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. ALLEN

VECTORS

INTRODUCTION :
Vectors constitute one of the several Mathematical systems which can be usefully employed to provide
mathematical handling for certain types of problems in Geometry, Mechanics and other branches of
Applied Mathematics.
Vectors facilitate mathematical study of such physical quantities as possess Direction in addition to
Magnitude. Velocity of a particle, for example, is one such quantity.
Physical quantities are broadly divided in two categories viz (a) Vector Quantities & (b) Scalar
quantities.
(@) Vector quantities :
Any quantity, such as velocity, momentum, or force, that has both magnitude and direction and
for which vector addition is defined and meaningful; is treated as vector quantities.
Note :
Quantities having magnitude and direction but not obeying the vector law of addition will not
be treated as vectors.
For example, the rotations of a rigid body through finite angles have both magnitude & direction
but do not satisfy the law of vector addition therefore not a vector.
(b) Scalar quantities :
A quantity, such as mass, length, time, density or energy, that has size or magnitude but does

not involve the concept of direction is called scalar quantity.

MATHEMATICAL DESCRIPTION OF VECTOR & SCALAR :

To understand vectors mathematically we will first understand directed line segment.

Directed line segment :

Any given portion of a given straight line where the two end points are distinguished as Initial and
Terminal is called a Directed Line Segment.

The directed line segment with initial point A and terminal point B is denoted by the symbol AB.

The two end points of a directed line segment are not interchangeable and the directed line segments.
AB and BA must be thought of as different.
(@) Vector:

A directed line segment is called vector. Every directed line segment have three essential

characteristics.
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() Length : The length of AB will be denoted by the symbol |A—B|

Clearly, we have |A—B| = |ﬁ|
(ii) Support : The line of unlimited length of which a directed line segment is a part is called

its line of support or simply the Support.

(iii) Sense : The sense of AB is from A to B and that of BA from B to A so that the sense of
a directed line segment is from its initial to the terminal point.
(b) Scalar:

Any real number is a scalar.

EQUALITY OF TWO VECTORS :

Two vectors are said to be equal if they have

(@) the same length,

(b) the same or parallel supports and

(c) the same sense.

Note : Components of two equal vectors taken in any arbitrary direction are equal. i.e. If

a= ali + a23'+ a312, b= blf +b23 +b312 , where i, j & k are the unit vectors taken along co-ordinate

axes,then a=b < a,=b,, a,=b,,a, =b;,.

Hllustration 1 :  Let T=3i+2j—5k, a=2i—j+k, b=i+3j—2k and ¢ =—2i+ j—3k, F =A@ +pb+Vv<c,

then find A +p+v.

Solution : 3i+42j-5k =A(2i— j+ k) +p(i+3j—2k) + v(-2i + j - 3k)

=(QA+p—2V)i+(-A+3u+Vv)j+(A—2u-3v)k
Equating components of equal vectors

2A+p-2v=3 . (1)

-A+3pu+v=2 L (i1)

A=2u-3v=-5 .. (iii)

on solving (1), (i) & (iii)

weget A=3,u=1v=2

So A+ pu+v=6. Ans.

Do yourself - 1 :
(i Ifa=2i+ u}' ~7k and b =Ai +.3 j- 7Kk are two equal vectors, then find A + p?.
(i) Ifa, b are two vectors then which of the following statements is/are correct -

(A) d=-b=|a|b| (B)|d|-b| = a=+b

(©) |dj=b| = d=b (D) |3|=b| = a=+2b
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S.

LEFT AND RIGHT - HANDED ORIENTATION (CONFIGURATIONS) :

A 4

Y
Right - Handed Triplet Left - Handed Triplet v
For each hand take the directions Ox, Oy and Oz as shown in the figure. Thus we get two rectangular

coordinate systems. Can they be made congruent ? They cannot be, because the two hands have

different orientations. Therefore these two systems are different.

A rectangular coordinate system which can be made congruent with the system formed with the help

ofright hand (or left hand) is called a right handed (or left handed) rectangular coordinates system.

Thus we have the following condition to identify these two systems using sense of rotation :

(a) If the rotation from Ox to Oy is in the anticlockwise direction and Oz is directed upwards
(see right hand), then the system is right handed.

(b) Iftherotation from Ox to Oy is clockwise and Oz is directed upward (see left hand) then the system
is left handed.

Here after we shall use the right-handed rectangular Cartesian coordinate system
(or Ortho-normal system).

ALGEBRA OF VECTORS :

It is possible to develop an Algebra of Vectors which proves useful in the study of Geometry, Mechanics
and other branches of Applied Mathematics.

(a) Addition of two vectors :

The vectors have magnitude as well as direction, therefore their addition is different than
addition of real numbers.

Let @ and b betwo vectors in a plane, which are represented by AB and CD. Their addition can

be performed in the following two ways :

(i Triangle law of addition of vectors : Iftwo vectors can be represented in magnitude and
direction by the two sides of a triangle, taken in order, then their sum will be represented by

the third side in reverse order.

Let O be the fixed point in the plane of vectors. Draw a line
segment OE from O, equal and parallel to AB, which represents

the vector @ . Now from E, draw a line segment EF , equal and

parallel to CD, which represents the vector b . Line segment OF

obtained by joining O and F represents the sum of vectors a and

b.
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(b)

(i)

ie. OE+EF=0F

or  d+b=OF

This method of addition oftwo vectors is called Triangle law of addition of vectors.
Parallelogram law of addition of vectors : If two vectors be represented in magnitude
and direction by the two adjacent sides of a parallelogram then their sum will be represented
by the diagonal through the co-initial point.

Let @ and b be vectors drawn from point O denoted by line Q

segments OP and 0Q . Now complete the parallelogram OPRQ.

Then the vector represented by the diagonal OR will represent

the sum ofthe vectors @ and b .
ie. OP+0Q=O0R
or i+b=OR

This method of addition of two vectors is called Parallelogram law of addition of
vectors.

(iii) Properties of vector addition :

Polygon law of vector Addition (Addition of more than two vectors):
Addition of more than two vectors is found to be by repetition of
triangle law. Suppose we have to find the sum of five vectors a, b, ¢, d
and €. If these vectors be represented by line segment
OA, AB, BC, CD and DE respectively, then their sum will be

(1) @+b=b+a (commutative) (2) (a+b)+c=a+(b+¢) (associativity)

(3) a+0=4=0+4 (additive identity) (4) &+(-a)=0=(-a)+3 (additive inverse)

denoted by OE . This is the vector represented by rest (last) side ofthe

polygon OABCDE in reverse order. We can also make it clear this

way :

By triangle's law

OA+AB=0OB or a+b=OB

or (a+b)+¢=0C
or (§+B+E)+a:®

¢=OE or (a+b+c+d)+é=0E
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(o)

(d)

Here, we see that OE is represented by the line segment joining the initial point O of'the first vector

a and the final point of the last vector €.

In order to find the sum of more that two vectors by this method, a polygon is formed. Therefore this
method is known as the polygon law of addition.

Note : Ifthe initial point of the first vector and the final point of the last vector are the same, then the

sum of'the vectors will be a null vector.

Subtraction of Vectors :

Vector —b has length equals to vector b but its direction is opposite.

Subtraction of vector @ and b is defined as addition of @ and (—b). It is
written as follows :

a—b=d+(-b)
Geometrical representation :

In the given diagram, d and b are represented by OA and AB. We extend the line AB
in opposite direction upto C, where AB = AC. The line segment AC will represent the vector

—b . By joining the points O and C, the vector represented by OC is @+ (-b). ie. denotes

the vector a—b.

Note :

Hence subtraction of vectors does not obey the commutative law.
(i) a—(b-¢)#(@—b)—¢
i.e. subtraction of vectors does not obey the associative law.

Multiplication of vector by scalars :

If a isavector & mis a scalar, then m( a ) is a vector parallel to a whose modulus is |m| times

that of @ . This multiplication is called SCALAR MULTIPLICATION. If @ & b are vectors
& m, n are scalars, then :

(1) m@)=(@)m=ma (i) m(na)=n(ma)=(mn)a

(i) (m+n)a =ma+na (iv) m(@+b)=mad+mb
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Hlustration 2 :

Solution :

Hlustration 3 :

Solution :

Hlustration 4 :

Solution :

ABCD is a parallelogram whose diagonals meet at P. If O is a fixed point, then
OA +OB+0C+0D equals :-

(A) OP (B) 20P (C) 30P (D) 40P
Since, P bisects both the diagonal AC and BD, so

OA +0OC =20P and OB+0OD =20P = OA+OB+0C+0D=40P Ans.[D]
A, B, P, Q, R are five points in any plane. If forces H’,A—Q,ﬁ acts on point A and

force ﬁB, Q—B, RB acts on point B then resultant is :-

(A) 3AB (B) 3BA (C) 3PQ (D) 3PR

From figure A R b

AP +PB=AB

AG+QB = AB , .
AR +RB = AB

So (AP+AQ+AR )+ (PB+QB+RB)=3AB B < R
so required resultant = 3 AB. Ans. [A]

Prove that the line joining the middle points of two sides of a triangle is parallel to the
third side and is of half its length.

Let the middle points of side AB and AC of a AABC be D and E respectively.

BA =2DA and AC =2AE
Now in AABC, by triangle law of addition A

BA +AC =BC 7&15\
— B > c

)DA +2AE=BC = ﬁﬂﬁ:%m

DE = L BC
2

Hence, line DE is parallel to third side BC of triangle and half of it.

a

Do yourself - 2 :

() Ifa, b, ¢ be the vectors represented by the sides of a triangle taken in order, then prove that
+b+¢=0
i) IfPO+ O—Q = Q—O +OR, then prove that the points P, Q and R are collinear.

(iii) For any two vectors a and b prove that

(a) [a+b|<|a|+b| (b) |a-b|<|d|+b| (c)|da+b|=2|d|b]
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Note : In general for any non-zero vectors 4, b & ¢ one may note that although a+b +¢ = 0 but it will
not always represent the three sides of a triangle.

7. COLLINEAR VECTORS :

Two vectors are said to be collinear if their supports are parallel

o | &Y

disregards to their direction. Collinear vectors are also called Parallel ~

vectors. If they have the same direction they are named as like
vectors otherwise unlike vectors.

Note :

(i)  Symbolically two non zero vectors @ & b are collinear if and only if, & = Kb, where K e R

(i) Ifa= ali + azj + a312 and b=b,i+b,j+b;k are two collinear vectors then % = % = 2—3.
1 2 3
(i) If a & b are two non-zero, non-collinear vectors such that xa + yB =0 = x=y=0
8. CO-INITIAL VECTORS : b A

Vectors having same initial point are called Co-initial Vectors.

Qe
Ol A
Q
e

b

Hllustration 5: 1f 4 and b are non-collinear vectors, then find the value of x for which vectors :
G =(x—2)a+b and p=(3+2x)d—2b are collinear.
Solution : Since the vectors & and B are collinear.

there exist scalar A such that a.= XB

= (x—-2)a+b=A{3+2x)a —2b} = (x—-2-A(3+2x))d +(1+20)b=0
= x-2-A(3+2x)=0and1+21L=0

x—2—7»(3+2x)=0and7»=—%
1 1
= x—2+5(3+2x)=0 = 4x-1=0 = x=Z. Ans.

Hlustration6: 1fA=(2 i+3 3 ),B= (pf +9 3‘) and C = (f—}') are collinear, then the value of p is :-
(A)1/2 (B)3/2 (C)7/2 (D)5/2
Solution : AB=(p-2)i +6], AC=—1 —4]

Now A, B, C are collinear < AB|AC < p_—12 = % < p=772 Ans. [C]

Hllustration 7:  The value of A when a=21 —3 3 +k and b=8] + kj +4Kk are parallel is :-
(A)4 (B)-6 C)—12 (D)1

2 3 1

Solution : Since @ & b are parallel = 3= a2 = AM12 Ans. [C]
2
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Do yourself - 3 :

(i Inthe given figure of regular hexagon, which vectors are

(provided vertices A, B, C, D, E, F are all fixed) : F
(a) Parallel (b) Equal
(c)  Coinitial (d) Parallel but not equal. A 3 B

i) If 3=2i —33’+41A< and b = 8i —123 +16k such that a=Ab , then A equals to
(iii) If33+2b=5¢ and 83 — 7b = 4¢ , then which statement is/are true :
(A)|d|>|b] (B)|E[>|b]

(C) 4, b and ¢ are collinear vectors. (D) |a|=|b|

10.

11.

12.

COPLANAR VECTORS :

A given number of vectors are called coplanar if their supports are all parallel to the same plane. Note that

“TWO VECTORS ARE ALWAYS COPLANAR .

Note : Coplanar vectors may have any directions or magnitude.
REPRESENTATION OF A VECTOR IN SPACE IN TERMS OF 3
ORTHONORMAL TRIAD OF UNIT VECTORS :

Let P(x, y, z) be a point in space with reference to OX, OY and OZ < A

as the coordinate axes, then OA=x, OB=yand OC =z B P(X 02

Let i, 3', k be unit vectors along OX, OY and OZ respectively, then A

OA =xi, OB =yj, OC = zk 6 B

5
N
~.
~~

OP=0C'+C'P=0B+0A +0OC [. C'P=0C] A

~
~
el
~
Y

=0A +OB+0C = xi+yj+zk

=
Sl

=T
= xi+yj+21;
|f|:@:\/x2+y2+z2
POSITION VECTOR :

Let O be a fixed origin, then the position vector of a point P is the

vector OP. If 4 & b are position vectors of two point A and B,

S

then AB=b-a=pvof B—pvofA.
ZERO VECTOR OR NULL VECTOR :

A vector of zero magnitude i.e. which has the same initial & terminal point is called a zero vector. It is

denoted by 0 . It can have any arbitrary direction and any line as its line of support.
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13. UNIT VECTOR :

A vector of unit magnitude in direction of'a vector a is called unit vector along a and is denoted by

a symbolically a = %' (provided |a|=0)

14. SECTION FORMULA :

If a & b are the position vectors of two points A & B then the p.v. ofa point C () which divides

AB in the ratio m: n is given by :

(a) Internal Division : A‘( a)e=m——> C(c )<_“_>'B( b)
. _ _mb+na A A
C=r= ‘-\ : S
m-+n Vo
. o a+tb R
Note : Position vector of mid point of AB = o)
(b) External division : < m — i
A(a) B(b)e«=n—>C(¥)
—___mb-na g
C = r = ‘Q‘Q : "I
m-n e :
",~~‘ é ﬂo’
.. P
\\i/
O
Illustration 8 :  Prove that the medians of a triangle are concurrent.

Solution :
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Let ABC be a triangle and position vectors of three vertices A, B and C with respect to

the origin O be &, b and ¢ respectively.

OA =3, OB=b, OC=¢
Again, let D be the middle point of the side BC,

b+¢

so the position vector of point Dis OD =

Now take a point G, which divides the median AD in the ratio 2 : 1.

IS N
l.Oj+2.06:1'a+2'2(b+c)

_d+b+¢
1+2 1+2 3
Similarly, the position vector of the middle points of the other two medians, which divide

Position vector of point G is OG =
_ : . a+b+¢ — "
the medians in the ratio 2 : 1 will comes out to the same — which is the position

vector of G.
Hence, the medians of the triangles meet in G i.e. are concurrent.
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Hlustration 9 :

Solution :

Ifthe middle points of sides BC, CA & AB oftriangle ABC are respectively D, E, F then position
vector of centroid of triangle DEF, when position vector ofA,B,C are respectively i+ 3', 3 + f(, K+i
is-

1 LN " ~An ~ ~on ~ 2 LN "
(A) 5(1+J+k) (B) (i+j+k) (O 2(i+j+k) (D) §(1+J+k)

A A A A A A

The position vector of points D, E, F are respectively I—;J +k, i+ k+) itk

A A A A

11i+] » » k+] i+k
So, position vector of centroid of ADEF =§ % +k+i+ TJ .

Al 22 04
+] =§[1+J+k].

Ans. [D]

Do yourself - 4 :

()  Find the position vectors of the points which divide the join of the points 24 —3b and

3a—2b internally and externally in the ratio 2 : 3,

(ii) ABCD is a parallelogram and P is the point of intersection of'its diagonals. If O is the origin
of reference, show that OA +0B+0C + OD = 40P

(iii) Find the unit vector in the direction of 31 — 63’ +2k.

15.

VECTOR EQUATION OF A LINE :

OV r=a+p(b-a)

Parametric vector equation of a line passing through two points A(3) & B(b) is given by,

r=a+t(b—a) where tis a parameter. If the line passes through the point A(a) & is parallel to the

vector b then its equationis F=a+tb .

Note :

(i)  Equations of the bisectors of the angles between the lines T=a+Ab & T=a+uc is,

r=a+tb+¢) & F=a+pE-b).

(i) Inaplane, two lines are either intersecting or parallel.

(i) Two non parallel nor intersecting lines are called skew lines.
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Hlustration 10 :

Solution :

Hlustration 11 :

Solution :

In a triangle ABC, D and E are points on BC and AC respectively, such that BD =2DC
and AE =3EC. Let P be the point of intersection of AD and BE. Find BP/PE using vector
methods. (JEE-1993)

Let the position vectors of A and B be a and b respectively. Equations of AD and BE are

f=a+t(b/3-8) e @)

T=b+s@/4-b) e (ii)

If they intersect at P we must have identical values of r.

Comparing the coefficients of a and b in (i) and (ii), we get

solving we get t 0 S 8
ving w =—,8=—,
A TRAET

: o : 23 +3b
Putting for t or s in (i) or (ii), we get the point P as al T

a -
K3t0 2543

Let P divide BE in the ratio k : 1, then P is
k+1 11

Comparing 3 and p, we get 11k=8(k+ 1)and 11 =3(k+ 1) s k=

and this satisfies the 2nd relation also. Hence the required ratio is 8 : 3. Ans.
Find whether the given lines are coplanar or not
f=i-j-10k+A(2i—3j+8Kk); T=4i-3j—k+n(i—4j+7k)
Lt f=2r+Di—(1+30)j+(8L-10)k
Ly F=(d+wi-@u+3)j+(Tu-Dk

The given lines are not parallel. For coplanarity, the lines must intersect.

A+ Di—(1+30)j+(Bh—10)k = (4 + p)i — (4pu+3)j+(7Tu—Dk

2A+1=4+p (1)
1+3A=4p+3 ... (i)
A —-10=7p-1 ... (ii1)
Solving (i) & (ii), A =2, p=1and A =2, p = 1 satisfies equation (iii)
Given lines are intersecting & hence coplanar. Ans.
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16.

TEST OF COLLINEARITY OF THREE POINTS :

(a) 3points AB C will be collinear if AB=ABC, where A € R

(b) Three points A, B, C with position vectors a,b,¢ respectively

are collinear, if & only if there exist scalars X, y, z not all zero
simultaneously such that ; xa+yb+z¢=0, wherex+y+z=0

(¢) Collinearly can also be checked by first finding the equation of line through two points and
satisfying the third point.

Hllustration 12 : Prove that the points with position vectors a = i- 23 +3k, b=2i+ 33 —4k & —73' +10k

are collinear.

Solution : If we find, three scalars ¢, m & n such that ¢a+mb +n¢ =0, where /+m+n=0

then points are collinear.
0(1-2j+3k)+m(2i +3j-4k)+n(-7j+10k) =0

=  (£+2m)i+(-20+3m—-7n)j+(3/-4m+10n)k =0
= (+2m=0,-2/+3m-7n=0,3/-4m+ 10n=0
Solving, we get / =2, m=-1,n=-1

since /+m+n=0

Hence, the points are collinear.

Aliter :

A—B=B—a=(2i+3j—412)—(i—2j+312)=i+5}—712

BC=a—b=(—7j+1012)—(2i+3j—412)=—2i—103+1412=—2(i+sj—712)

AB=-2BC

Hence a,b & ¢ are collinear.

Do yourself - 5 :

(i)  The position vectors of the points P, Q, Rare i+2j+3k,—21+3j+5k and 71—k respectively.
Prove that P, Q and R are collinear.

17.

