1) N

de ....(1)

m
dr ...(ii)

Two satellites S| and S, revolve round a planet in coplanar circular orbits in the same sense. Their
periods of revolution are 1 h and 8h respectively. The radius of the orbit of S, is 10* km. When S,is
closest to S,, find (a) the speed of S, relative to S, and (b) the angular speed of S, as observed by an

astronautin S,.

Let the mass of the planet be M, that of S, be m; and S, be m,. Let the radius of the orbit of S, be

R,(= 10* km) and of S, be R,.

Let v, and v, be the linear speeds of S, and S, with respect to the planet. Figure shows the situation.

As the square of the time period is proportional to the cube of the radius.

3 2 2
R _[L)_ (&j _ 64
R, T, 1h
R2
=2 _y
or, R,
or, R, =4R, =4 x 10* m.
Now the time period of S, is 1 h. So,
2nR,

vy

1h

2R, 5 ix10%km /h

or, Vl =

similarly, v, = 218t§2 =nx10*km /h
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(@)
(b)

Binary star system

At the closest separation, the are moving in the same direction. Hence the speed of S, with respect to
S, is v, — vl = 1 x 10* km/h.
As seen from S, the satellite S, is a distance R, - R, =3 x 10* km at the closest separation. Also is
moving at © X 10* km/h in a direction perpendicular to the line joining them. Thus, the angular speed
of S, as observed by S, is

_nx10'km/h =

0= n =—rad/h.
3x10°km/h 3

Figure shows two particles moving due to mutually attractive gravitational
force about center of mass. Since there is no external force CM of system im,
remains fixed and time period of revolution must be same.

Both bodies have comparable mass and both are moving in circular orbit
centre of mass as shown in diagram

G(ml +m2)
R3

Angular momentum of the system about centre of mass.
m,m
—12 R0
m,+m,

Kinetic energy = 1f _mm, R’w’
2{m, +m,

w=

L=

The time period of a simple pendulum of infinite length.

L
In deriving the formula T )= 2m (gj we have assumed that length of the pendulum L is much less

than the radius of the earth R so that 'g' always remains vertical. However, if length of pendulum is
comparable of the radius of earth, 'g' will not remain vertical but will be directed towards the centre of
the earth.

(<Ty)

From this expression it is clear that :

/ L
(@) IfL <<R, (1/L) >> (1/R) so T = 2™ [Ej which is expected.

(b) If L>>R (— o) (1/L) << (1/R) so

6
T -2 R _on /6.4><10
g 10

=800 x 27 sec ~ 83.8 minute
And it is also the maximum time period which an oscillating simple pendulum can have.

Gravitation
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(c) If L is comparable to R (say L =R),

T=2n E:Ihour'
V2¢

Motion of a ball in a tunnel through the earth :
Case I : If the tunnel is along a diameter and the ball is released from the suface. The ball executes
SHM.

(B)

R’ R
sothat T=2mn - T=2n (—j
GM g

Which is same as that of a simple pendulum of infinite length and is equal to 84.6 minute.
Case I1 : If the tunnel is along a chord and ball is released from the suface. The motion is SHM with
the same time period.
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EXERCISE (S)

A particle is fired vertically from the surface of the earth with a velocity kv, , where v, is the escape
velocity and k < 1. Neglecting air resistance and assuming earth's radius as R . Calculate the height to

which it will rise from the surface of the earth. GR0001
Calculate the distance from the surface of the earth at which above and below the surface acceleration
due to gravity is the same. GR0002

An object is projected vertically upward from the surface of the earth of mass M with a velocity such
that the maximum height reached is eight times the radius R of the earth. Calculate:
(1) the initial speed of projection
(11) the speed at half the maximum height. GRO0003
A satellite is moving in a circular orbit around the earth. The total energy of the satellite is
E = — 2 x10°J. The amount of energy to be imparted to the satellite to transfer it to a circular orbit
where its potential energy is U=—2 x 10°] is equal to . GRO0005
A satellite of mass m is orbiting the earth in a circular orbit of radius r. It starts losing energy due to
small air resistance at the rate of C J/ s. Then the time taken for the satellite to reach the earth is
. GR0006
A pair of stars rotates about a common center of mass. One of the stars has a mass M which is twice
as large as the mass m of the other. Their centres are at a distance d apart, d being large compared to
the size of either star. (a) Derive an expression for the period of rotation of the stars about their
common centre of mass in terms of d,m, G. (b) Compare the angular momentum of the two stars
about their common centre of mass by calculating the ratio L_/L,,. (¢) Compare the kinetic energies
of the two stars by calculating the ratio K /K. GRO0007
A sphere of radius R has its centre at the origin. It has a uniform mass density p_except that there is
a spherical hole of radius r = R/2 whose centre is at x = R/2 as in fig. (a) Find gravitational field at
points on the axis for IxI > R (b) Show that the gravitational field inside the hole is uniform, find its
magnitude and direction.