SCALAR PRODUCT OF TWO VECTORS (DOT PRODUCT) :
Definition : Let @ and b be two non zero vectors inclined at an angle 0. Then the scalar product of

a with b is denoted by @ . b and is defined as @.b = |a||b|cos 0; 0 <0 <.

ex}
vy

ol
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Geometrical Interpretation of Scalar product :

Now

Again,

(a)

(b)
(c)

d)
(e)

®

|OA|=|d|, 10BI =|b|
a.b=|al|b|cos®
=|a| (OB cos 0)

= (magnitude of a ) (Projectionof b on @)

a.b=|a||b|cos0
=|b[(|@|cosO)

= (Magnitude of b ) (Projection of a on b)

a.b=1allblcos6(0<0<n)

Note that if g is acute then ab>0 & if o 1s obtuse then a.b<0

ii=j.j=k.k=1i.j=j.k=k.i=0
Projection of @ on b =|;T| . (Provided ‘B‘ 20)
Note : : Projection of 3 on b I
: B, - (ab):
(i) The vector component of a along b=[?jb and
a
. - (d.b): .
perpendicular to b = a —E?jb [by triangle law of vector >
Addition]
(i) The angle ¢ between @ & b is given by cos¢ = | ﬁa|.|bB | 0<o<m
a
() If a= a1i+azj+a312 & B=b1f+sz+b312 , then d.b= a,b, +a,b, +a;b,
|ﬁ| = \/alz +a22 +a32 , B‘ = «/bl2 +b22 +b32
(iv) Maximum value of a.b =|a||b|
(v)  Minimum values of a.b = —|a || b|
(vi) Any vector @ canbe written as, a = (a.1)i +(@.])j+ (a.k)k

=a’ (i) a.b=b.a (commutative)

ol
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(@) Vector equation of angle bisector : .
A vector in the direction of the bisector of the angle a Ma+b)
. da b
between the two vectors @ & b is =, T77,. 0
lal |b] 0 .
Hence bisector of the angle between the two vectors b
a &b is A(a+b),where A € R",
Hlustration 13 : The vector ¢, directed along the bisector of the angle between the vector 7 i—4 3 —4k
and 21 = + 2k with |¢| =56 is -
5 ~ A A 5 ~ A A 5 n A ~
(A) 5(1—7j+2k) (B) 5(5 i+5j+2k) (C) 5(1 +7j+2k) (D) none of these
Solution : Let 3 =71 —4] —4k
and b =—21i — i +2k
- C
Angle bisector of A divides the BC in the ratio of AC|
- [ ¢
[AB| =9
| ABI
Ao A AoA oA oA A - 3B
Do 9(-2i—j+2k)+3(7i—4j—-4k) | 1i-7j+2k a
9+3 4
‘_‘ 5\/_——(1 ~75 +2k) Ans.[A]
Hlustration 14 :  1f p*, g, r™ terms of a G.P. are the positive numbers a, b, ¢ then angle between the
vectors loga’i+logb’j+logc’k and (q—1)i+(r—p)j+(p—q)k is :-
A) = B) ~
(A) 3 (B) 5
(©) Sin1£ 1 j (D) fth
—_— none of these o
Ja®+b’+¢’ :
Solution : Let x, be first term and x the common ratio of the G.P. i‘

a=x,x"Lb=x,x",c=x,x"! = loga=logx,+(p—1)logx;

logb=logx,+(q—1)logx; logc=logx,+(r—1)logx

If d=1loga’i+logb’j+logc’k and b=(q-r1)i+(r—p)j+(p-q)k

. ab=32(loga) (q-1) =2 (logx,+(p—1)logx)(q-1)=0 =

irb=L
2

Ans.
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Hllustration 15:  Find the distance of the point B(i+?2 3 +3 12) from the line which is passing through

A(41+ 2+ 2k) and which is parallel to the vector C =2i+3]+6k . (Roorkee 1993)

Solution : AB =43 +1? =\/ﬁ B(1,2,3)

AM = ABé = (=31 + ﬁ).w
=-6+6=0 AdZezh) M —
2 2 2 C
BM” = AB" - AM
So, BM=AB =\/ﬁ Ans.
Hlustration 16 :  Prove that the medians to the base of an isosceles triangle is perpendicular to the base.
Solution : The triangle being isosceles, we have e
AB=AC ... (1)
— P N
Now AP = % where P is mid-point of BC.
. B < A0
Also BC=¢-b
— — b+¢ _ - 1
AP.BC = bgc @—b)==(c* —b%)
1 ) 2 .
=S(AC-AB)=0 by (i}

Median AP is perpendicular to base BC.

Do yourself - 6 :

() Find the angle between two vectors @ & b with magnitude 2 and 1 respectively and such
that @.b =~/3 .

(i) Find the value of (d+3b).(2d — b) ifd=i+j+2k, b= 3i+2j- k.

(iii) The scalar product of the vector i +3’ + k with a unit vector along the sum of the vectors
2i +47-5k and Ai+2j+ 3k is equalto 1, find 1 .

(iv) Find the projection of the vector a = 4i —23’+ k on the vector b=3i+ 63 +2k . Also find
vector component of @ along b and perpendicular to b.

(v) Find the unit vectors along the angle bisectors between the vectors a = f+23'—212 and

B:—3f+6j+212,

18. LINEAR COMBINATIONS :

Given a finite set of vectors @, b, G,........... then the vector ¥ = Xa+yb+z¢+ ... is called a

linear combination of 3, b, C,........ for any X, y, Z......... eR.

4
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FUNDAMENTAL THEOREM IN PLANE :

Let a,b be non zero, non collinear vectors. then any vector T coplanar with a,b can be expressed

uniquely as a linear combination of @, b i.e. there exist some unique x, y € R suchthat xa+yb = F.

ALLEN .

Hlustration 17 :

Solution :

to b and ¢.(-2i+3j—k)=-1

let ¢=xd+yb [by fundamental theorem in plane]
Now, given that

¢b=0 = (xdi+yb)b=0

xﬁ.l;+yl;2 =0
= x(2+1-1)+y3)=0
2x+3y=0 ... (1)

Also (xd +yb).(-2i+3j—k)=-1
=  xa.(-2i+3j-k)+yb.(2i+3j-k)=-1
= xX(4+3+D)+y2+3-1)=-1

Hence the required vector ¢ = —%(Zi +3'—12) —%(—f + j +1A<)
1 P " 2An n 1 A S
=§[—61—3J+3k+21—2j—2k] :§[—41 -5j+k]

Any vector in the plane of @ & b can be written as xd + yb

Ans.

Find a vector ¢ intheplane of a = 2i+ 3 ~kand b=—i+ 3 +k suchthat ¢ is perpendicular

Do yourself - 7 :

() Find a vector T in the plane of p = - +3’ and q = —j +k such that 7 is perpendicular to p

and T.q=-2.

19.

VECTOR PRODUCT OF TWO VECTORS (CROSS PRODUCT) :
(a Ifa & b are two vectors & 0 is the angle between them, then
axb = |5| ‘B‘ sinOn , where 1 is the unit vector perpendicular

to both @ & b such that a,b & @i forms a right handed
screw system.

Sign convention :
Right handed screw system : a,b and n forma right handed
system it means that if we rotate vector a towards the direction

of b through the angle 0, then fi advances in the same
direction as a right handed screw would, if turned in the same
way.

[V

LT

UV
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(b)

(c)

d)

(e)

®

(&

(h)

|

— — -2 -
Lagranges Identity : For any two vectors @ & b; (@xb)* = |ﬁ|2 ‘b‘ —(3.b)* =

ol ol

o'l W)
o'l W)

o)

Formulation of vector product in terms of scalar product : The vector product d@x b is the vector
¢, such that

() ¢|= Ja’b? —(@.b)* (i) ¢.a=0;5.6=0 and (iii) 4, b, ¢ form a right handed system

(i) axb= 0<=ia & b are parallel (collinear) (a # 0, b #0)ic a=Kb,whereKisa
scalar

=nt}

i)y axb=bxa (not commutative)

(iii) (ma)xb =ax(mb)=m(axb) where mis a scalar.

(iv) ax(b+¢)=(axb)+(axc) (distributive over addition)
(V) ixi=jxj=kxk =0 X s
j
(VD) ixj=k, jxk =i, kxi =]
i j k
If a=ai+ta,jtak & b=b,i+b,j+b,k,then axb=|a, a, a,
b, b, b,

Geometrically |a x b |= area of the parallelogram whose two

adjacent sides are represented by @ & b. ?‘
a

(V)
X
ol

. axb
(i) Unit vector perpendicular to the planeof a & b is n = =+ 3 xb]
a
(i) A vector of magnitude ‘r’ & perpendicular to the plane of a & b is + Tga xf:)|)
ax
(iii) If O is the angle between @ & b, then sin® = :ilrlg:
a

Vector area:

(i If a, b and ¢ are the pv’s of 3 points A, B & C then the vector area of triangle
ABC = %[ﬁxB+BxE+EX5],

(i) The points A, B & C are collinear if axb+bx¢+¢xa =0

(iii) ~Area of any quadrilateral whose diagonal vectors are d, & d, is given by %‘a  xd 2‘ :

4
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Hlustration 18 :

Solution :

Hlustration 19 :

Solution :

Hlustration 20 :

Solution :

Find the vectors of magnitude 5 which are perpendicular to the vectors a = 21+ 3 —3k and

b=i-2j+k.
Unit vectors perpendicular to a & b=+

i j k
axb=[2 1 -3]=-51-5j-5k
1 =2 1

(—51—5]—5k)

53

Unit vectors =+

. 53 2 4 s
Hence the required vectors are in(l +j+k)

o)

o)

X

X

ol ol

Ans.

If 5,5,5 are three non zero vectors such that axb=¢ and bxc=3a , prove that 5,5,6

are mutually at right angles and | b |=1and |C|=|d].

axb=¢ and @ =bx¢

U

xb|=|c| and |bx3|=|a|

U

|a||bl=|c| and |b||E|=|d]
|

|
= |bl=1

ol

2 — —
"lel=lcl

u U

ol

|2

[a—

puttingin|§||5|:yay

= |al=[c]

|ﬁ||5|sin§:|6] and |B||E|sing=|5]

(-.-a Lbandb L a)

Show that the area of the triangle formed by joining the extremities of an oblique side of

a trapezium to the midpoint of opposite side is half that of the trapezium.
Let ABCD be the trapezium and E be the midpoint of BC. Let A be the initial point and

let b be the position vector of B and d that of D. Since DC is parallel to AB, tb is a

vector along DC, so that the position vector of ¢ is d + tb .
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+

=

S, . ] ]
= theposition vector of E is b+c;+ tb _ d+(12+ t)b
d b E
rea of AED = SECEIR < 21+ Bd] }
X ’ ) > (b)
A(0) B

Area ofthe trapezium =Area (AACD) +Area (AABC).
L B @ B+ @+ B)xd|
2 2
l - = t = = 1 ~ =
=E|bxd|+E|bxd|:5(l+t)\bxd|=2AAED

Illustration 21 : Let a & b be two non-collinear unit vectors. If ii = a —(E.B)B & v= (ﬁ X B) , then |V|

is - [JEE 99]
A) [d (B) [] +|d.4] (©) [ +[. (D) +i.(E+b)
Solution : i.d=aa—(ab)@b)

=1-|a[}| b cos® 0 (where 0 is the angle between @ and b)
=1 — cos?0 = sin%0

|V|=|dxb|=sin6

16| =id
= \Jad-2(ab)’ +(@b)* |b =1-(ab)’ = sin6

|V|=|t| also i.b=0

Hence, |V | =|ii|=|i|+]|i.b| Ans. (A, ©)

Do yourself - 8 :
() Ifaxb=cxdanddxé=bxd, thenshow that (d—d) is parallel to (b—¢) when @ =d

and b # ¢.
(i) Find dxb,ifa=21i+k and b= i+j+k.
(iii) For anytwo vectors u & v, prove that [JEE 98]

@ @ +uxy =6’ ®  A+[aHa+[F) = a0 9 +Ha+ 5+ @x9)|’

20. SHORTEST DISTANCE BETWEEN TWO LINES :
Iftwo lines in space intersect at a point, then obviously the
shortest distance between them is zero. Lines which do not

‘ectors & 3-D\ENg\O1-Theory .p65

intersect & are also not parallel are called skew lines. In
other words the lines which are not coplanar are skew
lines. For Skew lines the direction ofthe shortest distance

eader\

vector would be perpendicular to both the lines. The

magnitude of'the shortest distance vector would be equal to
that ofthe projection of AB along the direction of'the line of
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shortest distance, LM is parallel to pxq

m
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ie. LM =|Projection of AB on LM| = |Projection of AB on pxq|
_|AB.Gxd)|_ |b-.6%9)|
pxd | | Ipxdl
(@) The two lines directed along p & q will intersect only if shortest distance = 0

i.e. (b—3).(pxq) =0 ie. (b—4) lies in the plane containing P & 4= [(5—5) P fl} =0

(b) Iftwo lines are given by ¥, =a, +K;b & %, = a, +K,b i.e. they 3

SO = d
are parallel then, d = M .
bl F
Hllustration 22 :  Find the shortest distance between the lines
F=(4i—j)+A(i+2j-3k) and T=(—j+2k)+p(2i+4j-5k)
Solution : We known, the shortest distance between the lines T =4, + b, & T =4, + Ab, is given by
. |@,-4,).(6,xb,)|
| Ibxb, |

Comparing the given equation with the equations r=a, +MS1 and r=a, +M;2
respectively,

we have a, :41—3,52 :i—j+21§, El :f+23—312 and Ez :2{+4j_512

A

i j k
Now, d, -4, =-3i+0j+2k and b xb,=|1 2 -3|=2i-j+0k
2 4 -5

" (@, ~8,).(b, xb,) = (-31 +0]+2k).(2i - j+ 0k)=—6 and |b,xb, |=V4+1+0=+/5

=|(52 —?1).(131x52)|=‘—_6 _0
| bxb, | | N5 A5

Shortest distance d Ans.

Do yourself -9 :
(i) Find the shortest distance between the lines :

f=(+2j+30) +AQ2i+3]+4k) & T = (20 +4j+5k)+p(3i+4]j+5k)

21. SCALAR TRIPLE PRODUCT /BOX PRODUCT / MIXED PRODUCT :
(i)  The scalar triple product of three vectors a, b & ¢

is defined as : (axb).¢ =1allbll¢lsinbcosd
where 0 is the angle between @ & b & ¢isthe ©0s?

angle between axb & €. It is also defined as

[a b ¢], spelled as box product.
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(i)

(iii)

(iv)

)
(vi)

(vii)

(viii)

Scalar triple product geometrically represents the volume of the parallelopiped whose three
coterminous edges are representedby a, b & ¢ ie. V = [ab¢g]
In a scalar triple product the position of dot & cross can be interchanged

ie. a.(bxc) = (@axb).¢ OR [a b ¢]=[b ¢ a]=[¢ a b]

a.(bx¢)=-a.(éxb) iec. [a b € =-[ach]

3

In general , if & = a,1 +a,M+a,i; b=bl+b,M+bi & ¢=c,l+c,m+c,ii

a; a; a3 -
then [a b ¢]= b, b, by [Imn] ; where |,m&n are non coplanar vectors.

¢ € C3
Ifa,b, ¢ arecoplanar < [a b ¢ =0= a, b, ¢ arelinearly dependent.
Scalar product of three vectors, two of which are equal or parallelis 0 i.e. [a b ¢]=0
Note : If @, b, ¢ are non- coplanar then [d b ¢]> 0 for right handed system & [a b ¢] < 0
for left handed system.
[ijkl =1 (viii) [Ka b €] =K[&@ b ¢ (ix) [(3+6) € d] = [a € d]+[b & d]
The Volume of the tetrahedron OABC with O as origin & the pv’s of A, B and C being
a, b & ¢ are given by v =% [a b ¢

The position vector of the centroid of a tetrahedron if the pv’s ofits

angular vertices are a, b, ¢ & d are given by %(ﬁ +b+c+d) A

Note that this is also the point of concurrency of the lines joining the vertices to the centroids of
the opposite faces and is also called the centre of the tetrahedron. In case the tetrahedron is
regular it is equidistant from the vertices and the four faces of the tetrahedron.

Illustration 23 :  For any three vectors &,b,¢ prove that [a +b b+¢ ¢+d]=2[ab¢]

Solution :

We have [@+b b+¢ ¢+4]
={@+b)x(b+3)}.(G+d)={Axb+axc+bxb+bxc}.(C+d) {~bxb=0}

={dxb+axC+bxC}.(C+a)=(@xb)3+(@xT)T+(bxc).S+(@xb)d+(@xc)d+(bxc)d

[Gbc]+0+0+0+0+ [bcd] {+[4¢¢]=0,[bcc]=0,[aba]=0,[aca] =0}
[

]+[abc]=2[abg]. Ans.

(<2
(o]
ol
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lustration 24 :  1f a,b are non-zero and non-collinear vectors then show a x b = [abili+[ab 3]3 +[abk]k

Solution : Let axb=xi+yj+zk

(ﬁxlj)).i:(xi+yj+zf<).{
(5><E).i=x
also (@xb).j=y & (axb).k=z

axb=[abi]i+[abj]j+[abk]k Ans.

Do yourself - 10 :

(i) Ifa, b, ¢ arethree non coplanar mutually perpendicular unit vectors then find [5 b 6] .

(i) If T beavector perpendicularto @+ b+ ¢, where [5 b 6] =zand r=/((bx¢)+m(c x &)
+n(d x b), then find/+m+n.

(iii) Find the volume of the parallelepiped whose coterminous edges are represented by
d=2i—3j+4k, b=1+2j—k and ¢=3i-j+2k

(iv) Examine whether the vectors a = 2i+ 33’ +2k, b=1- 3 +2k and ¢ =3i+ 23 —4k forma left
handed or right handed system.

22,

VECTOR TRIPLE PRODUCT :

Let @, b and ¢ be any three vectors, then the expression a x (b x¢) is avector & is called a vector triple
product.

Geometrical interpretation of ax(bx¢)

TeE>\5(\

ax(bx?) Apxz

=/

Consider the expression a x (bx¢) which itselfisa vector, since it

is a cross product oftwo vectors @ & (b x ¢).Now @x (bx¢) /

is vector perpendicular to the plane containing @ & (b x €) but

(b x ©) is avector perpendicular to the plane b & ¢, therefore
ax (bx¢) is vector lies in the planc of & & ¢ and perpendicular
to &. Hence we can express ax(bxc) interms of b & ¢ i.e.
ax(bxc¢)=xb+yé where x & y are scalars.
(@) ax(bxc)=(a.¢)b-(a.b)é (b) (axb)xé=(a.¢)b-(b.¢)a

() (axb)x¢ zax(bxc)

ALLEN .
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Solution - Wehave, |axb bxE xd ={(ax5)x(5xa)} (cxa)
={ax(6xa)} (cxd) (where, d = (@ xb))
~{(dc)b-(db)g} (xa) ={((axb)c)b((axb)b)c].(xa)
- ([ |5-0}.(cxa) (~+ [dbb]=0)

Illustration 26 :  Show that (bx ¢).(a xd) +(¢xa).(bxd)+ (@ xb).(cxd) =0

Solution : Let bx¢=1,éxa=v,cxd=w

LH.S=t.(@xd)+v.(bxd)+(@xb).w=(lixa)d+(vxb).d+a.(bxw)
=[(bx¢)xa].d+[(Exa)xb].d+a.[bx(Exd)]
=[(b.8)¢ —(¢.3)b].d +[(S.b)da — (a.b)¢].d +a.[(b.d) — (b.C)d]

={(@@.b)(¢.d)}—{(€.8)(b.d)} +{(E.b)(a.d)} — {(3.b)©.d)} +{(@.¢) (bd)} — {(@.d) (b.S)} =0
=R.H.S.

Do yourself - 11 :
@ Ifa=2i-4j +7k, b=31 +5j -9k and ¢ = i+] + k, thenfind [d b ¢]and also

ax(bx¢).

23.
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LINEAR INDEPENDENCE AND DEPENDENCE OF VECTORS :

@ IfX,, Xy, X, are nnon zero vectors, &k , k , ....... k arenscalars & ifthe linear combination

k%, + ko%y +...k X, =0 =k, =0, k, =0...k, =0, then we say that vectors

X;, X,,.......X, are linearly independent vectors.
(b) IfXx,, X,,.... X, are not linearly independent then they are said to be linearly dependent
vectors. i.c. if kiX; +KkyoXg +..eueet k,x,=0 & if there exists at least one k, = O then

X, Xg,...X, are said to be linearly dependent.
FUNDAMENTAL THEOREM IN SPACE :

Let a, b, ¢ be non-zero, non-coplanar vectors in space. Then any vector T, can be uniquely
expressed as a linear combination of a, b, ¢ i.e. There exist some unique X, y, z € R such that
r=xa+ yB +zC.

4
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Note :
(i Ifa-= 31+23+51§ then @ is expressed as a linear combination of vectors i, 3, k. Also,

a,i, 3, k forma linearly dependent set of vectors. In general, every set of four vectors is a
linearly dependent system.

(i) Ifd,b, ¢ are three non-zero, non-coplanar vectors then xd+yb+z6=0 = x=y=2z=0
(iii) 1, j, k are linearly independent set of vectors. For K1i+K23+K31A< =0=>K,=0=K, =K,

(iv) Two vectors a & b are linearly dependent = 3 is a parallel to b i.c. axb = 0 = linear

dependence of a & b. Converselyif axb = 0, then @ & b are linearly independent.

(v) If three vectors &, b, ¢ are linearly dependent, then they are coplanar ie. [& b €= 0

conversely, if [@a b €] = 0, then the vectors are linearly independent.

Illustration 27 :  Show that points with position vectors 3 — 2b + 3¢,—2a+ 3b— c,4a— 7b + 7¢ are collinear.

It is given that vectors a, f), ¢ are non-coplanar.

Solution : The three points are collinear, if we can find A, A, and A, such that

A (3—2b+36)+A,(—28+3b—¢)+A, (44— 7b+7¢) =0

with A + A, +A,=0

equating the coefficients a, b and ¢ separately to zero, we get
Ay =20, +4h,=0,-2%, + 3%, =71, =0and 3, - A, + 71, =0
onsolving we get, A, =-2,A,=1,A;=1

So that A FTA,+A,=0

Hence the given vectors are collinear.

24.

25.

COPLANARITY OF FOUR POINTS :

Four points A, B, C, D with position vectors a, b, ¢, d respectively are coplanar if and only if

there exist scalars x, y, z, w not all zero simultaneously such that xa + yB +7¢+wd = 0, where
x+tytz+w=0

RECIPROCAL SYSTEM OF VECTORS :

If 4, b,¢ & a', b', ¢' are two sets of non coplanar vectors such that a . a' = b.b'=¢.é'=1

b

then the two systems are called Reciprocal System of vectors.

Note: a'=

ALLEN .
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26. PROPERTIES OF RECIPROCAL SYSTEM OF VECTORS :

(@ db'=a.c'=b.¢'=¢.a'=¢.b'=0

(b)  The scalar triple product [a b ¢] formed by three non-coplanar vectors i, b, ¢ isthe reciprocal
ofthe scalar triple product formed from reciprocal system.

Illustration 28 :  Find a set of vectors reciprocal to the vectors 4,b and axb.
Solution : Let the given vectors be denoted by @,b and ¢ where ¢=axb
[bc]=(axb).c=(@xb).(axb)=(axb)
and let the reciprocal system of vectors be a'b'and¢'
bx¢ B BX(EXB)_B,_
[Abé] |axb] ’

] |axb]?

d  (Axb)xda _,
¢l |axbP T [

¢ x axb axb
[ab abc

a',b',c' are required reciprocal system of vectors for a,b and axb. Ans.

Hlustration 29 : Ifa'=

o |

,C'= , then shown that ; axa'+bxb+¢x¢'=0

X
b

ol o
e

where a,b, ¢ are non-coplanar vectors.

L, ﬁx(BxE)
Solution : Here axa =———=—-—
[abc]
- i (EOb—(@b)e
[abc]
Similarly = PDE=(00E ¢ 5,5 (CDA—(CA)D
[abCc] [abc]
.~ — . (a®)b-(ab)i+(bd)c—(bc)a+(Cb)a—(ca)b
axa+bxb'tcxc'= .
[abc]
[-a.b=b.a etc.]
=0. Ans.

Do yourself - 12 :

‘ectors & 3-D\ENg\O1-Theory .p65
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then find the value of (2 +b).p+(b+¢).§HcS+a).F.

(i) Ifa, b and ¢ arenon zero, non coplanar vectors determine whether the vectors 1 = 2a — 3b+¢,

node06\BOBO-BA\Kota!

§, =3d—5b+2¢ and %, =4a—5b+¢ are linearly independent or dependent.
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Miscellaneous lllustrations :

Hllustration 30 : Let u and v be unit vectors. If w is a vector such that w+(w x 1) = v, then prove that
1
(UxV) . W] SE and that the equality holds if and only if U is perpendicular to v.
[JEE 99]
Solution : w+(wxdi)y=v L. (1)
= WXU=V-W = (Wxi) =v +w’ -2V.W
= 2vw=l+w —-(@{Uxw)y? (ii)
also taking dot product of (i) with v, we get
WY+ (Wx1).v=vy
=  V(wxi)=l-wv .. (i) {vv=[vP=1
Now ; v.(Wwxi)=1- % (I+w?—(ixw)?) (using (ii) and (iii))
1 w® (ixw)’
=———+¥ (. 0<cos?0<1)
2 2 2
1 ) .
=E(1—wz+w2 sin0) L. (iv)
as we know ; 0 <w?cos? 0 < w?
2 2 2
12 I-w"cos 0 S I-w
2 2 2
1-w?cos’0 1
<=
= > > (v)
from (iv) and (v)
1
v.(wxi)|£—
| V.(Wx1)] 5
T
Equality holds only when cos?0=0 = 6= 3
e, uilw=u.w=0 = w+H(Wxu)=V
= U Ww+u.(Wxu)=1u.v (taking dot with u)
= 0+0=uv = uv=0 = ulv
Hllustration 31 : A point A(x,, y,) with abscissa x, = 1 and a point B(x,, y,) with ordinate y, = 11 are
given in a rectangular cartesian system of co-ordinates OXY on the part of the curve
y =x2—2x + 3 which lies in the first quadrant. Find the scalar product of OA and OB.
Solution : Since (x,, y,) and (X,, y,) lies ony = x> — 2x + 3.
y, = xi—2x,+3
y,=12-2(1)+3 (asx,=1)
Y1 =2
so the co-ordinates of A(1, 2)
¢
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Also, y, =x; —2x,+3
11=x3 2x, +3 = x,=4,x, # -2 (as B lie in 1st quadrant)
.. co-ordinates of B (4, 11).
Hence, OA=i+2j and OB=4i+11]
= OA.OB=4+22=26.
Hlustration 32 : 1f ‘a’ is real constant and A, B, C are variable angles
and \Ja’—4tan A +atan B ++a’+4tan C =6a,
then find the least value of tan? A +tan? B + tan> C
Solution : The given relation can be re-written as :
(va® —4i +aj++a’ +4k).(tan Al + tan Bj + tan Ck) = 6a
= \/(a2 —4)+a’ +(a’ +4)/tan> A + tan> B+ tan>C . cos 0 = 6a
(as a.b=|d||b|cos0)
= 3a.+/tan? A +tan? B+ tan> C cos 0 = 6a
= tan’A +tan’B +tan’C =12sec’0 ... (1)
also, 12sec’0>12  (as,sec?0>1) .. (ii)
from (i) and (ii),
tan? A + tan’ B + tan?C > 12
least value of tan? A + tan? B + tan?C = 12.
Hlustration 33: @, b,¢ are three non-coplanar unit vectors such that angle between any two is a. If
axb +b x ¢ =(d +mb +n¢, then determine 7, m, n in terms of o.. ~ (JEE-1997)
Solution : a’=b’=c"=1,[abc] =0

a.b=b.¢=¢.d =coso. = . (1)

Multiply both sides of given relation scalarly by a, b and ¢, we get

0+[abc]=01+(m+n)coso. .o (ii)
0O=m+Mm+/)cosa .. (1it)
[bc]+0=(/+m)cosoa+n ... (iv)

Adding, we get

2[da b ¢]=(/+m+n)+2(¢{+m-+n) cosa

or 2[abc]l=(+m+n)(l+2c0s0) ... v)
From (ii), (m + n) _[abej=f
cosa

€+[abc]—€

Putting in (v), we get 2[a b ¢l= {
cosa

}(1+2c0s0¢)




AI.I.EHQ
or [556]{2—1+2°°S°‘}:z(1- J(1+2c0s0t)
cosa COS Ol
_ [ab&] _
(1+2cosa)(1-cosa) {as above}
—2[abg]cosa

and m=—n+/)cosa=

(1+2cosa)(1-cosa)

Thus the values of /, m, n depend on [

abc]
Hence we now find the value of scalar [3 b ¢ ] in terms of o..

i ab ac
Now[abé]’=[bd bb bi
i &b ¢&

1 coso cosa

=(1+2cosa)l 1
1 cosa 1

cosS

=|cosa 1

1 COSOL COSOL
COS QL (Apply Cl + C2 + C3)

CoSOL  COSOL 1

(Apply R,—R and R, -R))

[db¢]=(1+2cosa)(l-cosa)

m=\/l+2cosa

l1-cosa

Putting in the value of /, m, n we

1 —2c0sa

have (=——— =n m=—"———
J(+2cosa) J({1+2cosa)

Ans.

ANSWERS FOR DO YOURSELF

1:

10:
11:

(iii) A,B,C

@ 12a-13b & i) 2i-234
1 3 ) 111 7 7

G — (i) — 15 (i) 1
_2:.32- 8¢
A TR TR Y

i =+1 i) 0 (iii) 7

() 62, 92i+102j+32k 12: G) 3

8: (i) ——j+2k

(iv) Right handed system

b, 7 %7

Zk

7

1901 —110]+ 45k
49

(iv) 3, i(3i +6]+2k) and
7’ 49

1

9: (i) /6

(ii) linearly dependent.
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EXERCISE (O-1)
[STRAIGHT OBJECTIVE TYPE]

A(1,-1,-3),B(2,1,-2) & C(-5, 2, -6) are the position vectors of the vertices of a triangle ABC. The

length of the bisector of its internal angle at A'is : VT0001
(A) J10/4 (B) 3v/10/4 (O)10 (D) none

Let p isthe p.v. ofthe orthocentre & g is the p.v. of the centroid of the triangle ABC where circumcentre
is the origin. Ifp =K g ,then K= VT0002
(A)3 (B)2 (C)1/3 (D)2/3

Four points A(+1,—-1, 1) ; B(1, 3, 1) ; C(4, 3, 1) and D(4, — 1, 1) taken in order are the vertices of
(A) aparallelogram which is neither a rectangle nor arhombus

(B) thombus

(C) an isosceles trapezium

(D) acyclic quadrilateral. VT0005
Let o, B &y be distinct real numbers. The points whose position vector'sare a.i + Bj + v k; Bi + v+ ak
and yi + aj + ch

(A) are collinear (B) forman equilateral triangle

(C) forma scalene triangle (D) form aright angled triangle VT0006

Ifthe vectors a=3i+j—2k ,b=—i + 3] + 4k & ¢ =4i — 2] — 6k constitute the sides ofa AABC, then

the length of the median bisecting the vector ¢ is
(A) 2 ®) Jia ©) V72 (D) V6 V10007

a,b,¢ are three non-zero vectors, no two of which are collinear and the vector 3 + b is collinear with ¢,
b+¢ is collinear with @ , then @+ b +¢ is equalto - VT0009
(A) a B) b (C) ¢ (D) none of these
Consider the following 3 lines in space

L :F=3i—j+2k+AQ2i+4]—k)

L, F=i+j-3k+p(4i+2]j+4k)

Lyt F=3i42)- 2k +t(2i +j+2Kk)
Then which one of the following pair(s) are in the same plane. VT0011
(A)onlyL,L, (B)only L,L, (C)onlyL,L, (D)L,L,and L,L,
The vectors 3i — 2] + k ,i-3j+5k&2i+ j - 4k form the sides ofa triangle. Then triangle is
(A) anacute angled triangle (B) an obtuse angled triangle
(C) an equilateral triangle (D) aright angled triangle V10013

*
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9.

10.

11.

12.

13.

14.

15.

If the vectors 3p +q;5p —3q and 2p + q ;4p — 2q are pairs of mutually perpendicular vectors then

sin(p'q) is VT0014
(A)+/55/4 (B) /55/8 (C) 3/16 (D) V247 /16

The set of values of ¢ for which the angle between the vectors cxi — 6] + 3k & xi — 2] + 2cxk is acute

foreveryx € Ris
(A) (0,4/3) (B) [0,4/3] (C) (11/9,4/3) (D) [0, 4/3) VT0016

Leti=i+i,v=1i—jand w=1+27+3k.If A isaunit vector suchthatii-A=0 and v-A=0, then
J J J
|w-1i| is equal to

(A) 1 (B)2 ©)3 (D) 0 VT0017

Ifthe vector 61 — 3] — 6k is decomposed into vectors parallel and perpendicular to the vector  + j+k
then the vectors are :

A) (i +i+K) &75-2-sk @) -2(i+i+k) &s8i-j-ak
(C)+2(i+3+f<) & 47 - 57— 8k (D) none VT0018
Let T=a+A/ and f:f)+pﬁ1 be two lines in space where 5:5f+3'+212, E:—f+7]+812,
[ =—4i+j—k and m=2i—5j—7k then the p.v. of a point which lies on both of these lines, is
(A) f+23'+f< (B) 2f+3'+f< VT0019
(©) f+j+2f< (D) non existent as the lines are skew

LetA(1,2,3),B(0,0,1),C(-1, 1, 1) are the vertices ofa AABC.
(1)  The equation of internal angle bisector through A to side BC is

(A) T=1+2]+3k+p3i+2j+3k) (B) T =i+2j+3k+p(3i+4j+3k)

(C) T =1+2]j+3k+p3i+3j+2k) (D) T =1+2]+3k+p(3i+3]+4k)
(i)  The equation of median through C to side AB is

(A) T =—i+j+k+p(3i-2k) (B) ¥ =—i+j+k+p(3i+2k)

(C) T =—i+ j+k +p(=3i+2k) (D) f=—i+ j+k +p(3i+2))
(i) The area (AABC) is equal to

9 J17 17 7

A5 B) - © 3 7 V70020

Ifa+b+c =0, [a =3, B‘ =35, |¢| =7, then the angle between & &b is:

(A) /6 (B) 2n/3 (C) 5m/3 (D) /3 VT0021
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

A line passes through the point A(i + 23’ + 312) and is parallel to the vector V (i + j + 12) . The shortest
distance from the origin, ofthe line is - VT0022
(A) V2 (B) V4 ©) 5 D) V6

Let @, b, ¢ be vectors of length 3, 4, 5 respectively. Let @ be perpendicularto b + ¢,b to¢+a & ¢
to 5+B.Then‘5+l;+6‘ is :

(A) 245 (B) 242 (C) 1045 (D)52 V10023
Ifa vector a of magnitude 50 is collinear with vector b = 61 — 8 — 17512 and makes an acute angle with

positive z-axis then :

(A) 4 = 4b (B) d =—4b (C) b=43a (D) none VT0025
A, B, C & D are four points in a plane with pv's a,b,¢ & d respectively such that
(ﬁ - a) (E - 6): (B - a) (¢—a) = 0. Then for the triangle ABC, D is its

(A) incentre (B) circumcentre (C) orthocentre (D) centroid VT0026

3 and b are unit vectors inclined to each other at an angle o, o € (0, ) and ‘ a+b ‘ <1.Thena e

T 2% 2n i T 3%
(A) (5, ?J (B) (?, nJ (©) (0, EJ (D) (Z’ TJ V10027

Image of the point P with position vector 71 — j + 2k in the line whose vector equation is,

T =9i+5j+5k+A(i+3j+5k) has the position vector
(A) (=9,5,2) B)(9,5,-2) (©) (9,-5,-2) (D) none V10028

Let 4, b, ¢ are three unit vectors such that 4 + b + ¢ is also a unit vector. If pairwise angles between

a,b,¢are0,,0,and 0, respectively then cos 0, + cos 0, + cos 0, equals
(A)3 (B)-3 ©)1 (D)-1 VT0029

Cosine of an angle between the vectors (5 +B) and (5_5) if |a|=2,|b|=1and a’b =60°is

(A) 3/7 (B) 9/4/21 (©) 3/47 (D) none VT0031

Given three vectors 3 ,b & ¢ each two of which are non collinear. Further if (5 + b) is collinear with

E,(5+6) is collinear withzg & ‘ a ‘ = ‘ b ‘ = ‘ [ ‘ = 2. Thenthevalue of .b +b.¢ +¢.3 :
VT0033
(A)is3 (B)is—-3 (©)is0 (D) cannot be evaluated

The vector equations of two lines L, and L, are respectively
T=171-9j+9k+A(3i+j+5k) and T=15i—8j—k+p(4i+3])
I L, and L, are skew lines

I (11,-11,~1) is the point of intersection of L, and L,

I  (~11, 11, 1) is the point of intersection of L, and L,

IV cos™! (3/ 35 ) is the acute angle between L, and L,

then , which of'the following is true?
(A)ITand IV (B)Iand IV (C) IV only (D) IT and IV VT0034
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26.

27.

28.

29.

30.

31.

32.

33.

34.

3S.

Let u,v,w be such that |ﬁ| =1,

=2, \7v| =3. If the projection of v along i is equal to that of W

along i and vectors v, w are perpendicular to each other then |ﬁ -v+ \7v| equals

(A)2 (B) ﬁ ©) m (D) 14 VT0037
If 3 and b are non zero, non collinear, and the linear combination

(2x —y)a +4b =53 + (x — 2y)b holds for real x and y then x + y has the value equal to

(A)-3 B)1 ©) 17 (D)3 V10038
If p & § are not perpendicular to each other and rxp = gxp &7 .5 =0, thent =
V10040
(A) p .3 (B) G + (Q} P (©) § - (Q (D)§ + up forallscalars
p-S p-s
If 4 and v aretwo vectorssuch that |ti|=3; |V|=2 and | i x V|= 6 thenthe correct statement is
V10041
(A) v €(0,90° (B) i~ v €(90°,180°) (C) urv =90° (D) (ixV)xui=6v
Given a parallelogram OACB. The lengths ofthe vectors OA , 6)B & AB are a, b & crespectively. The
scalar product ofthe vectors O—>C & (;B is: V10042
a’—3b’+ ¢’ 3a’+ b*- ¢’ 3a’-b*+ ¢’ a’+3b*- ¢’
wi—="= ®0—= O 0=

Vectors @ & b make an angle 0 = 2%: . If|5| = =2 then{(é + 35) X (35 - B)}2 =

(A)225 (B) 250 (C)275 (D) 300 V10043
Given the vectors
i=2i-j-k
=i—]+2k
W=i-k

If the volume of the parallelopiped having — ct, Vv and ¢cw as concurrent edges, is 8 then 'c' can be

equal to V10047
(A)+2 (B)4 (©)8 (D) can not be determined
Givenﬁ:xf+yj+212, b= f—j+f<, Cc= f+2j;(§AB) =m/2,a - ¢ =4 then V10048
(A) [abc]’= 3 (B)[a b c]=|al (©)[abc]=0 (D)[a b c] = |al

For three vectors u, v, wwhich of the following expressions is not equal to any of the remaining three?
(A)u.(vxw) B)(v xw).u O)v.(uxw) D)(uxv).w VT0050

Leta=i+],b=]+k &¢=ai+pb.Ifthevectors, i —2]+k, 31 + 2] — k & ¢ are coplanar then

% s VT0051

B
(A) 1 (B)2 (©)3 (D)-3
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36.

37.

38.

39.

Let AB=3i—j, AC=2i+3] and DE =4i-2]. The area of the shaded

region in the adjacent figure, is-

(C)7 (D)8 VT0055

Ifa=i+j+k & b=1-2j+k, thenthe vector ¢ suchthat a.¢=2 & @xc=b is-

(A) l(3?—2}+51§) (B) l(—i +2]+5f<)
3 3

(C) l(i+2} —512) (D) l(31 +2}+f<) VT0061
3 3

If a=1+j+k,b=41 +3j+4k and ¢=i +aj+Pk are lincarly dependent vectors & g =+/3, then
VT0063
(Aoa=1,=-1 B)a=1Lp=21 (C)a=-1,p=%1 D)a==1,p=1

[MATRIX MATCH TYPE]

IfA(0, 1, 0), B(0, 0, 0), C(1, 0, 1) are the vertices of a AABC. Match the entries of column-I with
column-II.