GR0008
The Earth may be regarded as a spherically shaped uniform core of density p, and radius R/2 surrounded

by a uniform shell of thickness R/2 and density p,. Find the ratio of P if the value of acceleration
%)

due to gravity is the same at surface as at depth R/2 from the surface. GR00014

A binary star has a period (T) of 2 earth years while distance L between its components having

masses M, and M, is four astronomical units. If M, = My where M is the mass of sun, find the ratio

M, /5Mq. GRO0015

*
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EXERCISE (O)

1. If the distance between the centres of Earth and Moon is D and mass of Earth is 81 times that of

Moon. At what distance from the centre of Earth gravitational field will be zero?

A L4 B 2b C 4D D b GR0018
(A) 5 (B) (©) D) 75
2.  Aparticle of mass M is at a distance a from surface of a thin spherical shell of equal mass and having

radius a.

M
[ ]
e

(A) Gravitational field and potential both are zero at centre of the shell.

(B) Gravitational field is zero not only inside the shell but at a point outside the shell also.

(C) Inside the shell, gravitational field alone is zero.

(D) Neither gravitational field nor gravitational potential is zero inside the shell. GRO0019
3.  Ahollow spherical shell is compressed to half its radius. The gravitational potential at the centre

(A) increases

(B) decreases

(C) remains same

(D) during the compression increases then returns at the previous value. GR0020
4.  Let obe the angular velocity of the earth’s rotation about its axis. Assume that the acceleration due to

gravity on the earth’s surface has the same value at the equator and the poles in absence of rotation of

earth. An object weighed at the equator gives the same reading as a reading taken at a depth d below

earth’s surface at a pole (d<<R) The value of d is
'R’ 'R’ 20°R’ JRg

P (B) 2g ©) P (D)T GR0021

(A)

5.  Iftheradius of the earth be increased by a factor of 5, by what factor its density be changed to keep

the value of g the same?

(A) 1725 B) 1/5 ©) 1/45 (D)5 GR0022
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6.  The mass and diameter of a planet are twice those of earth. What will be the period of oscillation of a
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10.

11.

pendulum on this planet if it is a seconds pendulum on earth?

(A) /2 second (B) 2+/2 seconds
©) 1L second (D) ! second GR0023
V2 22

Two identical satellites are at the heights R and 7R from the Earth's surface. Then which of the

following statement is incorrect. (R = radius of the Earth)

(A) Ratio of total energy of both is 5

(B) Ratio of kinetic energy of both is 4

(C) Ratio of potential energy of both 4

(D) Ratio of total energy of both is 4 and ratio of magnitude of potential to kinetic energy is 2
GR0024

A spherical uniform planet is rotating about its axis. The velocity of a point on its equator is V. Due

to the rotation of planet about its axis the acceleration due to gravity g at equator is 1/2 of g at poles.

The escape velocity of a particle on the pole of planet in terms of V is

(A)V, =2V (B)V, =V OV, =V/2 D)V, =3V
GR0025

The escape velocity for a planetis v,. A tunnel is dug along a diameter of the planet and a small body
is dropped into it at the surface. When the body reaches the centre of the planet, its speed will be

ve
2

A (nonrotating) star collapses onto itself from an initial radius R, with its mass remaining unchanged.

(A)v, (B)

© % (D)0 GR0026

Which curve in figure best gives the gravitational acceleration a, on the surface of the star as a
function of the radius of the star during the collapse?

(A)a B)b ©)c (D)d GRO0027
A satellite of mass m, initially at rest on the earth, is launched into a circular orbit at a height equal to
the radius of the earth. The minimum energy required is

V3

1 1 3
(A) e mgR (B) 3 mgR © 1 mgR (D) 1 mgR GR0028

*
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12.

13.

14.

15.

16.

17.

The figure shows the variation of energy with the orbit radius of a body in circular planetary motion.
Find the correct statement about the curves A, B and C

r

Energy

N
=

(A) A shows the kinetic energy, B the total energy and C the potential energy of the system.