Column-I Column-IT
2
(A) Orthocentre of AABC. (P) g
) 3
(B) Circumcentre of AABC. Q) >
3
(C) Area (AABC). (R) 3
3
(D) Distance between orthocentre (S) %
and centroid.
(E) Distance between orthocentre (T) (0,0,0)
and circumcentre.
) . 1 11
(F) Distance between circumcentre (U) 2955
and centroid.
111
(G) Incentre of AABC. V) 3°3°3 VT0066
. 1 V2 1
(H) Centroid of AABC (W) N2 213 123

*
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EXERCISE (0-2)
[STRAIGHT OBJECTIVE TYPE]

Position vectors of the four angular points ofa tetrahedron ABCD are A(3,-2, 1); B(3, 1, 5); C(4, 0, 3)
and D(1, 0, 0). Acute angle between the plane faces ADC and ABC is

(A) tan™! (5/2) (B) cos™!(2/5) (C) cosec!(5/2) (D) cot™ (3/2) VT0059
The volume of the tetrahedron formed by the coterminus edges a, E, ¢ is 3. Then the volume of the
parallelepiped formed by the coterminus edgesa +b, b+¢, ¢ +a is

(A)6 (B)18 (C) 36 (D)9 VT0060
a,b and ¢ be three vectors having magnitudes 1,1 and 2 respectively. If @ x (5 X E) +b=0, then the

acute angle between 3 & ¢ is:

(A) /6 (B) /4 (C) /3 (D) 57/12 VT0062

Avector of magnitude 5 /5 coplanar with vectors i+2j & j+2k and the perpendicular vector 2i+j+2k is
(A)+5(si+6j-8k) (B) + /5 (5i+6-8Kk)

(C)+ 545 (i +6j—8Kk) (D) + (si+6-8k) VT0064

is equal to
(A)2 B)3 ©)4 (D)9 VT0065

[MULTIPLE OBJECTIVE TYPE]

Ifa,b, ¢ bethree non zero vectors satisfying the condition @ x b=¢ & b x ¢ = a then which of the
following always hold(s) good?

(A) @, b, ¢ areorthogonal in pairs (B) [5 b E] = ‘5‘
©) [abe]=[ef (D) |b| =[] VT0074

Given the following information about the non zero vectors A, B and C

(i) (AxB)xA =0 (i) B-B=4 (iii) A-B=-6 (iv) B-C=6
Which one of'the following holds good?
(A) AxB=0 (B) A-(BxC)=0 (C) A-A=8 (D) A-C=-9 VT0075

If A, ]§, C and D are four non zero vectors in the same plane no two of which are collinear then which of
the following hold(s) good?

(A) (AxB)-(CxD)=0 (B) (AxC)-(BxD) =0

(C) (AxB)x(CxD)=0 (D) (AxC)x(BxD) =0 VT0076
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9.

10.

11.

12.

13.

14.

Ifa, b, ¢ &d arethe pv's of the points A, B, C & D respectively in three dimensional space & satisfy the

relation3a — 2b + ¢ — 2d =0, then :

(A)A, B, C & D are coplanar

(B) the line joining the points B & D divides the line joining the point A & C in the ratio 2 : 1.
(C) the line joining the points A & C divides the line joining the points B & D intheratio 1 : 1

(D) the four vectorsa , b, ¢ &d are linearly dependent. V10077
Ifa, b, care different realnumbersandai + bj+ ck ; bi+cj+ak & ci + aj + bk areposition vectors

of three non-collinear points A, B & C then :

(A) centroid oftriangle ABC is atbre

(§+j+f<)

(B)i+j+kis equally inclined to the three vectors

(C) perpendicular from the origin to the plane of triangle ABC meet at centroid

(D) triangle ABC is an equilateral triangle. VT0082
A vector of magnitude 10 along the normal to the curve 3x2+ 8xy+2y>—3 =0 atits point P(1,0) can
be

(A) 61 +8] (B) —61 +8] (C) 6i-8] (D) —6i—8]  VT0083
Let OAB be a regular triangle with side length unity (O being the origin). Also M,N are the points of
trisection of AB,M being closer to A and N closer to B. Position vectors of A,B,M and N are a,b,m and

n respectively. Which ofthe following hold(s) good ?

- -2 1 - .= 5 1
(A)mzxa+yb3§andy=§ (B)m:xa+yb:x:g andy:g

Lo 13 L 15
(C) m.n equals 3 (D) m.n equals 18 VT0084
Given three vectors U =2i+3j—6k; V=6i+2]+3k; W =3i-6j-2k
Which of the following hold good for the vectors U, V and W ? VT0087
(A) U, V and W are linearly dependent B) (UxV)xW =0
(C) U, V and W forma triplet of mutually perpendicular vectors D) Ux(VxW)=0

Let @ and b be two non-zero and non-collinear vectors then which of the following is/are always correct?
(A) axb=[a bili+[a b jj+[a b k]k

(B) a.b = (a.1)(b.i) +(a.j).(b.j) + (@k) (bk)

(C)if i=a—(a.b)b and v =AaxDb then |ii|=| V|

(D)if ¢ =ax(@axb) and d=bx(axDb) then ¢+d =0 VT0089
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[COMPREHENSION TYPE]

Paragraph for questions nos. 15 to 16

Consider three vectors p=1i+ j+k. g=2i+4j—k and f =i+ j+3k andlet § beaunit vector, then

1S. p, qand 7 are
(A) linearly dependent
(B) can form the sides ofa possible triangle

(C) such that the vectors (g — 1) is orthogonal to p

(D) such that each one ofthese can be expressed as a linear combination of the other two VT0090

16. If (pxq) x T = up+vq+wr,then(u+v+w)equals to
(A)8 (B)2 ©)-2
[MATRIX MATCH TYPE]
17. Column-I

(D)4

(A)  Pispoint in the plane of the triangle ABC. pv’s of A,B and C are

a,b and ¢ respectively with respect to P as the origin.

1f (b+¢).(b—¢) =0 and (¢ +3).(¢~) =0, thenw.r.t. the
triangle ABC,Pis its

(B) Ifd,b,c arethe position vectors of the three non collinear points

A,B and C respectively such that the vector \ = PA + PB+ PC

is anull vector then w.r.t. the AABC, Pis its
(C)  IfPisapoint inside the AABC such that the vector

R = (BC)PA +(CA)(PB)+(AB)(PC) is anull vector then w.rt.

the AABC, Pisits
(D)  IfPisapoint in the plane of the triangle ABC such that the

scalar product PA.CB and PB.AC vanishes, then w.r.t. the
AABC, Pis its
EXERCISE (S-1)

1.  Giventhe vector PQ =—6i—4j and Q is the point (3, 3), find the point P.

(P)

Q)

(R)

S

VT0090

Column-I1
centroid

orthocentre

VT0091

mcentre

VT0092
circumcentre

VT0093

V10094

VT0095

2.  InAABC, apoint P is chosen on side AB sothat AP:PB=1:4anda point Q is chosen on the side BC

so that CQ : QB =1:3. Segment CP and A—Q intersect at M. If the ratio

a

numbers in the lowest term as b

,find (a+Db).

PC

is expressed as a rational

VT0098

3.  LetObeaninterior point of AABC such that 20A +50B+100C =0 . Ifthe ratio of the area of AABC

to the area of AAOC is t, where ‘O’ is the origin. Find [t].

(where [ ] denotes greatest integer function)

VT0099
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4.

10.

11.

12.

If the distance from the point P(1, 1, 1) to the line passing through the points Q(0, 6, 8) and

R(~1, 4,7) is expressed in the form /P/q where p and q are coprime, then the value of (P+a)(p+q-1) '

V10100

If 3 & b are non collinear vectors such that p=(x+4y)i+Q2x+y+)b &
g=(y-2x+2)a+(2x-3y—-1)b, find x & y such that 3p =23 V10103
(a)  Show that the points & —2b +3¢;24 +3b—4¢ & — 7b +10¢ are collinear.

(b) Prove that the points A (1, 2, 3), B(3, 4, 7), C(-3, -2, —5) are collinear & find the ratio in
which B divides AC. V10104

Find out whether the following pairs of lines are parallel, non-parallel & intersecting, or non-parallel non-

ntersecting,
=14+ 2k + (31 -2]+4k) f=i-j+3k+ni-j+k)

(a) . 2on n 2 8 n (b)ﬁ 2 A n 2oon n
L, =21+ j+3k+u(-61+4)-8k) T, =2i+4j+6k+p2i+ j+3k)
ﬁzi+f<+k(i+3}+4l§)

(c) VT0105

T, =2i+3}+u(4i—3+1§)
In a unit cube. Find

(@) The angle between the diagonal ofthe cube and a diagonal of a face skew to it.
(b)  The angle between the diagonals oftwo faces of the cube through the same vertex.

(c)  The angle between a diagonal of a cube and a diagonal of a face intersecting it. V10107
(@) Find the minimum area of the triangle whose vertices are A(-1,1,2); B(1,2,3) and C(t,1,1)
where t is a real number. VT0111

(b) Let OA =3:0B =1003 +2b and OC = b where O,A and C are non collinear points. Let P denotes

the area of the parallelogram with OA and OC as adjacent sides and Q denotes the area of the
quadrilateral OABC. IfQ = AP. Find the value of A. VT0112

. _ — . ~ = . et -
Giventhat @ and b are two unit vectors such that angle between a and b is cos™ [ZJ .If ¢ beavector

in the plane of @ and b, such that |E| =4,6xb=2axb and ¢ =24+ ub then, find V10113
(a) the value of A, (b) the sumofvalues of pand (c) the product ofall possible values of .

The vector OP = i+2]+2k turns through a right angle, passing through the positive x-axis on the way.
Find the vector in its new position. VT0116

If X,y are two non-zero and non-collinear vectors satisfying

[(a—2)a’+(b—3)a+c]x +[(a—2)p*+(b-3)B+c]y+[(a—2)y" +(b—3)y+c] (Xx¥) =0 where
a.,B,y are three distinct real numbers, then find the value of (a* + b° + ¢°). V10122

Vectors TR
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EXERCISE (S-2)
Avector V =v,i+v,]+v,k satisfies the following conditions :
(i) magnitude of V is 74/2
(ii) V is parallel to the planex—2y+z=6
(iii) Vis orthogonal to the vector 2 — 3] +6k and (V) Vi>0
Find the value of (v, +v, +v;). V10127

Let (pxq)xT+(G.F)d=(x"+y*)q+(14—-4x—6y)p and (f.F)p=T7 where p and g are two non-
zero non-collinear vectors and x and y are scalars. Find the value of (x +y). VT0128
Let U be avector onrectangular coordinate system with sloping angle 60°. Suppose that |ﬁ - i| is geometric
mean of || and |ﬁ - 2I| where i is the unit vector along x-axis then find the value of [t VT0130

The position vectors ofthe points A, B, C arerespectively (1, 1, 1); (1, -1,2);(0, 2,-1). Find a unit

vector parallel to the plane determined by ABC & perpendicular to the vector (1,0, 1). V10133
(a) Find a unit vector 4 which makes an angle (n/4) with axis ofz & is such that &+ i +j isa
unit vector. V10138
B _ . 3 ‘5 + B‘ .
(c) If @ and b are any two unit vectors, then find the range of — + 2‘5 - b‘ . VT0139

Given three points on the xy plane on O(0, 0), A(1, 0) and B(—1, 0). Point P is moving on the plane

satisfying the condition (ﬁ .PB ) +3 (O—A .OB ) =0 . Ifthe maximum and minimum values of | PA || PB |

are M and m respectively then find the values of M* + m’. V10141
Let 4,b,¢ are unit vectors where |3 —B|2 +Ib —E|2 +[c+af =3, then |a+2b+ 3?:|2 isequalto VT0142
The pv's of the four angular points of a tetrahedron are A(} +21A<);B(31 +1A<);C(4i + 33 +61;) &

D(21+3j+2f<), Find :

() the perpendicular distance from A to the line BC. V10117
(i) the volume of'the tetrahedron ABCD. V10118
(ii) the perpendicular distance from D to the plane ABC. VT0119
(iv) the shortest distance between the lines AB & CD. VT0120

Let a 3 dimensional vector V satisfies the condition 2V + V x (I + 23) —2i+k.
If 3 ‘\7‘ =m , where m e N, then find m. V10121
Vector ¥ is perpendicular to the plane of vectors § =21 —3j+k and b=i—2]+3k and satisfies the

condition V(i +2j—-7k) =10 . Find [V[". V10124
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11.

21
3

P moves so that at any time t the position vector Qp (where O is the origin) is given as

OP = (e' +e " )a+(e' —e )b . Ifthe least distance of P from originis /2 /\/B —q Wherep,q € N'then
find the value of (p + q). VT0125
EXERCISE (JM)

If u, v, w are non-coplanar vectors and p, q are real numbers, then the equality [AIEEE-2009]

Let two non-collinear vectors 3 and p, inclined at an angle — be such that |a |=3 and | b |= 4. Apoint

[3upvpw] — [pv wqu] — [2w qV qu] = 0 holds for :-
(1) More than two but not all values of (p,q)  (2) All values of (p, q)
(3) Exactly one value of (p, q) (4) Exactly two values of (p, q) V10143

Let 3= j—k and ¢ =1— j—k . Then the vector b satisfying ixb+cé=0anda.b=3is:
[ATIEEE-2010]

(1) —i+j-2k (2) 2i-j+2k (3)i-j-2k (4) i+j-2k  vTo144

The vectors @ and b are not perpendicular and ¢ and d are two vectors satisfying : bx & = bxd and

a.d=0. Then the vector d is equal to :- [AIEEE-2011]

(1) B{E’;‘fja ) a_(a_'fjﬁ 3) B_(b_‘fja (4) 6+(§j1§ \T0145
ab a.b ab ab

1 2o . A~ A A - - T
Ifa =E(31 +k) and b :%(21+3j_6k),thenthe value 0f(25—b),[(5><b)x(5+2b)] IS :-

[AIEEE-2011]
(1) 5 2) 3 (3)-5 4) -3 VT0146

Let 4,b,¢ be three non-zero vectors which are pairwise non-collinear. I 3 + 3b is collinear with ¢ and
b+ 2¢ is colliner with @, then & +3b+6¢ is : [AIEEE-2011]

(1) a+¢ (2) a 3) ¢ 4) 0 V10147
Let 4 and b be two unit vectors. Ifthe vectors ¢ = a + 2b and d = 54 — 4b are perpendicular to each

other, then the angle between a and b is: [AIEEE-2012]
n n n n

OF @ 7 Ok O VT0148

Let ABCD be a parallelogram such that AB = q, AD = p and ZBAD be anacute angle. If T is the vector

that coincides with the altitude directed from the vertex B to the side AD, then T is given by :
[AIEEE-2012]

(1) 7 =34+ 2B d)g @) F=33- 0y
(P-p) (P-P)
(3) T = —ZH(% b (4) T = a—(%}s \T0149

Vectors TR
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8.

10.

11.

12.

13.

14.

15.

Ifthe vectors AB =3+ 4k and AC =5i—2]j+4k are the sides of a triangle ABC, then the length of the

median through A is : [JEE-MAINS 2013]

(1) V18 2) J72 (3) V33 (4) 45 V10150

Leta=2i-j+kb=i+2j-kand c=i+j—2k be three vectors. A vectors ofthe type b + A ¢ for some
2

scalar A, whose projection on 3 is of magnitude \E, is [JEE-MAINS Online 2013]

(1) 2i+3j-3k (2) 2i+j+5k (3) 2i-j+5k (4) 2i+3j+3k VT0151

Let a=2i+j-2k, b=1+].1f ¢ is a vector such that 5-5=|* ,

—d| =2./7 and the angle between

i % 5 and ¢ is 30° then \(a xb)x¢| equals : [JEE-MAINS Online 2013]

3 1
(5 (2) 3 3) 5 (4) i VT0152
If [ax 6xc cxa]=2[ab¢] then A isequalto: [JEE(Main)-2014]
(1)2 (2) 3 (3)0 (4) 1 VT0153

- ) o=y = L= 2
Let a, b and ¢ be three non-zero vectors such that no two ofthem are collinear and (a X b) XC= E‘b‘ |C| a

If 0 is the angle between vectors b and ¢, then a value of sin 0 is :
[JEE(Main)-2015]

(1) % ) 2—f (3) i 4) % VT0154

Let ;,g and ¢ be three unit vectors such that a x (E X 2) =§(B + 2) .If b is not parallel to ¢ ,then the

angle between ; and g 1S :- [JEE(Main)-2016]
(1) 5?” ) %” 3) g (4) 23—” VT0155
Let 3=2i+j-2k and b=1+.Let ¢ beavectorsuchthat |¢—3|=3, =3 and the angle
between ¢ and @axb be 30°. Then a-¢ is equal to : [JEE(Main)-2017]
(1) é (2) % (3)2 4)5 V10156

Let i bea vector coplanar with the vectors @ =2i+3j—k and b=j+k.If i is perpendicular to 7 and

@b =24, then lil’ is equal to - [JEE(Main)-2018]
(1) 315 (2) 256 (3) 84 (4) 336 VT0157
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16.

17.

18.

19.

Let a=i-],b=i+]j+k and ¢ be a vector such that ax¢+b=0 and a.c=4,then [¢[ is equal to :-

[JEE(Main)-Jan 19]
19 17
OF~ (2) 8 35 (4)9 VT0158

Let +/3i+], i ++/3] and Bi+(1—p)] respectively be the position vectors of the points A, B and C with
respect to the origin O. If the distance of C from the bisector of the acute angle between OA and OB

3
1S E , then the sum of all possible values of 3 is :- [JEE(Main)-Jan 19]
(12 2)1 3)3 4)4 VT0159

Let 6. =3i+] and f=2i—-j+3k.If f=f, —p,, where f, isparallelto g and B, is perpendicular to g,

then B, x, is equal to [JEE(Main)-Apr 19]
V10160
A A A A A A 1 o ~ ~ 1 o ~ ~
(1) =3i+9j+5k (2) 31-9j-5k (3) 5(—31+9J+5k) (4) 5(31—9J+5k)

The distance of the point having position vector —i + 2]+ 6k fromthe straight line passing through the point

(2, 3, —4) and parallel to the vector, 61 +3j—4k is: [JEE(Main)-Apr 19]
(1) 7 (2) 43 (3) 2413 4) 6 VT0161
EXERCISE (JA)

(a) Two adjacent sides of a parallelogram ABCD are given by AB=2i+10j+11k and

AD =—i+2j+2k . The side AD is rotated by an acute angle o in the plane of the parallelogram

so that AD becomes AD'. If AD' makes a right angle with the side AB, then the cosine of
the angle a is given by -

8 J17 1 45
(A) 9 (B) e ©) 5 (D) Y V10168
(b) If @ and b are vectors in space given by &= 1\_/§2J and b =%, then the value of
14
(25+B).[(5x5)x(5—25)} is [JEE 2010, 5+3]

V10169
(a) Let a=i+j+k b=i—j+k and G=i—j—k be three vectors. A vector v in the plane of &

- 1
and b, whose projection on ¢ is ﬁ’ is given by VT0170

(A) i-3j+3k  (B) -3i-3j-k (©) 3i-j+3k (D) §+3j-3k
(b) The vector(s) which is/are coplanar with vectors i+ j+2k and i+2j+k, and perpendicular
to the vector i+ j+k is/are

(A) j-k (B) ~i+] ©) i-] (D) —j+k V70171

*
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(¢) Let a=—i—k,b=—i+j and ¢ =i+2j+3k be three given vectors. If T is a vector such that

Txb=cxb and ¥.d=0,then the value of T.b is [JEE 2011, 3+4+4]
V10172

(a) If &, b and & are unit vectors satisfying | —b[* +|b—¢ | +|¢—a[*=9, then | 23 +5b+5¢ | is

V10173

(b) If @ and b are vectors such that | a+b |= V29 and 5x(21+3j+4l§) = (2i+33+412)><5 ,thena
possible value of (a + 17)).(—7{ + 23 + 312) is

(A)O B)3 ©)4 (D)8 V10174

[JEE 2012, 4+3]

Let PR =3i+j-2k and SQ=i-3j-4k determine diagonals of a parallelogram PQRS and

PT =1+ 2]j+ 3k beanother vector. Then the volume of the parallelepiped determined by the vectors PT, PQ

and PS is [JEE-Advanced 2013, 2M]
(A5 (B) 20 (©) 10 (D) 30 VT0175
Consider the set of eight vectors V = {ai + bj t+ck: a,b,c e {1, 1}} . Three non-coplanar vectors can
be chosen from V in 2" ways. Then p is [JEE-Advanced 2013, 4, (-1)]
V10176
Match List-1 with List-1T and select the correct answer using the code given below the lists.
List-1 List-11
P.  Volume of parallelepiped determined by vectors 3 b and 1. 100

¢ is 2. Then the volume of the parallelepiped determined by
vectors 2(5><B),3(B>< E) and (¢xd) is

Q.  Volume of parallelepiped determined by vectors 3, b and ¢ 2. 30
is 5. Then the volume of the parallelepiped determined by
vectors 3(5 +B),(B +E) and 2(c+a) is

R.  Area of a triangle with adjacent sides determined by vectors 3. 24
a and b is 20. Then the area of the triangle with adjacent
sides determined by vectors (25 + 35) and (5 —B) is

S.  Area of a parallelogram with adjacent sides determined by 4. 60

vectors 3 and p is 30. Then the area of the parallelogram

with adjacent sides determined by vectors (5 + ‘5) and a is

Codes :
P Q R S VT0177
A 4 2 3 1
B 2 3 1 4
<) 3 4 1 2
@ 1 4 3 2 [JEE-Advanced 2013, 3, (-1)]
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7.

Let %,y and Z be three vectors each of magnitude ~/2 and the angle between each pair of them is

g .If @ is a nonzero vector perpendicular to X and yxz and b is nonzero vector perpendicular to
y and ZxX, then [JEE(Advanced)-2014, 3]
(A) b=(b.2)z-%) (B)a=@.y)(F-2) (C) da.b=—@.y)(b.Z2) (D)a=(E.y)(Z-y) V0178

8. Letd,b,and ¢ be three non-coplanar unit vectors such that the angle between every pair of them is g f
T U S p’+2q° +1* .
axb+bx¢=pa+qb+rc, where p,q and r are scalars, then the value of —————is V10179

q
[JEE(Advanced)-2014, 3]

9. Let APQR be atriangle. Let a = QR,b=RP and ¢=PQ.If|d|=12,|b|=4v/3 and bg =24, then which

of the following is (are) true ? [JEE 2015, 4M, -2M]
I I L EyE .
(A) = —lal=12 (B) —-+1a|=30 (C)|ixb+cxd[=483 (D) dbp=-72 VT0180

10. Supposethat P-4 and T are three non-coplanar vectors in R’. Let the components ofa vector § along
P-q and T be4,3and 5, respectively. If the components of this vector § along (—13 +q+ f) , (13 —q+ f)
and (-p—q+ f) are X,y and z, respectively, then the value of 2x + y + z is V10181

[JEE 2015, 4M, -0M]
A A - N S S S

11. Let u= uli +u2j +u3k be a unit vector in R’ and W =%(1 + j+2k). Given that there exists a
vector v in R’ such that |ﬁ X \7| =1 and w.(uxV)=1. Which of the following statement(s) is(are)
correct?

(A) There is exactly one choice for such v

(B) There are infinitely many choice for such v

(C) If 1 lies in the xy-plane then |u, |=|u, | V10182
(D) If u lies in the xz-plane then 2|u, |=|u, | [JEE(Advanced)-2016, 4(-2)]

12. Let O be the origin and let PQR be an arbitrary triangle. The point S is such that
OP.0Q + OR.0S = OR.OP + 0Q.0S = OQ.OR + OP.OS . Then the triangle PQR has S as its

[JEE(Advanced)-2017]
(A) incentre (B) orthocenter (C) circumcentre (D) centroid V10183

PARAGRAPH :

Let O be the origin, and OX,QY, 0Z be three unit vectors in the directions of the sides QR, RP, PQ,
respectively, of a triangle PQR. [JEE(Advanced)-2017]

13. [0Xx0Y|=
(A) sin(Q + R) (B) sin(P + R) (C) sin 2R (D) sin(P + Q) VT0184

4
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14.

15.

16.

17.

If the triangle PQR varies, then the minimum value of cos(P + Q) + cos(Q + R) + cos(R + P) is
A i B —i C é D —é V10184
(A) 3 (B) =3 (©) 3 (D) =3

Let a and b be two unit vectors such that a.b =0. For some x, ye R, let ¢=xa+ yE +(ax B) .
If |¢| = 2 and the vector ¢ is inclined at the same angle o to both @ and b, then the value of

o is [JEE(Advanced)-2018, 3(0)]
V10185

8 cos’

Three lines L,: f:?ﬁ, rER,

L,: f=k+pj, o € R and

A

L,: f=i+j+vf<, veR

are given. For which point(s) Q on L, can we find a point P on L, and a point R on L, so that
P, Q and R are collinear ? [JEE(Advanced)-2019, 4(-1)]

A oA R A~ 1 ~ 1a
(1) k+] 2 () k+31i (4) k=71 VT0186
Let a=2i+j—k and b= i+2j+k be two vectors. Consider a vector & =ada+pb, o,p € R. If

the projection of ¢ on the vector (5 + B) is 3/2 , then the minimum value of (E —(ﬁ X B)),E equals

[JEE(Advanced)-2019, 3(0)]
V10187

ALLEN .

anced)\Leader\Maths\Sheet\Vectors & 3-D\Eng\02-Ex.p65

node06\BOBO-BA\Kota\JEE(Adv:



. ALLEN Vectors
ANSWER KEY
EXERCISE (O-1)
1. B 2. A 3. D 4. B 5. D 6. D 7. D 8. D
9. B 10. D 11. C 12. A 13. A 14. ()D, (i) B, (ii)B  15. D
16. A 17. D 18. B 19. C 20. B 21. B 22. D 23. A
24. B 25. A 26. C 27. B 28. C 29. C 30. D 31. D
32. A 33. D 34. C 35. D 36. C 37. B 38. D
39. (AT, B)U;(C)P;(D)R;(E)Q; (F)S;(G)W; (H)V
EXERCISE (0-2)
1. A 2. C 3. A 4. D 5. B 6. AC
7. ABD 8. B,C 9. ACD 10. AB,C,D 11. AD  12. AC
13. BC,D 14. ABC 15. C 16. B 17. (A)S; (B) P; (C)R; (D) Q
EXERCISE (S-1)
9,7) 2. 13 3. 3 4. 4950
5. x=2,y=-1 6. (b) externally in the ratio 1 : 3
7. (i) parallel (ii) the lines intersect at the point p.v. —2i+2] (iii) lines are skew
8. (a)cot ' (0):(b) cot’ —:(c) cot'N2 9. (a) ﬁ, (b) 51
NG 2
10. @2.0)-L@©-12 1L —=i-—=j-——k 12. 13
.@2,Md)-1,0)- N RN RN Y .
EXERCISE (S-2)
1 /~ ~ =
1. 12 2. 5 3. 2-1 4. +——(i+5j-k
36( =K
5. (@ =141k (ORange:[35] 6 34 7. 19
. S i3 ] Nkt ge : [3, . .
8. () gﬂ (i) 6 (iii) %Jﬁ @ Js 9 6 10. 75 11. 488
g EXERCISE (JM)
S 103 2. 1 3. 2 4. 3 5. 4 6. 4 7. 3 8. 3
P91 10. 1 11. 4 12. 3 13. 1 14. 3 15. 4 16. 1
172 18. 3 19. 1
: EXERCISE (JA)
L @B:(M)5 2. (a)C;(b)AD;(¢)9 3. (a) 3:(b)C 4. C 5. 5
£ 6. C 7. ABC 8. 4 9. A,C,D 10. Bonus 1. B,C 12. B
F
13. D 14. B 15. 3 16. 3,4 17. 18.00
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3D-COORDINATE GEOMETRY

POINT
1. INTRODUCTION :

In earlier classes we have learnt about points, lines, circles and conic section in two dimensional
geometry. In two dimensions a point represented by an ordered pair (X, y) (where x & y are both real
numbers)

In space, each body has length, breadth and height i.e. each body exist in three dimensional space.
Therefore three independent quantities are essential to represent any point in space. Three axes are
required to represent these three quantities.

2. RECTANGULAR CO-ORDINATE SYSTEM :
In cartesian system of three lines which are mutually perpendicular, such a system is called rectangular
cartesian co-ordinate system.
Co-ordinate axes and co-ordinate planes :
When three mutually perpendicular planes intersect at a point, then mutually
perpendicular lines are obtained and these lines also pass through that ,

point. If we assume the point of intersection as origin, then the three planes

are known as co-ordinate planes and the three lines are known as co-

\ <
@
V<

ordinate axes.

Octants :

Every plane bisects the space. Hence three co-ordinate plane divide

the space in eight parts. These parts are known as octants.
3.  COORDINATES OF A POINT IN SPACE :
Let O be a fixed point, known as origin and let OX, OY and OZ be

three mutually perpendicular lines, taken as x-axis, y-axis and z-axis k

respectively, in such a way that they form a right handed system. ' X

The planes XOY, YOZ and ZOX are known as xy-plane, yz-plane

and zx-plane respectively. X 7
Let P be a point in space and distances of P from yz, zx and xy planes
be X, y, z respectively (with proper signs) then we say that coordinates
of P are (x, y, z). Also OA = [x|, OB = |y|, OC = |z|
4. DISTANCE FORMULA :
The distance between two points A (x,, y,, z,) and B (X,, y,, Z,) is given by

AB:\/[(Xz _X1)2 +(Y2 _YI)Z +(22 _21)2]

(a) Distance from Origin :

Let O be the origin and P (X, y, z) be any point, then OP = /(x> +y* +Z°)
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(b) Distance of a point from coordinate axes :

Let P(x, y, z) be any point in the space. Let PA, PB and PC be the perpendiculars drawn from
P to the axes OX, OY and OZ respectively. Then

PA =\(y> +2°) ;PB =~/(z> +x2) ; PC = (x> +¥%)

Hllustration 1 :  Prove by using distance formula that the points P (1, 2, 3), Q (-1, -1, —1) and
R(3, 5, 7) are collinear.

Solution : We have PQ = \[(=1-1)* +(=1-2)* +(-1-3)> =/4+9+16 =~29

QR = JB+1) +(5+112+(7+1) =/16+36+64 =116 =229

and PR = \/(3_1)2+(5—2)2+(7—3)2 =J4+9+16 =29

Since QR = PQ + PR. Therefore the given points are collinear. Ans.
Hlustration 2 :  Find the locus of a point the sum of whose distances from (1, 0, 0) and (-1, 0, 0) is equal
to 10.
Solution : Let the points A(1,0,0), B (-1,0,0) and P(x,y,z)

Given : PA + PB =10

JE=1)7 +(y=0)> +(z—=0)’ +/(x +1)* +(y—0)* +(z—0)> =10

= \/(x—1)2+y2+zz:10—\/()(+1)2+y2+z2

Squaring both sides, we get ;

= X-1PHY+2 =100+ X+ 12 +y +22 - 20/x+1)+y> +7

= _4X—100=—20\/(x+1)2+y2+22 = x+25=5\/(x+1)2_|-yz.|.z2

Again squaring both sides we get x* + 50x + 625 = 25 {(x* +2x +1) + y? +7?}
=  24x* + 25y* + 2522 - 600 = 0

i.e. required equation of locus Ans.

5.  SECTION FORMULAE :
Let P(x,, y,, z,) and Q(x,, y,, Z,) be two points and let R (X, y, z) divide PQ in the ratio m, : m,. Then co-

) mx, +m,x, my,+myy, mz +m,z
ordinates of R(X, y, z) = ) )
m, +m, m, +m, m, +m,

If (m,/m,) is positive, R divides PQ internally and if (m,/m,) is negative, then externally.

X\ tX, YVity, % +Z2j

Mid-Point : Mid point of PQ is given by ( > T, T,
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Hlustration3:  Find the ratio in which the plane x — 2y + 3z = 17 divides the line joining the points
(2,4, 7) and (3, -5, 8).

Solution : Let the required ratio be k : 1
The co-ordinates of the point which divides the join of (-2, 4, 7) and (3, -5, 8) in the

3k—2 -5k+4 8k+7}

ratio k : lare(k_'_l el kol

Since this point lies on the plane x — 2y + 3z — 17 =0

3k-2 5 -5k +4 43 &k +7 17=0
k+1 k+1 k+1
= (Bk-2)2(-5%+4)+t3@+7)=17k+ 17
= 3k+10k+24k -17k=17+2+8 -21
6 3

= 37k-17k=6 = 20k=6; k:_O:B

3
Hence the required ratio =k : 1 = 10" 1=3:10 Ans.

6. CENTROID OF A TRIANGLE :
Let A(x,, ¥, Z)), B(X,, ¥,, Z,), C(X3, ¥;, Z;) be the vertices of a triangle ABC. Then its centroid G is

9

given by G:(X1+X2+X3 Y, +Y, +Ys z1+z2+z3J

3 ’ 3 3

Illustration 4 : Ifthe centre of a tetrahedron OABC where A, B, C, are given by (a, 2, 3), (1, b, 2) and
(2, 1, ¢) respectively is (1, 2, — 1), then distance of P (a, b, ¢) from origin is -

(A) 4107 (B) V14 (C) V107/14 (D) none of these
1 1 1
. o | =2x,—2y,—2z |=(1,2, -1
Solution . Centre is (4 X 4 Yy 4 ZJ ( )
a+1+2+0 2+b+1+0 3+2+¢c+0
= =1, =2, =-1 = a=1,b=35¢c=-9
4 4 4
OP =+va’+b’ +¢? =+/107 Ans. (A)

Do yourself 1:

(i Find the distance between the points P(3, 4, 5) and Q(-1, 2, -3).

(ii) Show that the points A(0, 7, 10), B(-1, 6, 6) and C(-4, 9, 6) are vertices of an isosceles right
angled triangle.

(iii) Find the locus of a point such that the difference of the square of'its distance from the points
A3, 4, 5) and B(-1, 3, —7) is equal to 2k>.

(iv) Find the co-ordinates of points which trisects the line joining the points A(-3, 2, 4) and B(0, 4, 7)

(v)  Find the ratio in which the planes (a) xy (b) yz divide the line joining the points P(-2, 4, 7)
and Q(3, -5, 8).

ALLEN .
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7.

DIRECTION COSINES OF LINE :

If a, B, v be the angles made by a line with x-axis, y-axis & z-axis respectively

then cosa, cosP & cosy are called direction cosines of a line, denoted by /, m

& n respectively.

Note :

(i)  Ifline makes angles a, 3, y with x, y & z axis respectively then & — a,
n — B & m —7 is another set of angle that line makes with principle axes.
Hence if /, m & n are direction cosines of line then —/, -m & —n are also

direction cosines of the same line.

(i)  Since parallel lines have same direction. So, in case of lines, which do
not pass through the origin. We can draw a parallel line passing through

the origin and direction cosines of that line can be found.
Important points :
(i) Direction cosines of a line :

Take a vector A =ai+bj+ck parallel to a line whose D.C’s are to be found out.

Ai=a
|A|cosa=a %
N C
_a b c 859
cosa =-—=" gsimilarly, cosp=——; cosy=—
Al Y A TR

= cos'a+cos’B+cos’y=1 = 2im’4+n’=1
(ii) Direction cosine of axes :
Since the positive x-axes makes angle 0°, 90°, 90° with axes of X, y and z respectively,
D.C.’sof x axes are 1, 0, 0.
D.C’sof y-axisare 0, 1, 0
D.C.’s of z-axis are 0, 0, 1
DIRECTION RATIOS :
Any three numbers a, b, ¢ proportional to direction cosines /, m, n are called direction ratios of the
. { m n
line. i.e. 4 :? :E
There can be infinitely many sets of direction ratios for a given line.

Direction ratios and Direction cosines of the line joining two points :

Let A(x,, y,, Z,) and B(x,, y,, ,) be two points, then d.r.’s of AB are x, — X, y, - y;, Z, — z, and the

1 1 1
d.c.’s of AB are ;(x2 -X,), P ¥, =) : (z, —z,) where r = [[Z(x, —x,)’]
RELATION BETWEEN D.C’S & D.R’S :

f_m_n

a b ¢

¢ m* n* +m’+n’

a2 b2 & al+b+c?

/= ta +b *c

y————— .mz— .nz—
Jat+b?+cer 2 +biicd a’+b*+¢?
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Important point :

Direction cosines of a line have two sets but direction ratios of a line have infinite possible sets.

7.  PROJECTIONS :

(@)

(b)

(©)

Projection of line segment OP on co-ordinate axes :
Let line segment make angle o with x-axis

Thus, the projections of line segment OP on axes are the absolute values

of the co-ordinates of P. i.e.

Projection of OP on x-axis = [x|
Projection of OP on y-axis = |y]|
Projection of OP on z-axis = |Z]

Now, in AOAP, angle A is a right angle and OA = x

OP = /x* +y* +7Z’
X X

cosa = =
Jxi+y*+2z>  |OP|

if |OP| = r, then x = |OP|cosa = /1

Similarly y = |OP|cosf = mr, z = nr, where /, m, n are DC’s of line
Projection of a line segment AB on coordinate axes :

Projection of the point A(x,, y,, z,) on x-axis is E(x , 0, 0). Projection of point B(x,, y,, z,) on
x-axis is F(x,, 0, 0).

Hence projection of AB on x-axis is EF =[x, —x |.

Similarly, projection of AB on y and z-axis are |y, — y||, [z, — z,| respectively.
Projection of line segment AB on a line having direction cosines £, m, n :
Let A(x,, y,, z,) and B(x,, y,, Z,).

Now projection of AB on EF = CD = AB cos0

= > 5 T |(X2_X1)£+(Yz —yJ)m +(Zz—zl)n|
_\/(XZ_XI) +(yz_Y1) +(22_ZI) \/(XZ_X1)2+(YZ_Y1)2+(22_Z1)2

=|x, =x)0+ (v, =y )m +(z, 2|

Hllustration5: A line OP makes with the x-axis an angle of measure 120° and with y-axis an angle of

measure 60°. Find the angle made by the line with the z-axis.

ALLEN .
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Solution : o = 120° and B = 60°

1
. cos a = cos 120° = —% and cos B = cos 60° = but cos’a + cos’B + cos?y = 1

2 2
-1 +l +cos’y=1
2 2

= cos’y=1 1.1 = COoS =ii
! 4 4 2 LN
y=45° or 135° Ans.

Illustration 6 :  Find the length of projection of the line segment joining the points (-1, 0, 3) and (2, 5, 1)

on the line whose direction ratios are 6, 2, 3.

. _ ) ) fthe lin ) E_E_E_\//@2+m2+n2_ 1 _l
Solution : The direction cosines /, m, n of the line are given by 6 2 3 Joi2+3 a9 7
ézé, ng,nzi
7 7 7
The required length of projection is given by
6 2 3
= l(x, —x)) t m(y, —y,) + n(z, - z))| = 7[2—(—1)]+7(5—0)+7(1—3)‘
18+10-6| 22
= g><3+2><5+§><—2 = E+m—E =‘—‘=— Ans.
7707 T 77 17 7 7

Do yourself - 2 :

(i  Find the length of projections of the line segment joining the origin O to the point P(3, 2,—5) on
the axes.

(i) Find the length of projections of the line joining the points P(3, 2, 5) and Q(0, -2, 8) on the
axes.

(iii) Find the direction ratios & direction cosines of the line joining the points O(0, 0, 0) and
P(2,3,4).

11. ANGLE BETWEEN TWO LINES :
Let 0 be the angle between the lines withd.c.’s /,, m;, n and /,, m,, n,then cos 0 = ¢, /,+ mm, +nn,.
If a;,b,, ¢, and a,, b,, c, be D.R.’s of two lines then angle 0 between them is given by
(a,a, +b,b, +cc,)

@2+ b7 +c2)/(al +b2 +c2)

cosf =

Hllustration 7:  1fa line makes angles a., 3, v,  with four diagonals ofa cube, then cos’a. + cos?3 + cos?y + cos?d
equals -

(A) 3 (B) 4 (C) 4/3 (D) 3/4
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Solution : Let OA, OB, OC be coterminous edges of a cube and OA = OB = OC = a, then
co-ordinates of its vertices are O(0, 0, 0), A(a, 0, 0), B(0, a, 0), C(0, 0, a), L(0, a, a),
M(a, 0, a), N(a, a, 0) and P (a, a, a)

Direction ratio of diagonal AL, BM, CN and OP are

1 1 1)(1 1 131 1 1 11

sl reler s Wi

®) >
Let 7/, m, n be the direction cosines of the given line, then B Y
A N
X
g[ 1 jﬂn[ 1 jm[ 1 j —/+m+n
coso=/|——F —_ — |=—F
GG E)TT B
Similarl B /-m+n cosy /+m-n and cosS /+m+n
imilarly cos = ———, = =
Y NE) V3 V3
cos> a + cos’ + cos’ y + cos’ 3 = Ans. (C)

3

Hllustration 8 :  (a) Find the acute angle between two lines whose direction ratios are 2, 3, 6 and 1, 2, 2

respectively.