(B) C shows the total energy, B the kinetic energy and A the potential energy of the system.
(C) C and A are kinetic and potential energies respectively and B is the total energy of the system.
(D) A and B are kinetic and potential energies and C is the total energy of the system.

GRO0029

A satellite of mass SM orbits the earth in a circular orbit. At one point in its orbit, the satellite explodes
into two pieces, one of mass M and the other of mass 4M. After the explosion the mass M ends up
travelling in the same circular orbit, but in opposite direction. After explosion the mass 4M is :-

(A) Ina circular orbit

(B) unbound

(C) elliptical orbit

(D) data is insufficient to determine the nature of the orbit. GR0030

A satellite can be in a geostationary orbit around earth at a distance r from the centre. If the angular
velocity of earth about its axis doubles, a satellite can now be in a geostationary orbit around earth if
its distance from the centre 1s :-

T r T
(A) % (B) 22 ©) M)T (D) (Z)T GRO0031

An earth satellite is moved from one stable circular orbit to another larger and stable circular orbit.
The following quantities increase for the satellite as a result of this change:-

(A) gravitational potential energy (B) angular velocity
(C) linear orbital velocity (D) centripetal acceleration GR0032
Satellites A and B are orbiting around the earth in orbits of ratio R and 4R respectively. The ratio of
their areal velocities is :
(A)1:2 B)1:4 ©)1:8 D)1:16 GRO0033
The fractional change in the value of free—fall acceleration g for a particle when it is lifted from the
surface to an elevation h (h<<R) is

2h 2h h

h
(A) R (B) R ©) Y D) - R GR0034
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18.
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19.

20.

21.

22.

23.

If suddenly the gravitational force of attraction between earth and a satellite revolving around it becomes
zero, then the satellite will- [AIEEE-2002]

(A) continue to move in its orbit with same velocity

(B) move tangentially to the original orbit with same velocity

(C) become stationary in its orbit

(D) move towards the earth GRO0035

The time period of a satellite of earth is 5 hours. If the separation between the centre of earth and the

satellite is increased to 4 times the previous value, the new time period will become- [AIEEE-2003]
(A)10h (B)80h (©)40h (D)20h GRO0036
A communications Earth satellite

(A) goes round the earth from east to west

(B) can be in the equatorial plane only

(C) can be vertically above any place on the earth

(D) goes round the earth from west to east

If a satellite orbits as close to the earth's surface as possible, GRO0037
(A) its speed is maximum

(B) time period of its rotation is minimum

(C) the total energy of the 'earth plus satellite' system is minimum

(D) the total energy of the 'earth plus satellite'system is maximum GRO0038
For a satellite to orbit around the earth, which of the following must be true?

(A) It must be above the equator at some time

(B) It cannot pass over the poles at any time

(C) Its height above the surface cannot exceed 36,000 km
(D) Its period of rotation must be > 27t,/R /g where R is radius of earth GRO0039

In elliptical orbit of a planet, as the planet moves from apogee position to perigee position,

Column-I Column-II
(A) Speed of planet (P) Remains same
(B) Distance of planet from centre of Sun (Q) Decreases
(C) Potential energy (R) Increases
(D) Angular momentum about centre of Sun (S) Can not say GR0040

Gravitation



JEE-Physics ALLEN .

EXERCISE (JM)

1.  If ggand gy, are the acceleration due to gravity on the surfaces of the earth and the moon respectively
and if Millikan's oil drop experiment could be performed on the two surfaces, one will find the ratio

electronic charge on the moon
L, tobe- [AIEEE - 2007]

electronic charge on the eart

(H1 (2) zero (3) gp/gm 4) gp/eg GR0071
2.  Aplanetin adistance solar system is 10 times more massive than the earth and its radius is 10 times

smaller. Given that the escape velocity from the earth is 11 km s, the escape velocity from the

surface of the planet would be [AIEEE - 2008]

(1) 1.1kms! (2) 11 kms! (3) 110 km s (4)0.11kms' GRO0072
3. This question contains statement-1 and statement -2 of the four choices given after the statements,

choose the one that best describes the two statements. [AIEEE - 2008]

Statement 1: For a mass M kept at the centre of a cube of side ‘a’, the flux of gravitational field
passing through its sides is 4 r GM.

Statement 2 : If the direction of a field due to a point source is radial and its dependence on the
distance ‘r’ from the source is given as lz , its flux through a closed surface depends only on the
r

strength of the source enclosed by the surface and not on the size or shape of the surface.