(b) Find the measure of the angle between the lines whose direction ratios are 1, -2, 7
and 3, -2, —1.
Solution : (@ a =2,b,=3,¢c,=6;a,=1,b,=2,c,=2.
If © be the angle between two lines whose d.r’s are given, then

aa, tbb,tee,  2x143x246x2 246412 20
Jai+bi+cifal+bi+c 22437167 1P 422 422 7x3 21

0=cos™ (Ej
21
(b) 1P +(=2)*+7* =54
I3+ (=2 +(-1) =14
The actual direction cosines of the lines are
1 -2 7 q 3 -2 -1

5 5 an 5 9
NN RN NTRN VRN

If O is the angle between the lines, then

- g e @ e )
B .

cosf =

4
m
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12.

PERPENDICULAR AND PARALLEL LINES :

Let the two lines have their d.c.’s given by /,, m,, n, and /,, m,, n, respectively then they are perpendicular if

0=90°1e.cos0=0,ie./, /,+mm,+nn, =0.

Also the two lines are parallel if 6 =0 1i.e. sin 6 =0, i.e. LHom o _m
2 m2 n2

Note: Ifinstead ofd.c.’s, d.r.’sa,, b,, ¢c,and a,, b,, c, are given, then the lines are perpendicular if

bb 0 and paraliel if - = 2- =5
+bb,+cc, = — T
a,a,+bb,+cc, and parallel if > "= "=
Hlustration 9 :  1f the lines whose direction cosines satisfies the equations a/ + bm+cn =0 and fmn + gn/
. f g h
+ h/m = 0 are perpendicular, then —+ 5 +— equals -
a C
(A)O (B)-1 O 1 (D) none of these
Solution : Eliminating n between the given relations, we find that (fm + g/) (MJ +h/m=0
c
oY ¢ .
or ag| — | +(af+bg—ch)|— |+bf=0 ... (1)
m m
1 1 ¢, 0, bf
Let —-and—* areroots of (i), then ——*=—
1’nl m2 1’nl m2 a’g
(0, _mm, ..
= t/a /b e (i1)
. mym, 1mh,
Similarly ¢/b hic e (111)

(f, mm, nmn,
f/a  g/b hl/c

From (ii) and (iii), we get
= [(/f,=AFa; mm=2Aghb; nn =Ah/c

= €1€2+mlmz+ nlnzzx(£+§+hj
a b c¢

+; =0 {~ {{,+mm +nn =0} Ans. (A)

30 I
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Do yourself - 3 :

(i) Find the angle between the lines whose direction ratios are 1, -2, 1 and 4, 3, 2.

(i) Ifa line makes a, B and y angle with axes, then prove that sin’a. + sin’p + sin’y= 2.

(iii) Find the direction cosines ofthe line which is perpendicular to the lines with direction cosines
proportional to (1, -2,-2) & (0,2, 1).

PLANE
13. DEFINITION :
A plane is a surface such that a line segment joining any two points on the surface lies wholly on it.
14. EQUATIONS OF A PLANE :

The equation of every plane is of the first degree i.e. of the form ax + by + ¢z +d =0, in which a, b,

c are constants, not all zero simultaneously.

(@) Equation of plane passing through a fixed point :
Vector form : If a is the position vector of a point on the plane and 1 is a vector normal to the
plane then its vectorial equation is given by (f —3).ii =0 = ¥.n=d, where d =4.1 = constant.
Cartesian form : If 4(x,,y,,z,) and fi = ai + bj + ck , then cartesian equation of plane will be
ax-x)+b(y-y)+cz-z)=0

(b) Plane Parallel to the Coordinate Planes :
(i)  Equation of yz plane is x = 0.
(i) Equation of zx plane is y = 0.
(i) Equation of xy plane is z = 0.
(iv) Equation of the plane parallel to Xy plane at a distance c is z= c or z= —c.
(v)  Equation of the plane parallel to yz plane at a distance cis X =c or x =—
(vi) Equation of the plane parallel to zx plane at a distance cis y =c ory = —.

(c) Equations of Planes Parallel to the Axes :
Ifa=0, the plane is parallel to x-axis i.e. equation of the plane parallel to x-axis is by + cz+d = 0.
Similarly, equations of planes parallel to y-axis and parallel to z-axis are ax + cz+d =0 and
ax + by + d = 0, respectively.

(d) Equation of a Plane in Intercept Form :
Equation of the plane which cuts off intercepts a, b, ¢ from the axes X, y, z respectively is
2 +% +% =1,

L
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(e) Equation of a Plane in Normal Form : 6]
Vector form : If j; is a unit vector normal to the plane from the //\]l, L
origin and d be the perpendicular distance of plane from origin then / ' 7

®

its vector equationis F.n=d.

Cartesian form : If the length of the perpendicular distance of the plane from the origin is p
and direction cosines of this perpendicular are (¢, m, n), then the equation of the plane is
/X + my + nz = p.

Equation of a Plane through three points :

Vector form : If A, B, C are three pointshaving P.V.'s 3, B, ¢ respectively, then vector equation

ofthe plane is [¥ @ b]+[F b ¢]+[F ¢ d]=[a b ¢].

Cartesian form :The equation of the plane through three non-collinear points (x,, y,, z,),
X-X, Y-y, z-1%

(X0, ¥y Z,) and (X3, ¥, 25) 18 (X2 =X Yo=Yy 2, 7%= 0

X3-X1 Yi-Y1 Z23;-7Z,

Hlustration 10 :  Find the equation of the plane through the points A(2, 2, —1), B(3, 4, 2) and

Solution :

C(7, 0, 6).

The general equation of a plane passing through (2, 2, —1) is
a(x—-2)tb(y-2)+c(z+1)=0 ... (1)

It will pass through B (3, 4, 2) and C (7, 0, 6) if
a(3-2)+b(@4-2)+c(22+1)=0 or a+2b+3c=0 ... (i1)

anda(7-2)+b(0-2)+tc(6+1)=0 or 5a—-2b+7c=0 ... (1it)

Solving (ii) and (iii) by cross-multiplication, we have

a b C a
= = or —
14+6 15-7 -2-10 5

b ¢

—=—=A

>3 (say)

= a=5\b=2Akand c=-3A

Substituting the values of a, b and ¢ in (i), we get
SA(x-2)+20(y—=2)-3r(z+1)=0

or 5x—-2)2(y-2)-3(z+1)=0

=  5x +2y—3z =17, which is the required equation of the plane Ans.
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Hllustration 11: Aplane meets the co-ordinates axes in A,B,C such that the centroid of the A ABC is the point

(p,q,r) show that the equation of the plane is %+ % +§ =3

Solution : Let the required equation of plane be :
X y z )
—+=+= =
N . (1)

Then, the co-ordinates of A, B and C are A(a, 0, 0), B(0, b, 0), C(0, 0, ¢) respectively

So the centroid of the triangle ABC is (E E Ej

37373
But the co-ordinate of the centroid are (p,q,r)
a_ _b_ ¢ .
3 p, 3 9 3
Putting the values of a, b and ¢ in (i), we get the required plane as B A
3p 3q 3r
X y z
= Tt +t—=3 Ans.
p q r

Do yourself - 4 :
(i) Equation ofa plane is 3x +4y + 5z =17.
(a) Find the direction cosines of its normal
(b) Find the points where it intersects the axes.
(c) Find its intercept form.
(d) Find its equation in normal form (in cartesian as well as in vector form)
(ii) Find the equation of the plane passing through the points (2, 3, 1), (3, 0, 2) and (-1, 2, 3).

15. ANGLE BETWEEN TWO PLANES :
Vector form : If 7.1, =d, and 7.1, =d, be two planes, then angle between these planes is the
angle between their normals

n

n
cos0=

172
0y [, |
Planes are perpendicular if n, .1, =0 and they are parallel if n, =An,.
Cartesian form : Consider two planes ax + by +cz+d=0and a'x+b'y+¢'z+ d' = 0. Angle
between these planes is the angle between their normals.
aa'+bb'+cc'

\/a2 +b% +¢? \/&1'2+b'2+c'2

cosO=

a C
Planes are perpendicular if aa' + bb' + cc' = 0 and they are parallel if o B = o

Planes parallel to a given Plane :

Equation of a plane parallel to the plane ax + by +cz+d =01is ax + by +cz+d'= 0. d'is to be found

by other given condition.
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Hllustration 12 :  Find the angle between the planes x +y+2z=9 and 2x -y +z=15

Solution : We know that the angle between the planes ax + by + ¢,z +d, = 0 and

aa,+bb,+cc,

2 2 2 2 2 2
\/a1 +b; +c; \/a2+b2+c2

ax+by+cz+d =0is given by cos 0 =

Therefore, angle between x + y + 2z =9 and 2x — y + z = 15 is given by

(D) + DD +2)(D) 1 0

cos 0 = —— T
P+ 4222 (=1 +1° 2 3

Ans.

Hllustration13:  Find the equation of the plane through the point (1, 4, —2) and parallel to the plane

2x+y-3z="1.

Solution : Let the equation of a plane parallel to the plane 2x +y—3z=7be 2x+y—-3z+k=0

This passes through (1, 4, —2), therefore (-2) (1) +4 -3 (-2) +k=0
= 2+4+6+k=0 = =-8

Putting k = -8 in (i), we obtain —2x+y-3z—-8=0 or -2x+y—-3z=38
Ans.

This is the equation of the required plane.

Do yourself - 5 :

(i) Prove that the planes 3x — 2y + z+ 17 = 0 and 4x + 3y — 6z — 25 = 0 are perpendicular.
(i) Find the angle between the planes 3x +4y+z+7=0and x+y—-2z=35

16.

A PLANE THROUGH THE LINE OF INTERSECTION OF TWO GIVEN PLANES :
Consider two planesu=ax+by+cz+d=0andv=a'x+b'y+c'z+d =0.
The equationu + Av = 0, A areal parameter, represents the plane passing through the line of intersection

of given planes and if planes are parallel, this represents a plane parallel to them.

Hllustration 14 :  Find the equation of plane containing the line of intersection of the plane x +y+z—6 =0 and

2x + 3y +4z + 5 = 0 and passing through (1,1,1).

Solution : The equation of the plane through the line of intersection of the given planes is,

x+y+tz-6)+A(2x+3y+4z+5)=0 ... (1)
Ifit is passes through (1,1,1)

3
= (I+1+1-0+AQ2+3+4+5=0 = =7

Putting A =3/14 in (i); we get (x + y + z— 6) +% 2x +3y+4z+5)=0

= 20x +23y+26z—-69=0 Ans.

30 A
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17. PERPENDICULAR DISTANCE OF A POINT FROM THE PLANE :
Vector form : If 7.1l = d be the plane, then perpendicular distance p, of the point A(a)
|a.n—d]|

n
P=—7=—
n

dl _dz

Distance between two parallel planes T.n=d, & r.n=d, is H

Cartesian form : Perpendicular distance p, of the point A(x,, y,, z,) from the plane ax + by + cz+d=01s

|ax, + by, +cz, +d|

givenby p =
J@ +b% +c?)

Distance between two parallel planes ax + by +cz+d, =0 & ax+by+cz+d,=0is

dl_dz

Jar +b? +¢?

Hllustration 15 :  Find the perpendicular distance of the point (2, 1, 0) from the plane 2x +y+2z+5=10
Solution : We know that the perpendicular distance of the point (x , y,, z,) from the plane

|ax1 +by, +cz, + d|
+byt+tcz+d=0i
ax +by+tcz+d=0is m
2x2+1x1+2x0+5 10

so required distance = m 3 Ans.

Hllustration16:  Find the distance between the parallel planes 2x —y+2z+3 =0and 4x—2y+4z+5=0.

Solution : Let P(x, y,, z,) be any point on 2x —y + 2z + 3 = 0, then 2x, —y, + 2z, +3 =0

The length of the perpendicular from P(x, y,,z ) to 4x =2y +4z+5=01is

|4x —2y, +4z,+5| _[22%, ~y, +22)) +5| _2(-3)+3] _

[usmg @]
@2 +a | | J36 6
Therefore, the distance between the two given parallel planes is — Ans.

6

Do yourself - 6 :
(i Find the perpendicular distance of the point P(1, 2, 3) from the plane 2x +y+z+ 1 =0.

(i) Find the equation of the plane passing through the line of intersection of the planes
x+y+z=>5and2x + 3y +z+ 5 = 0 and passing through the point (0, 0, 0).

18. BISECTORS OF ANGLES BETWEEN TWO PLANES :
Let the equations of the two planes be ax + by + cz+d=0and a,x + b,y +c,z+d, =0.

Then equations of bisectors of angles between them are given by

ax+by+cz+d _+alx+b1y+clz+d1

J@+b+c?) @ +b2+c)
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(@) Equation of bisector of the angle containing origin : First make both constant terms positive.
Then positive sign give the bisector of the angle which contains the origin.

(b) Bisector of acute/obtuse angle : First making both constant terms positive,
aa, +bb, +cc, >0 =  origin lies in obtuse angle

aa, +bb, +cc, <0 =  origin lies in acute angle

Hllustration 17:  Find the equation of the bisector planes of the angles between the planes 2x —y +2z+3 =0

and 3x — 2y + 6z + 8 = 0 and specify the plane which bisects the acute angle and the
plane which bisects the obtuse angle.

Solution : The two given planes are 2x —y+2z+3=0and 3x —2y+ 6z+ 8 =10

where d, d, >0
and aa +bb +tcc,=6+2+12>0

a,x+by+cz+d, _ )X+ b,y+c,z+d, (acute angle bisector)

2 2 2
a; +b; +c a;+bj+c;

ax+by+cz+d ax+by+c,z+d,

and (obtuse angle bisector)

a; +b’ +c¢; a; +b3+c]
2x-y+2z+3 =i3x—2y+6z+8
Vad+1+4 V9+4+36
= (l4x -7y + 14z +21) ==+ (9x -6y + 18z + 24)
Taking positive sign on the right hand side,

Le.,

we get S5x—y—-4z-3=0 (obtuse angle bisector)
and taking negative sign on the right hand side,
we get 23x — 13y + 32z + 45 =0 (acute angle bisector) Ans.

19.

POSITION OF TWO POINTS W.R.T. A PLANE :

Two points P(x,, y,, z) & Q(X,, y,, z,) are on the same or opposite sides of a plane ax + by +cz+d =0
according to ax, + by, + ¢z +d & ax, + by, + ¢z, + d are of same or opposite signs. The plane divides
the line joining the points P & Q externally or internally according to P and Q lying on same or

opposite sides of the plane.

Do yourself - 7 :
@i Find the position of the point P(2, -2, 1), Q(3, 0, 1) and R(-12, 1, 8) w.r.t. the plane
2x -3y +4z—-7=0.
(ii) Two given planes are 2x +y—2z+5=0 and 6x — 2y + 3z— 7 = 0. Find
(a) equation of plane bisecting the angle between the planes.
(b) equation ofa plane parallel to the plane bisecting the angle between both the two planes
and passing through the point (3, 2, 0).
(c) specify which plane is acute angle bisector and which one is obtuse angle bisector.
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STRAIGHT LINE

20. DEFINITION :

A straight line in space is characterised by the intersection of two planes which are not parallel and,

therefore, the equation of a straight line is present as a solution of the system constituted by the

equations of the two planes: a, x+b, y+c,z+d, =0; a,x+b,y+c,z+d,=0

This form is also known as unsymmetrical form.

Some particular straight lines :

Straight lines Equation

(1) Through the origin y =mX, Z=nx

. : X y z
(1) X-axis y=0,z=0 or T=6=6

: _ _ X_Yy_Z
(111) y-axis x=0,z=0 or 01 o
(iv) Z-axis x=0,y=0 or %:%:%
v) parallel to x-axis y=p,z=(q
(vi) parallel to y-axis x=hz=q
(vii) | parallel to z-axis x=hy=p

21. EQUATION OF A STRAIGHT LINE IN SYMMETRICAL FORM :

(@)

(b)

One point form : Let A(x,, y,, Z,) be a given point on the straight line and ¢, m, n be the d.c’s
of the line, then its equation is

X=X _ Y=Y _277

4 m n

=1 (say)
It should be noted that P(x, + /r, y, + mr, z, + nr) is a general point on this line at a distance r
from the point A(x,, y,, z,) i.e. AP =r. One should note that for AP =r; /, m, nmust be d.c.’s

not d.r.’s. If a, b, ¢ are direction ratios of the line, then equation of the line is

X —X — z7—7
R A L=r buthere AP #r
a b C

Equation of the line through two points A(x,, y,, z,) and B(x,, y,, z,) is

X=X _ Y~ _27%

XL=X Yoo 2,77

Solution :

Hllustration 18 :  Find the co-ordinates of those points on the line x1_y ; 2 =2 3 which s at a distance
of 3 units from point (1,-2, 3).
H x-1 y+2 z-3 0 Pil~2.3)
ere, — 3 P 1

is the given straight line Q(2r+1,3r-2,6r+3)

ALLEN .
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Let, P=(1,-2,3) on the straight line
Here direction ratios of line (i) are (2,3,6)

.. . L 236
Direction cosines of line (i) are :7,7,7

=  Equations of line (i) can be written as
x-1 y+2 z-3
2/7 3/7 6/7

2
Co-ordinates of any point on the line (ii) can be taken as (;r+l,;r—2,7r +3j
2 3 6
—r+l,—r-2,—1r+3
ket Q(7 777 j
Given |T]| =3, . r==%3

Putting the value of r, we have Q(—,——,—j or Q =(—,——,—j Ans.

22,

ANGLE BETWEEN A LINE AND A PLANE :

R YN 27 andax + by + ez + d = 0 respectively
m n

Let equations of the line and plane be x

and O be the angle which line makes with the plane. Then (/2 — 0) is the angle A,

Q
between the line and the normal to the plane. /1~°

%—9
So. sin0 = al/+bm +cn X0
0, =

J@ +b2+)(7 +m’ +1n)

Line is parallel to plane if 6 =0 i.e. ifa/ + bm + cn = 0.

b_c
m n’

a
Line is perpendicular to the plane if line is parallel to the normal of the plane i.e. if 7

-2 1 z-3
Hllustration 19 : Find the angle between the line 2L y+l =z > and the plane 3x + 4y +z+ 5 =0.
. . .. x=2 y+1 z-3 .
Solution : The given line is 3 =TT, e (1)
and the given plane is 3x +4y+z+5=0 ... (i1)

If the line (i) makes angle 6 with the plane (ii), then the line (i) will make angle (90° — 6)
with the normal to the plane (i). Now direction-ratios of line (i) are 3,—1, -2 and direction-
ratios of normal to plane (ii) are 3, 4, 1

33 + (=D +(=2)1) oo 2=4=2 3

:> S = =
JoO+1+49+16+1 V14426 V14426

c0s(90°—-0) =

Ans.

3
Hence 0 =sin™' | ————
[\/14x/26 J

*
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Do yourself - 8 :

(i Find the equation of the line passing through the point (4, 2, 3) and having direction ratios
1,-1,2
(ii) Find the symmetrical form of the line x —y+2z=5,3x+y+z=6.

x-1 y-2 z-1

(iii) Find the angle between the plane 3x + 4y + 5 = 0 and the line > 0 1

x-3 y-4 z-5

> 3 a4 is parallel to the plane 4x + 4y — 5z + 2 = 0.

(iv) Prove that the line

23.

24.

25.

CONDITION THAT A LINE LIES ON THE GIVEN PLANE :

X=X _ Y=Y _277%

The line m will lie on the plane Ax + By + Cz+ D =0 if
@ A/+Bm+Cn=0 and () Ax, +By,+Cz,+D=0
IMAGE OF A POINT IN THE PLANE : P

In order to find the image of a point P(x, y,, z,) in a plane ax + by + cz +d =0, Ej

assume it as a mirror. Let Q(x,, y,, z,) be the image of the point P(x , y,, z,)

Q
in the plane, then
. . . . XX YT¥, 277
(@) Line PQ is perpendicular to the plane. Hence equation of PQ is = b . =T
) ) : NX _ YooY 2,77
(b) Hence, Q satisfies the equation of line then = = =T . The plane passes
4 a b C

through the middle point of line PQ, therefore the middle point satisfies the equation of the

+ + +
planeie. a (%J +b (%J +c (%J +d =0 The co-ordinates of Q can be obtained

by solving these equations.