(1) Statement —1 is false, Statement -2 is true

(2) Statement-1 is true, Statement—2 is true; Statement—2 is a correct explanation for Statement—1

(3) Statement—1 is true, Statement—2 is true; Statement—2 is not a correct explanation for Statement—1
(4) Statement—1 is true, Statement-2 is false GRO0073

4.  The height at which the acceleration due to gravity becomes % (where g = the acceleration due to

gravity on the surface of the earth) in terms of R, the radius of the earth, is :- [AIEEE - 2009]
R 4 = GR0074
(D)3 (2) 2R (3)2R SN 00
5. Twobodies of masses m and 4m are placed at a distance r. The gravitational potential at a point on the
line joining them where the gravitational field is zero is :- [AIEEE - 2011]
6Gm 9Gm 4Gm
(- " 2)- " (3) zero 4) - GRO0051
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6.  Two particles of equal mass 'm' go around a circle of radius R under the action of their mutual
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10.

11.

gravitational attraction. The speed of each particle with respect to their centre of mass is:-
[AIEEE-2011]

11/@ ) |51 3, [Sm g SO GR0052
(1) R (2) AR (3) IR 4) R

The mass of a spaceship is 1000 kg. It is to be launched from the earth's surface out into free space.
The value of 'g' and 'R’ (radius of earth) are 10 m/s2 and 6400 km respectively. The required energy

for this work will be :- [AIEEE-2012]
(1) 6.4 x 1010 Joules  (2) 6.4 x 1011 Joules (3) 6.4 x 108 Joules  (4) 6.4 x 10° Joules
GRO0053
What is the minimum energy required to launch a satellite of mass m from the surface of a planet of
mass M and radius R in a circular orbit at an altitude of 2R ? [JEE-Main 2013]
5GmM 2GmM GmM GmM
(1) 6R 2) 3R 3) SR 4) IR GR0054

Four particles, each of mass M and equidistant from each other, move along a circle of radius R under
the action of their mutual gravitational attraction. The speed of each particle is : [JEE-Main 2014]

GM 1 /[GM GM GM
1) /?(1+2\/§) (2)5‘/?(“2&) (3)‘/T 4 (N2== GRo0ss

R
From a solid sphere of mass M and radius R, a spherical portion of radius B3 is removed, as shown in

the figure. Taking gravitational potential V = 0 at r = oo, the potential at the centre of the cavity thus
formed is : (G = gravitational constant) [JEE-Main 2015]

.
4

-GM -GM
3) R 4) R GRO0056

R

(1) @ =

A satellite is reolving in a circular orbit at a height 'h' from the earth's surface (radius of earth R ;
h << R). The minimum increase in its orbital velocity required, so that the satellite could escape from
the earth's gravitational field, is close to : (Neglect the effect of atmosphere). [JEE-Main 2016]

(1) JeR (V2 -1) (2) J2gR (3) JJeR (4) JeR /2 GR0057

12. The variation of acceleration due to gravity g with distance d from centre of the earth is best represented
by (R = Earth's radius) :- [JEE-Main 2017]
g g
T AN o/,
O R o
GRO0058
4
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13.

14.

15.

16.

17.

A rocket has to be launched from earth in such a way that it never returns. If E is the minimum energy
delivered by the rocket launcher, what should be the minimum energy that the launcher should have
if the same rocket is to be launched from the surface of the moon ? Assume that the density of the

earth and the moon are equal and that the earth's volume is 64 times the volume of the moon :-
[JEE-Main 2019]

E E E E
(1) 2 2) I 3) EY) 4) o GRO075

Four identical particles of mass M are located at the corners of a square of side 'a". What should be
their speed if each of them revolves under the influence of other's gravitational field in a circular orbit
circumscribing the square? [JEE-Main 2019]

(1) L.21 /% () 1.41,/% 3) 1.16,/% (4) 1.35,/% GR0076

A test particle is moving in a circular orbit in the gravitational field produced by a mass density

K
p(r)=— . Identify the correct relation between the radius R of the particle's orbit and its period

5.
T

T: [JEE-Main 2019]

(1) T/R?is a constant (2) TR is a constant

(3) T?/R%is a constant (4) T/R is a constant GRO0077

A solid sphere of mass 'M' and radius 'a' is surrounded by a uniform concentric spherical shell of
thickness 2a and mass 2M. The gravitational field at distance '3a' from the centre will be :
[JEE-Main 2019]

2GM M GM 2GM
S Sht o GRO078

(1) % @, 3) ) o

A spaceship orbits around a planet at a height of 20 km from its surface. Assuming that only
gravitational field of the planet acts on the spaceship, what will be the number of complete revolutions
made by the spaceship in 24 hours around the planet ? [JEE-Main 2019]

[Given : Mass of planet = 8 x 10> kg ; Radius of planet = 2 x 10° m, Gravitational constant
G =6.67 x 107" Nm?kg?]