FOOT, LENGTH AND EQUATION OF PERPENDICULAR FROM A POINT TO A LINE:

. . X=X _ Y=Y, _z—7 .
Let equation of the line be / = o = n =r (1)

and A (a, 3, 7) be the point. Any point on the line (i) is P(/r + x,, mr +y,nr+z)).......... (i1)

node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Vectors & 3-D\Eng\03-Theory.p65



node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Vectors & 3-D\Eng\03-Theory.p65

S ALLEN 30 IS
Ifit is the foot of the perpendicular, from A on the line, then AP is L to the line, so
((lr+x,—a) +m(mr+y —p)+n(r+z —vy)=0 Ala, B, 7)
i.e. r=(o-x)(+P-y)m+(y—z)n
since 2+m?+n?=1 P -

Putting this value of r in (ii), we get the foot of perpendicular from point A to the line.

Length : Since foot of perpendicular P is known, length of perpendicular,

AP = J[(¢r+ %, —a)? +(mr +y, —B)* +(nr +z, —7)°]

Equation of perpendicular is given by

x—o _ y-p _ 2y
fr+x,—a mr+y,—f nr+z —y

Hlustration 20 :

Solution :

Hllustration 21 :

Solution :

Find the co-ordinates of the foot of the perpendicular from (1, 1, 1) on the line joining
(5,4, 4)and (1, 4, 6).

Let A(1,1,1),B(5,4,4)and C (1, 4, 6) be the given points. Let M be the foot of the
perpendicular from A on BC.

If M divides BC in the ratio A : 1, then

A(1,1,1)
co-ordinates of M are AtS , 4r+4 , 61+4
A+l A+l A+1
Direction ratios of BCare 1 — 5,4 -4, 6 -4 90°
Le.—4,0,2 M
(5,4,4) (1,4,6)

A+S_ 4h+d Gh+d
A+l A+l T A+l

4 3A+3 5A+3
A+ A+1 7 A+l
Since AM 1 BC

24 +0BL+3)—-1(5L+3)=0 =8-5L-3=0 = A=1
Hence the co-ordinates of M are (3, 4, 5) Ans.

D.R.'s of AM are

= = 4,3A+3,5L+3

x+1 y-3 z+2

Find the length of perpendicular from P(2, — 3,1) to the line

2 3 -1
Given line is ~1-Y=3_2+2
2 3 -1 *P(2,-3,1)
and P(2, — 3,1) :
Co-ordinates of any point on (i) may be taken as :
(211,313, 1-2) oo
Let Q=(2r—1,3r +3,-r—2) Ae 21 B

Direction ratio's of PQ are : (2r -3, 3r +6, —r —3)
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Direction ratio's of AB are : (2, 3, 1)
Since, PQ L AB
2Q2r-3)3@Br+6)—1(-r-3)=0

15
:> e —
14

2 3 13

Q (_7’_14’ 14)

2 2 2
PQ*= (2+2j +(—3+ij +(1+£j _331
7 14 14 14

Q—1/14 units ns.

Do yourself -9 :

@

(i)

(iii)

Find the image of point P(1, 3, 2) in the plane 2x —y + z + 3 = 0 as well as the foot of the
perpendicular drawn from the point (1, 3, 2).

Find the distance of the point (1, -2, 3) from the plane x — y + z = 5 measured parallel to the

fine £=Y =2
273 6
x+1 y+2 z+5 |
Prove that = = lies in the plane x + 2y —z = 0.

2 3 4

26.

EQUATION OF PLANE CONTAINING TWO INTERSECTING LINES :

Let the two lines be

X—0y :y_B1 _Z=Y

él m, o n, e (l)
x—o, y-B, z-v, 3
and /0 m, n, e (i)
oy =0y Bz_B1 Y2 ="
These lines will coplanarif | ¢, m, n, |=0  (Itiscondition forintersection oftwo lines)
t, m, n,
X—o; y-— B] Z=Y,

the plane containing the two linesis | 7, m, n, [=0
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x-1 y+6 z+1

Hllustration22: Find the equation of the plane containing the line 3 4 > and parallel to the
. x-4 y-1 z+3
line y T3 5
. .ox—-1 y+6 z+1 |
Solution : Any plane containing the line 3 =T, T,
ax—1)+by+6)tc(z+1)=0 ... (1)
where, 3a+4b+2¢c=0 .. (i1)
Also, it is parallel to the second line and hence, its normal is perpendicular to this line
2a-3b+5¢=0 L. (iii)
o o a b ¢
Solving (ii) & (iii) by cross multiplication, we get 2% = 11 = 17 =

= a=206k,b=-11k & c=-17k
Putting these values in (i), we get 26k(x — 1) — 11k(y + 6) - 17k(z+ 1) =0
= 26x—11ly—17z =109, which is the required equation of the plane.

27. LINE OF GREATEST SLOPE :

Consider two planes G-plane and H-plane. H-plane is treated as a horizontal

plane or reference plane. G-plane is a given plane. Let AB be the line of

intersection of G-plane & H-plane. Line of greatest slope is a line which is A \_~

contained by G-plane & perpendicular to line of intersection of G-plane & Q m
H-plane. Obviously, infinitely many such lines of greatest slopes are contained B

by G-plane. Generally an additional information is given in problem so that a
unique line of greatest slope can be found out.

Hllustration23: Assuming the plane 4x—3y +7z =0 to be horizontal, find the equation of'the line of
greatest slope on the plane 2x +y — 5z = 0, passing through the point (2,1,1).

Solution : The required line passing through the point P (2,1,1) in the plane 2x +y — 5z =0
and is having greatest slope, so it must be perpendicular to the line of intersection of
the planes

2x+y-5z=0 ... (1)
and 4x-3y+7z=0 ... (i1)

Let the d.r'.s of the line of intersection of (i) and (ii) be a, b, ¢
= 2a+b-5=0 and 4a-3b+7c=0
{as dr'.s of straight line (a, b,c) is perpendicular to d.r'.s of normal to both the planes}

a_b_c¢
Y417 s
Now let the direction ratio of required line be proportional to ¢, m, n then its

x-2 y-1 z-1

equation be
d 4 m n
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where 2/ + m—5n=0and 4/ +17m+ 5n=0
¢ m n
© 37T
) o x=2 y—-1 z-1
Thus the required line is = = Ans.

3 -1 1

28. AREA OF TRIANGLE :
To find the area of a triangle in terms of its projections on the co-ordinates planes.

Let A, A, A, be the projections of the plane area of the triangle on the planes yOz, zOx, xOy
respectively.Let /, m, n be the direction cosines of the normal to the plane of the triangle.

Then the angle between the plane of the triangle and yOz plane is the angle between the normal to the
plane of the triangle and the x-axis.

A, = Al

Similarly A =Am;A,=An = A= /Ai+A§+A§

IfA(Xx,, ¥, 2)), B(X,, ¥, 2,), C(X3, ¥3, Z,) be the three vertices of the triangle then

. y, z 1 . X, z, 1 . X,y 1
A, =E Yo 2z, 1|4, =5 X, z, 1],A, =E X, ¥y, 1
Yy 2y 1 X, zy 1 X; y; |1

Do yourself - 10 :

x-2 y-4 z-6

x+1 y+3 z+5 1 Find thei
3 5 7 and — 3 5 are coplanar. Find their

(i) Prove that the lines

point of intersection.

(ii) Find the area of the triangle whose vertices are the points (1, 2, 3), (-2, 1, -4), (3, 4, -2).

Miscellaneous lllustrations :

Hllustration 24: 1f a variable plane cuts the coordinate axes in A, B and C and is at a constant distance
p from the origin, find the locus of the centre of the tetrahedron OABC.

Solution : Let A=(a, 0,0),B=(0,b,0)and C= (0,0, c)

. . X Yy Z
Equation of plane ABC is E+B+E=1

Now p = length of perpendicular from O to this plane

T
a’ b* ¢? a b c
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Let G(a., B, y) be the centre of the tetrahedron OABC, then
a b c a+0+0+0 a
a==,p=2,y=— _ -2
4 PR [ * 4 4}
or, a=4a,b=4p,c =4y
Putting these values of a, b, ¢ in equation (i), we get
5 16 1 N 1 N 1 16
= oo —FtSst+t—5=—
p 1 1 1 o Bz Y2 pz
locus of (at, B, y)is x?+y?+z2=16p? Ans.

Illustration 25 :

Solution :

Through a point P(h, k, /) a plane is drawn at right angles to OP to meet the coordinate

5

p
2|hke|”

axes in A, B and C. If OP = p, show that the area of AABC is

OP = Vh2+k*+/0* =p

h k 14
Jh? +Kk2 + 02 ’\/h2+k2+€2 ’\/h2+k2+€2

Direction cosines of OP are

Since OP is normal to the plane, therefore, equation of the plane will be,
h k ! \/ﬁ
X + y+ z=vh +k" +/
Jh2+k2 4+ R+ +2 T VWK 4+
or, hx+ky+ /lz=h+Kk*+ (*=p?

2 2 2
A= (p—, 0, OJ,BE (0, b OJ,CE (0, 0, p—j
h k (

Now area of AABC, A? = Aiy+ Aiz + A2
Now A = area of projection of AABC on xy-plane = area of AAOB

2
L
h
1 pz 1p4
Mod of 71 % 7 2 [hk]
0O 0 1
- _1pf _1p
Similarly, A, = 2Tl and A 2 1vh]
1 8 1 8 1 8 10
A2=_12)2+_132+_132: I2)22
4h’k> 4k~ 4h/ 4h°k"¢
5
p
or A_2|hk€| Ans.
¢




m JEE-Mathematics

Hlustration26:

Solution :

Hustration 27 :

Solution :

Find the locus of a point, the sum of squares of whose distances from the planes :
x—z=0,x—-2y+z=0andx+y+z=01is 36

Given planes are x—z=0,x—-2y+z=0and, x +y+z=0

Let the point whose locus is required be P(a,3,y). According to question

jo=yf  Ja-2B+y Jo+B+yf

36
2 6 3

or 3(o+ Y20y to? Hp? + 2 — o3 — 4By + 20y H2(c + B2 Y2 + 20+2ByH20ry) =36 x 6
or 602+ 6B%+ 6y2 =36 x6

or o+ B*+y2=236

Hence, the required equation of locus is x* + y* + z>= 36 Ans.

Direction ratios of normal to the plane which passes through the point (1, 0, 0) and
(0, 1, 0) which makes angle n/4 with x + y = 3 are -

(A)1,1,2 B)2,1,1 ©)1,42,1 D)1, 1,2

: . Xy z
The plane by intercept form is 1 + n + E =1

1
direction ratios of normal of this plane are 1, 1, - and that of given plane are 1, 1, 0.

1.1+1.l+0.l
c

1+1+i2\/1+1+0
C

T
COS— =

1 2 1 |

= EE T = 2+5=4>=> cCc=t—F
\/5 2+i2\/§ ¢ \/5
V' ¢

dr’sarel, 1, 2 Ans. (D)

ALLEN .
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ANSWERS FOR DO YOURSELF

G 2001 (i) 8x + 2y + 24z £ 22 +9 = 0 (iv) (—2,%, 5} & (_1,% 6}
(v) (@) 7:8,externally (b) 2 : 3 internally
2: @) 3,2,5 @) 3,4,3 ('")234&2 3 4
: 1 5“9 n s Ts 111 s s s s
V29 /29 /29
3: () T (i) 212
N e:E 111 3 3

w4 L (T 7 N Kad ot
4: (l) (a) 5\/575\/— \/— (5 O OJ,(O,Z,OJ&(O,O,SJ (C) 7/3+7/4+7/5
x4y 2 T

N RN RN RN ) r( N

() x+ty+2z=7

1
. (i) O=cos'| —
> @ °o° (\/ﬁj

6: @) % (ii) 3x +4y+2z=0
7: (i) P, Qsame side & R opposite side
() @ 4x+y—-5z+14=0&32x—-13y+23z-56=0
(b) dx+y-52—-14=0 & 32x—-13y+23z-70=0
() 4x+y—5z+14=0 (obtuse angle bisector) & 32x—13y+23z—56=0 (acute angle bisector)

. x-4 y-2 z-3  x-11/4 y+9/4 z-0 v o . 1 6
8: ) — _1 5 @ —— 5 1 (iii) O =sin (S\EJ
9: () (_—SEEJ&(_—IHfJ i) 1
. 1 3 ’ 3 ’ 3 3 s 3 ’ 3 11}
(1 1 3 . 1218
10: () (E’_E’_EJ (ii) >




anced)\Leader\Maths\Sheet\Vectors & 3-D\Eng\04-Ex.p65

node06\BOBO-BA\Kota\JEE(Adv:

. ALLEN

EXERCISE (O-1)
[STRAIGHT OBJECTIVE TYPE]

Consider three vectors p=i+j+k, q=2i+4j—k and F=i+j+3k.If p, § and T denotes the
position vector of three non-collinear points then the equation of the plane containing these points is

TD0001
(A)2x—-3y+1=0 (B)x-3y+2z=0 (C)3x-y+z-3=0 (D)3x-y-2=0
If the distance between the planes
8x+ 12y —14z=2

and 4x+6y—72=2

: 1 : N(N+1) .
can be expressed in the form ﬁ where N is natural then the value of 5, B TD0003
(A) 4950 (B) 5050 (C)5150 (D) 5151
A plane passes through the point P(4, 0, 0) and Q(0, 0, 4) and is parallel to the y-axis. The distance
of the plane from the origin is TD0004
(A)2 (B) 4 ©) 2 (D) 242
If the plane 2x — 3y + 6z — 11 = 0 makes an angle sin~!(k) with x-axis, then k is equal to  TD0006
(A) V/3/2 (B)2/7 (€) 2/3 (D) 1
The plane XOZ divides the join of (1, —1, 5) and (2, 3, 4) inthe ratio A : 1 , then A is TD0007
(A)-3 (B)-1/3 <3 (D) 1/3
Equation of the line which passes through the point with p. v. (2, 1, 0) and perpendicular to the plane
containing the vectors i + 3 and j +kis TD0010
A) =2 1L0+t(,-1,1) B)=2,1L0)+t(=1,1,1)
O =2 1L0)+t(,1,-1) D) =@2,1,0+t(,1,1)

where t is a parameter

Which of'the following planes are parallel but not identical?
P, :4x-2y+6z=3
P,:4x-2y-22=6
P,:-6x+3y-9z=5
P,:2x-y-z=3

(A)P, &P, (B)P, &P, (C)P, &P, (D)P, &P, TDO0011
Vector equation ofthe plane ¥ = i 3 + k(f + j + 12) + M(f - 23 + 312) in the scalar dot product formis

(A) T.(51-2j+3k) =7 (B) 1.(51+2j-3k) =7 TD0013
(C) ¥.(51-2j-3k) =7 (D) T.(51+2j+3k) =7

The vector equations of the two lines L, and L, are given by

L, if =2i49)+13k+A(i+2j+3k) L, T =-31+7]+pk+p(—i+2j-3k)

then the lines L, and L, are

(A) skew lines for all peR

(B) intersecting for all pe R and the point of intersection is (-1, 3, 4) TD0014
(C) intersecting lines for p=—2

(D) ntersecting forallreal pe R

3 T
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10.

Consider the plane (x,y,z)=(0,1, 1)+ A(1,—1, 1)+ w2, -1, 0). The distance of this plane from the
origin is

(A) 1/3 (B) +/3/2 (C) J3/2 D) 2/43 TD0015
. . x=2 y-9 z-13 x—a y-7 z+2 . )
11. The value of'a' for which the lines N = 5 = 3 and 1 = > = 3 mtersect, 1S
(A)-5 (B)-2 (O (D)-3 TD0016
12. GivenA(1,-1,0);B(3,1,2);C(2,-2,4) and D(-1, 1, —1) which of'the following points neither lie on
ABnoron CD? TD0017
(A) (27 29 4) (B) (27 _27 4) (C) (25 071) (D) (09 _29 _l)
-1 y-2 z-3
13. Fortheline . T Y 5 z 3 , which one of'the following is incorrect?
o . . X Yy z
(A) it lies in the planex -2y +z=0 (B) it is same as line 1 = E: 3 TDO0018
(C) it passes through (2, 3, 5) (D) it is parallel to the plane x —2y + z— 6 =0
14. Given planes P icy+bz=x
P,:az+cx=y
P,:bx+ay=z
P,, P, and P, pass through one line, if TD0019
(A)a?+b>+c?=ab+bc+ca (B) a2+ b2+ c2+2abc =1
(O a?+b2+c2=1 (D) a2 + b2 + c2 + 2ab + 2bc + 2ca + 2abc = 1
15, Theline =t =1 === s TD0020
(A) parallel to x-axis (B) perpendicular to x-axis
(C) perpendicular to YOZ plane (D) parallel to y-axis
16. Thelines ~—==Y=2_2=% g x-1_y=4 223 lanar if TD0021
. elines — I — and — > | arecoplanari
(A)k=0or-1 B)k=Tlor—1 (CO)k=0o0r-3 (D)k=3o0or-3
17. The line which contains all points (X, y, z) which are of the form (x, y, z) = (2, -2, 5) + A(1, -3, 2) intersects
the plane 2x — 3y +4z =163 at P and intersects the YZ plane at Q. If the distance PQ is a\/b where a,b
€ N and a> 3 then (a + b) equals
(A)23 (B)95 (C)27 (D) none TD0022
18. Let L, betheline 1, = 21+j—12+k(i+212) and let L, be the line T, = 3i+3+u(i+3—12).
Let IT be the plane which contains the line L, and is parallel to L,. The distance of the plane I from the
origin is
(A) 1/7 (B) /2/7 ©) J6 (D) none TD0023
: : e : . X=2 y+1 z-2
19. Thedistance ofthe point (—1, -5, — 10) from the point of intersection ofthe line » T4 T D and
the planex—y+z=>51s TD0025
(A) 2411 (B) V126 ©13 (D) 14
4
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20.

[MATRIX MATCH TYPE]
Consider the following four pairs of lines in column-I and match them with one or more entries in
column-IIL

Column-I Column-IT
A) Ly:x=1+t, y=t, z=2-5t (P) non coplanar lines TD0027

L,: 7=(2,1,-3) +M2,2,-10)
x-1 y-3 z-2

B) L,: > 5 1 (Q) lines lie in a unique plane TD0028
X-2 y-6 z+2
b T T
(C) L;:x=-6t, y=1+9t,z=-3t R) infinite planes containing both the lines
L,:x=1+2s, y=4-3s, z=5s TD0029
x y-1 z=2 . . . . .
O L 1- 5 3 (S) lines are not intersecting at a unique point
L2y 2l TD0030
20 4 -3 2
EXERCISE (0-2)
[MULTIPLE OBJECTIVE TYPE]
Consider Lines L, XY Z+B, L, :x=a,L= zra , plane P:2x+2y+z+7=0.
1 -2 2 - 2-B
Let line L, lies in plane P, then
(A)o=-7
B)a=7

(C) minimum distance between line L, and plane P is 11.

(D) minimum distance between line L, and plane P is ? TD0032

The point A (3,4,7), B (4,5,9) and C (1,2,-1) are three vertices of a parallelogram ABCD, then -
(A) vector equation of line AB is 7 = 41 + 5]+ 9k + A (i +i+ 212)

x-4 x-5 z-9
3 10

(B) cartesian equation of line BC is

(C) coordinates of D are (0,1,-3)

(D) ABCD is rectangle TD0033

Let two planes P, : 2x—y+z—-2=0and P, : x + 2y —z—3 = 0 are given then-

(A) The equation of the plane through line of intersection of P, = 0 and P, = 0 and the point (3,2,1)
isx—3y+2z+1=0

(B) The equation of the plane through line of intersection of P, =0 and P, = 0 and the point (3,2,1) is
3x-y+2z2-9=0

(C) The equation of acute angle bisector plane of P, =0 and P,=0isx -3y +2z+1=0

(D) The equation of acute angle bisector plane of P, =0 and P, =0is x+ 3y +2z+2=0 TD0034

4
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4. A line segment has length 6 and direction ratios are —3,4,6, then the component of the line vector are-
TD0037
~18 24 -24 -36

(A) NGk \/— (B)27,-18,-54 (C)27,-18,54 (D) \/— NGIRG
Which of'the following is (are) correct -
(A) Iftwo lines in space are not intersecting, then they must be skew lines.

(B) Iftwo lines are parallel to a plane 'P', then their direction ratios will be proportional

(C) Iftwo lines are perpendicular to a plane 'P', then their direction ratios will be proportional

(D) Equation x+l_y-1_z , where a, b, ¢ are real parameters, represents a family of concurrent

a b C
lines in space TD0038

Given the equations ofthe line 3x—y+z+1=0, 5x+y+3z=0.