(H 9 2)11 3)13 4) 17 GRO0079
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18. The value of acceleration due to gravity at Earth's surface is 9.8 ms. The altitude above its surface at
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19.

20.

21.

22,

23.

)
e

which the acceleration due to gravity decreases to 4.9 ms=, is close to :

(Radius of earth = 6.4 x 10° m) [JEE-Main 2019]
(1) 1.6x10°m (2) 6.4 x 10°m
(3)9.0 x 10°m (4)2.6x 10°m GR0080

The ratio of the weights of a body on the Earth's surface to that on the surface of a planet is
1
9 : 4. The mass of the planet is 9 th of that of the Earth. If 'R' is the radius of the Earth, what is the
radius of the planet ? (Take the planets to have the same mass density) [JEE-Main 2019]
R R R R
(D) 3 2) 5 3) 7 4) 9 GR0081

The energy required to take a satellite to a height 'h' above Earth surface (radius of

Earth = 6.4 x 10°km) is E and kinetic energy required for the satellite to be in a circular orbit at this

height is E,. The value of h for which E, and E, are equal, is: [JEE-Main 2019]
(1) 1.28 x 10*km (2) 6.4 x 10° km

(3)3.2x 10°km (4) 1.6 x 10° km GRO0082
If the angular momentum of a planet of mass m, moving around the Sun in a circular orbitis L, about
the center of the Sun, its areal velocity is : [JEE-Main 2019]
(1) % 2) % 3) % 4) % GRO0083

Two stars of masses 3 x 103! kg each, and at distance 2 x 10''m rotate in a plane about their common
centre of mass O. A meteorite passes through O moving perpendicular to the star's rotation plane. In
order to escape from the gravitational field of this double star, the minimum speed that meteorite
should have at O is : (Take Gravitational constant G = 6.67 x 107" Nm? kg?) [JEE-Main 2019]
(1) 1.4 x 10° m/s (2) 24 x 10* m/s

(3) 3.8 x 10* m/s (4)2.8 x10° m/s GR0084
A satellite is moving with a constant speed v in circular orbit around the earth. An object of mass 'm'
is gjected from the satellite such that it just escapes from the gravitational pull of the earth. At the time
of ejection, the kinetic energy of the objectis : [JEE-Main 2019]

3 1
(1) Emvz (2) mv? (3) 2mv? 4) Emvz GR0085

The mass and the diameter of a planet are three times the respective values for the Earth. The period
of oscillation of a simple pendulum on the Earth is 2s. The period of oscillation of the same pendulum
on the planet would be :- [JEE-Main 2019]

V3

2 3
OV () 2435 (3) s ) s GR0086

*
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25.

26.

27.

28.

29.

ALLEN .

A satellite is revolving in a circular orbit at a height h from the earth surface, such that

h << R where R is the radius of the earth. Assuming that the effect of earth's atmosphere can be
neglected the minimum increase in the speed requried so that the satellite could escapte from the
gravitational field of earth is: [JEE-Main 2019]

(1) VeR(V2-1) (2) \2eR (3) JeR @) \/%

Two satellites, A and B, have masses m and 2m respectively. A is in a circular orbit of radius R, and

GR0087

B is in a circular orbit of radius 2R around the earth. The ratio of their kinetic energies, T /Ty, is:
[JEE-Main 2019]
o
23

A straight rod of length L extends from x = a to x=L + a. The gravitational force is exerts on a point

(1)2 3)1 “4) % GR0088

mass 'm' at x = 0, if the mass per unit length of the rod is A + Bx2, is given by:
[JEE-Main 2019]

(1) Gm

3) Gm

A
A

1
a+L

1
a+L

1

a

1

a

o

j+BL

(2) Gm

(4) Gm

R
A

1

a

1

a

1
a+L

1
a+L

)+BL

e

GR0089

A satellite of mass M is in a circular orbit of radius R about the centre of the earth. A meteorite of the
same mass, falling towards the earth, collides with the satellite completely inelastically. The speeds of
the satellite and the meteorite are the same, just before the collision. The subsequent motion of the
combined body will be : [JEE-Main 2019]
(1) in a circular orbit of a different radius

(2) in the same circular orbit of radius R

(3) in an elliptical orbit

GR0090

A satellite of mass m is launched vertically upwards with an initial speed u from the surface of the earth.

(4) such that it escapes to infinity

After it reaches height R (R =radius of the earth), it ejects a rocket of mass % so that subsequently the

satellite moves in a circular orbit. The kinetic energy of the rocket is (G is the gravitational constant;
M is the mass of the earth): [JEE-Main 2020]

m(,_ oM} s 42 _119.GM
(D 20 3R 2) 200 R
am(, [5G m(2,113GM
3) 8 6R ) 20 200 R GR0091
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31.

32.

33.

Consider two solid spheres of radii R; = 1m, R, = 2m and masses M, and M,, respectively. The

M

gravitational field due to sphere (1) and (2) are shown. The value of Wl is: [JEE-Main 2020]
2

m A
5 4]
= 3]
s ()
S 2.
k) (1)
z 1]
S —t—t——t—>
0O 1 2 3 4 5 radius R
(1)l (2)g 3 1 4 1 GR0092
2 3 3) 3 4) c

An asteroid is moving directly towards the centre of the earth. When at a distance of

10R (R is the radius of the earth) from the earths centre, it has a speed of 12 km/s. Neglecting the

effect of earths atmosphere, what will be the speed of the asteroid when it hits the surface of the earth

(escape velocity from the earth is 11.2 km/s) ? Give your answer to the nearest integer in kilometer/s
[JEE-Main 2020]

GRO0093

A body A of mass mis moving in a circular orbit of radius R about a planet. Another body B of mass

% collides with A with a velocity which is half [%) the instantaneous velocity vy of A. The collision
is completely inelastic. Then, the combined body : [JEE-Main 2020]
(1) starts moving in an elliptical orbit around the planet.

(2) continues to move in a circular orbit

(3) Falls vertically downwards towards the planet

(4) Escapes from the Planet's Gravitational field. GR0094

Planet A has mass M and radius R. Planet B has half the mass and half the radius of Planet A. If the

vV, n
escape velocities from the Planets A and B are v, and vg, respectively, then V_A ~ 4 - The value of n
B

is : [JEE-Main 2020]
(1) 4 @)1 (3)2 4)3 GRO095

Gravitation
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ANSWER KEY
EXERCISE (S)
R Kk’ J5-1 4 [Gm 2 [2Gm
1. Ans. 2 2.Ans.h:TR 3.Ans.(z)§ R (zz)g SR
GMm( 1 1
4. Ans. 1 x 10°] 5.Ans. t= T{R —;j
3/2
6. Ans. (a) T= J3Gm ,(0)2,(c)2
3
7.Ans. g = + mGpyR ! 5 —% i,8= _2nGp0Ri 8. Ans. 7/3
6 | (x-(R/2) x 3
9. Ans. 3
EXERCISE (O)
1. Ans. (D) 2. Ans. (D) 3. Ans. (B) 4. Ans. (A) 5. Ans. (B) 6. Ans. (B)
7. Ans. (A) 8. Ans. (A) 9. Ans. (B) 10. Ans. (B) 11. Ans. (D) 12. Ans. (D)
13. Ans. (B) 14. Ans. (C) 15. Ans. (A) 16. Ans. (A) 17. Ans. (C) 18. Ans. (B)
19. Ans. (C) 20. Ans. (B,D) 21. Ans. (A,B,C) 22. Ans. (A, D)
23. Ans. (A)-R, (B)-Q, (C)-Q (D)-P
EXERCISE (JM)
1. Ans. (1) 2. Ans. (3) 3. Ans. (2) 4. Ans. (3) 5. Ans. (2) 6. Ans. (2)
7. Ans. (1) 8. Ans. (1) 9. Ans. (2) 10. Ans. (4) 11. Ans. (1) 12. Ans. (2)
13. Ans. (2) 14. Ans. (3) 15. Ans. (4) 16. Ans. (2) 17. Ans. (2) 18. Ans. (4)
19. Ans. (2) 20. Ans. (3) 21. Ans. (3) 22. Ans. (4) 23. Ans. (2) 24. Ans. (2)
25. Ans. (1) 26. Ans. (3) 27. Ans. (2) 28. Ans. (3) 29. Ans. (2) 30. Ans. (4)
31. Ans. 16 32. Ans. (1) 33. Ans. (1)
2
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