Then which of the following is correct ?

el s
(A) Symmetrical form of the equations ofline is 5 =_—18 =T8 TD0039
1 5
X+— Y- g 7
(B) symmetrical form of the equations of line is 8 _ 1 T,

(C) equation of the plane through (2, 1, 4) and prependicular to the given lines is 2x—y+z—-7=0
(D) equation of the plane through (2, 1, 4) and prependicular to the given lines is x +y—2z+5=0

A line L passing through the point P(1,4,3), is perpendicular to both the lines

x-1 y+3 z-2 x+2 y—-4 z+1

> 1 a and 3 = > = B TD0042
Ifthe position vector of point Q on L is(a,,a,,a;) such that (PQ)? =357, then (a, +a, + a,) can be-
(A)16 (B) 15 (©)2 (D)1

[MATRIX MATCH TYPE]
P(0,3,-2);Q(3,7,~1)and R(1,—3, 1) are 3 given points. Let L, be the line passing through P and
Q and L, be the line through R and parallel to the vector v = + k-

Column-I Column-II
(A)  perpendicular distance of P from L, P 73
(B)  shortest distance between L, and L, Q)
(C)  areaofthe triangle PQR R) 6 TD0043
. 19
(D)  distance from (0, 0, 0) to the plane PQR (S) 77

30 IEER



anced)\Leader\Maths\Sheet\Vectors & 3-D\Eng\04-Ex.p65

node06\BOBO-BA\Kota\JEE(Adv:

. ALLEN

EXERCISE (S-1)
Find the angle between the two straight lines whose direction cosines /, m, n are given by
20 +2m—n=0and mn+n/ + /m=0. TD0044

The plane denoted by IT, : 4x + 7y + 4z + 81 = 0 is rotated through a right angle about its line of
intersection with the plane Il : 5x + 3y + 10z =25. If the plane in its new position be denoted by I1, and

the distance of this plane from the origin is +/k wherek € N, then find k. TD0045

Find the equations of the straight line passing through the point (1,2,3) to intersect the straight line

X+ 1=2(y—2)=z+4 and parallel to the plane x + 5y + 4z =0. TD0046

. . X+l y-p z+2 x y-7 z+7 .

Find the value of p so that the lines T, T and 1- 533 are in the same plane. for

this value ofp, find the coordinates of their point of intersection and the equation ofthe plane containing

them. TD0048
2 -1

Let L be the line givenby ¥ =| -2 |+ 4| 0 | and let P be the point (2,—1,1). Also suppose that E be the
-1 1

plane containing three non collinear points A(0,1,1) ; B(1,2,2) and C(1,0,1).

Find

(a) Distance between the point P and the line L.

(b) Equation ofthe plane E.

(c)  Equation the plane F containing the line L and the point P.

(d) Acute angle between the plane E and F.

()  Volume of'the parallelopiped by A,B,C and the point D(-3,0,1). TD0050

x—=1 y-2 z+3

Find the equation of the line which is reflection of the line ] 3 in the plane

3x—3y+ 10z = 26. TDO0053
. . .. .o x=-1 y z . X3 y z-2

Find the equation of the plane containing the line S "33 and parallel to the line 5 T5 2

Find also the S.D. between the two lines. TD0054

The equation of the plane which has the property that the point Q(5,4,5) is the reflection
of point P(1,2,3) through that plane, is ax + by + ¢z = d where a,b,c,d € N. Find the least value of

(a+b+c+d). TD0056

Find the point where the line of intersection of the planes x—2y+ z=1 and x + 2y—2z =15, intersects the

plane 2x +2y+z+ 6=0. TDO0058
4
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EXERCISE (S-2)
Find the equations of the two lines through the origin which intersect the line XT_3 = yT_3 =% at an
angle of g TD0061

x+6 y+10 z+14
5 3 8

vertex is (7, 2, 4). Find the equation of the remaining sides. TD0064

The line is the hypotenuse of an isosceles right angled triangle whose opposite

Planes P,', P,"P," are drawn parallel to the planes P, : x +y+z=3,P,:x—-y+z=1&P;:
X +y—z= 2 respectively from the point (2,2,3). Ifd,,d,,d, are distances of P,',P,"P,' from(1,1,2)

2
2 3

respectively then [df + di + %j is equal to TD0068

Let the equation of the plane containing the line x—y—z—4=0=x+y+2z—4 and is parallel to the line
of intersection of the planes 2x + 3y +z= 1 and x + 3y + 2z=2 be x + Ay + Bz + C = 0 Compute the value

of [ A+B+C]|. TDO0128
Consider the plane

-1 1 1
E:t=|1 [+A]2]|+p|0

1 0 1

Let F be the plane containing the point A(—4,2,2) and parallel to E.

Suppose the point B is on the plane E such that B has a minimum distance from the point A.

IfC(-3,0,4) lies in the plane F. Find the area of the triangle ABC. TD0129
Find the equation of the line passing through the point (4,—14,4) and intersecting the line of intersection of
the planes : 3x +2y—z=15and x — 2y — 2z =-1 at right angles. TD0130
Feet of the perpendicular drawn from the point P(2,3,-5) on the axes of coordinates are A,B and C. Find
the equation of the plane passing through their feet and the area of AABC. TD0131
. . .. . . x-1 y+2 z .
Find the equation of the plane containing the straight line T3 s and perpendicular to the
planex—y+z+2=0. TD0132
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EXERCISE (JM)
. x—-2 y-1 z+2 .
Let the line 3 5 3 lie in the plane x + 3y — az + f = 0. Then (a, B) equals
[AIEEE-2009]
(1) (5,-15) (2)(-5,95) (3) (6, -17) 4) (-6, 7) TDO0133
The projections ofa vector on the three coordinate axis are 6, —3, 2 respectively. The direction cosines
of the vector are :- [AIEEE-2009]
ne22 2,22 3)6,-3,2 5222 o134
()7’7’7 ()7’7’7 ()9_’ ()5’5’5
Statement-1 : The point A(3, 1, 6) is themirror image of the point B(1, 3, 4) in the plane
X—y+tz=25. [AIEEE-2010]

Statement-2 : The plane x — y + z = 5 bisects the line segment joining A(3, 1, 6) and B(1, 3, 4).

(1) Statement—1 is true, Statement—2 is true; Statement—2 is a correct explanation for Statement—1.
(2) Statement—1 is true, Statement—2 is true ; Statement—2 is not a correct explanation for statement—1.
(3) Statement—1 is true, Statement—2 is false. TDO0135
(4) Statement—1 is false, Statement—2 is true.

-1 z-3 5
If the angle between the line x ZYT =2 5 and the plane x + 2y + 3z = 4 is cos™! [\/g J , then
A equals:- [AIEEE-2011]
1 2 2 2 3 2 4 3 TDO0136
(1) @ 3 (33 OF
Statement-1 : The point A(1, 0, 7) is the mirror image ofthe point B(1, 6, 3) in the line : X }’T—l _Z ; 2 .
1
) x y-1 z-2 . ) .
Statement-2 : The line : 17~ S bisects the line segment joining A (1, 0, 7) and
B(1, 6, 3). [AIEEE-2011]
(1) Statement-1 is true, Statement-2 is false. TD0137

(2) Statement-1 is false, Statement-2 is true
(3) Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-1
(4) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1.

The distance of the point (1, -5, 9) from the plane x — y + z = 5 measured along a straight line

X=y=zis: [AIEEE-2011]
(1) 3J5 (2) 1043 3) 53 4) 3410 TDO0138
An equation of a plane parallel to the plane x — 2y + 2z — 5 = 0 and at a unit distance from the origin
is : [AIEEE-2012]
(1)x-2y+2z+5=0 2)x—-2y+2z-3=0 TD0073
B)x—-2y+2z+1=0 4)x-2y+2z-1=0
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8. Ifthelines X 1Y+l 21 gx=3 y-k_z intersect, then k is equal to :
2 3 4 1 2 1
[AIEEE-2012]
2 9

(10 Q)1 (33 4) 5 TD0074

9.  Distance between two parallel planes 2x + y+2z=8 and 4x + 2y +4z+5=01is :-

10.

11.

12.

13.

14.

15.

[JEE-MAIN 2013]

3 5 7 9
(1) 5 ) 5 3) 5 4) > TDO0075
If the lines x-2_y-3_z-4 and xol_y-4_z°> are coplanar, then k can have :
1 -k k 2 1
[JEE-MAIN 2013]
(1) any value (2) exactly one value TD0076
(3) exactly two values (4) exactly three values.

A vector n is inclined to x-axis at 45°, to y —axis at 60° and at an acute angle to z-axis. If  isanormalto a
plane passing through the point (+/2 ,—1, 1), then the equation of the planeis :
[JEE-MAIN Online 2013]

(1) V2 x—y—z=2 Q) V2 x+y+z=2 TD0077
(3) 342 x—4y—32z=7 (4) 42 x+7y+z=2
The acute angle between two lines such that the direction cosines /, m, n of each of them satisfy the equations
(+m+n=0and #+m’—n*=01is :- [JEE-MAIN Online 2013]
(1) 30° (2) 45° (3) 60° (4) 15° TD0078
Let Q be the foot of perpendicular from the origin to the plane 4x —3y+z+ 13 =0 and R be a point
(=1, 1, —6) on the plane. Then length QR is :- [JEE-MAIN Online 2013]
1 3\ﬁ 2 3 \/E 4 =N TD0079
(1) 3 (2) Jia 3) 5 O
If the projections of a line segment on thex, y and z-axes in 3-dimensional space are
2, 3 and 6 respectively, then the length ofthe line segment is : [JEE-MAIN Online 2013]
(1)7 2)9 (3)12 (4)6 TD0080
Iftwo lines L and L in space, are definedby [JEE-MAIN Online 2013]

L1={x=\/Xy+(\/X—l)
z=(\/X—l)y+\/X} and

L, ={x=iy+(1-u) TD0081
z= (1 - \/E ) y + \/E } , then L is perpendicular to L, for all non-negative reals A and p, such that :
(DA=p Q) A#p B) Vi +Ju=1 AHr+p =0
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16. The equation ofa plane through the line of intersection of the planes x + 2y =3, y—2z+ 1 =0, and perpendicular
to the first plane is : [JEE-MAIN Online 2013]
TDO0082
() 2x-y+7z=11 (2)2x—y+10z=11 (3)2x—-y-9z=10 (4)2x—y—10z=9

17.

18.

19.

20.

21.

22,

23.

24.

25.

Let ABC be a triangle with vertices at points A (2, 3, 5), B(-1, 3,2)and C (A, 5, ) in three dimensional
space. If the median through A is equally inclined with the axes, then (A, p.) is equal to :
[JEE-MAIN Online 2013]

(1) (10,7) (2)(7.5) (3) (7, 10) 4 (5,7) TDO0083
The angle between the lines whose direction cosines satisfy the equations / + m + n = 0 and
P2=m?2+n?is : [JEE-MAIN 2014]
n n n n
(1) 3 (2) 2 3) o 4) 3 TD0084
. . x-1 y-3 z-4, . .
The image ofthe line 3 1 s inthe plane 2x—y+z+3 =0istheline : [JEE-MAIN 2014]
X+3 y-5 z-2 x+3:y—5:z+2
(1) 3 -1 > 2) 3 = 5 TDO0085
Xx=3 y+5 z-2 x—3:y+5:2—2
S T T R
The equation of the plane containing the line 2x — Sy +z=3; x +y+ 4z =15, and parallel to the
plane, x + 3y + 6z =1, is : [JEE(Main)-2015]
() x+3y+62=7 2)2x +6y+ 12z=—-13 TD0086
3)2x+o6y+122=13 4)x+3y+6z=-7
. . . . . . xX=2 y+1 z-2
The distance of the point (1, 0, 2) from the point of intersection of the line SR and
the plane x —y +z = 16, is : [JEE(Main)-2015]
(1) 3421 () 13 (3) 2414 (4) 8 TD0087
The distance of the point (1, —5, 9) from the plane x — y + z = 5 measured along the line x =y =z
is : [JEE(Main)-2016]
20 10
5 (2) 3J10 (3) 1043 Ovet TD008S
Ifthe image ofthe point P(1, -2, 3) in the plane, 2x + 3y—4z + 22 =0 measured parallel to line, ?=%=§
is Q, then PQ is equal to :- [JEE(Main)-2017]
(1) 645 ) 35 (3) 222 4)Jzz  TDO08Y

The distantce of the point (1, 3, —7) from the plane passing through the point (1,1, 1), having normal

x-1 y+2 z-4 x-2 y+1 z+7

perpendicular to both the lines an , 1s :- [JEE(Main)-2017]

1 -2 3 2 -1 -1
10 20 10 5
The length ofthe projection of the line segment joining the points (5, —1, 4) and (4, —1, 3) on the plane,
xtytz="7is: [JEE(Main)-2018]
1 2 2 1 3 \P 4 = TD0091
(1) @) 5 (3) |3 O

4
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26. IfL, is the line of intersection of the planes 2x —2y +3z—2=0,x—y+z+1=0and L, is the line
ofintersection of the planes x + 2y —z— 3 =0, 3x —y + 2z — 1 =0, then the distance ofthe origin from
the plane, containing the lines L, and L, is : [JEE(Main)-2018]
A oL al ol )
D 375 2) 774 37 # 27 TD009
27. The equation of'the line passing through (-4, 3, 1), parallel to the plane x +2y—z— 5 =0 and intersecting
1 -3 -2
theline =¥ =" js [JEE(Main)-Jan 19]
TD0093
x+4 y-3 z-1 x+4 y-3 z-1 x+4 y-3 z-1 x-4 y+3 z+l
D=7~ O35 3 7 O R 1 4
28. Ifthelinesx=ay+b,z=cy+dand x=a'z+Db', y=-c'z+ d are perpendicular, then : TD0094
[JEE(Main)-Jan 19]
(I)cc'+a+a =0 2)aa"+c+c'=0 (3)ab'+bc'+t1=0 (@)bb'+cc'+1=0
29. A tetrahedron has vertices P(1, 2, 1), Q(2, 1, 3), R(-1,1,2) and O(0, 0, 0). The angle between the faces
OPQ and PQR is : [JEE(Main)-Jan 19]
a9 (19 (17 7
1 1(—) 2 1(—) 3 1(—) 4 (—) TDO0095
(1) cos T (2) cos T (3) cos 3 (4) cos 3
30. A plane which bisects the angle between the two given planes 2x —y + 2z — 4 = 0 and
X + 2y + 2z — 2 = 0, passes through the point : [JEE(Main)-Apr 19]
() 241 2)(2,-4,1) (3)(1,4,-1) (4 (1,-4,1) TD0096
EXERCISE (JA)
1. (a) Equation of the plane containing the straight line %=% =§and perpendicular to the plane
containing the straight lines Y _Z g XYz TD0103
3 4 2 4 2 3
(A)x+2y—-2z=0 B)3x+2y—-2z=0
O)x-2y+z=0 (D) 5x +2y—-4z=0
(b) If the distance of the point P(1,-2,1) from the plane x + 2y — 2z = o, where a > 0, is 5, then
the foot of the perpendicular from P to the plane is- TD0104
84 7 4 41 1210 2 15
w3 i) o) o33
(c) If the distance between the plane Ax — 2y + z = d and the plane containing the lines
x—1_y-2_2z-3 g X2 Y73 2740 Jo then|d|is TD0105
2 3 4 3 4 5
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2.

(d) Match the statements in Column-I with the values in Column-II.

Column-I

(A) A line from the origin meets the lines

8
<0
-2 y-1 1 3 z-1
1 2 1 2 -1
respectively. If length PQ = d, then d” is

at P and Q

(B) The values of x satisfying
tan”' (x +3)—tan"'(x —3) =sin "' [%J are

(C) Non-zero vectors &b and ¢ satisfy a.b=0,
(b—-4).(b+¢) =0 and 2‘(5 + E)‘ - \(B - a)‘ .

If @ = ub + 4¢, then the possible values of p are
(D) Let fbe the function on [—7,7t] given by

f0) = 9 and f(x) =sin[92XJ / sin[;J for x # 0.

2 T
The value of = [ f(x)dx is
n -7

(p)

(@

()

(s)
()

Column-I1
4

TDO0106
0

TD0107
4

TDO0108
5
6 TD0109

[JEE 2010, 3+5+3+(2+2+2+2)]

(@) The point P is the intersection of the straight line joining the points Q(2,3,5) and R(1,—1,4) with

the plane 5x — 4y —z = 1. If S is the foot of the perpendicular drawn from the point T(2,1,4) to

QR, then the length of the line segment PS is -

1
GV (B) 2 (C) 2

(D) 242

TDO0110

(b) The equation of a plane passing through the line of intersection of the planes x + 2y + 3z =2 and

2
x—y+z=3and at a distance ﬁ from the point (3, 1,—1) is

(A) 5x— 11y +z=17 (B) V2x+y=32-1
C)x+y+z=.3 (D) x -2y =1-2
Ifthe straightlines — =2 = Z gng 231 Y1 _ 2

(c) e straig es > ” > an 5 > ”
these two lines is(are)
(A)y+2z=-1 B)yt+tz=-1 C)y—z=-1

TDO0111

= — are coplanar, then the plane(s) containing

TDO0112

D)y—-2z=-1

[JEE 2012, 3+3+4]

4
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3.

+2 +1
X Yyt _z to the plane x +y+ z= 3. The feet

Perpendiculars are drawn from points on the line > 173
[JEE-Advanced 2013, 2]

of perpendiculars lie on the line

y—-1 z-2 y-1 z-2

X X

SRAEIE S B~ 5= TDotL3
E_y—l_z—2 E_y—l_z—2

(C)4_ 3 -7 (D)z -7 5

A line ¢ passing through the origin is perpendicular to the lines
l, Z(3+t)i+(—l+2t)j+(4+2t)f(,—oo<t<oo
l, :(3+2s)i+(3+2s)j+(2+s)f<,—oo<s<oo

Then , the coordinate(s) of the point(s) on /, at a distance of J17 from the point of intersection of
¢ and ( is(are) - [JEE-Advanced 2013, 4, (-1)]

775 778
(A) (E’E’Ej (B) (-1,-1,0) ©) (1,1,1) (D) (5’5’5) TDO0114
Two lines L,:x=5, Y _Z and L, :x=aq, Y _ are coplanar. Then a can take value(s)
3—-a -2 -1 2-a
[JEE-Advanced 2013, 3, (-1)]
A1 (B) 2 )3 (D) 4 TDO0115

x-1 'y z+3 x—4 y+3 z+3
3 5 L —_— = , N = =
Consider the lines L, 2 Tl I 2 ] I >
P,:3x +5y—6z=4. Let ax + by + cz = d be the equation of the plane passing through the point
TDO116

Match List-1 with List-II and select the correct answer using the code given below the lists.

and the planes P :7x+y +2z=3,

of intersection of lines L, and L, and perpendicular to planes P, and P,.

30 I

List-1
P. a=
Q. b=
R c¢=
S. d=
Codes :

(A) 3
B) 1
© 3
D) 2 4

S ve)

— B~ B~ =

1

2N = W

3

b=

List-1I
13

-3

1

-2

[JEE-Advanced 2013, 3, (-1)]

7.  From a point P(A,A,A), perpendiculars PQ and PR are drawn respectively on the lines y =x, z= 1 and
y =—x, z=—1. If P is such that ZQPR is a right angle, then the possible value(s) of A is(are)

(A) 2 (C) -1 (D) -3 TDO117
[JEE(Advanced)-2014, 3]
L 4
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8.

10.

11.

12.

13.

In R’, consider the planes P :y=0andP,: x+z=1. Let P, be a plane, different from P, and
P, which passes through the intersection of P, and P,. If the distance of the point (0,1,0) from P,
is 1 and the distance ofa point (o.,f,y) from P, is 2, then which of the following relations is (are) true

? [JEE 2015, 4M, -2M]
A)200+B+2y+2=0 B)2a-B+2y+4=0 TDO0118
C)20+p-2y-10=0 D)2a-p+2y-8=0

In R’, let L be a straight line passing through the origin. Suppose that all the points on L are at
a constant distance from the two planes P : x + 2y —z+ 1=0and P, : 2x —y + z -1 = 0. Let
M be the locus of the feet of the perpendiculars drawn from the points on L to the plane P,. Which
of the following points lie(s) on M ? [JEE 2015, 4M, -2M]

0-22)  @[-L-LD 5,1 (o)
Consider a pyramid OPQRS located in the first octant (x > 0,y > 0, z > 0) with O as origin, and

OP and OR along the x-axis and the y-axis, respectively. The base OPQR of the pyramid is a square
with OP= 3. The point S is directly above the mid-point T of diagonal OQ such that TS = 3. Then-

(A) the acute angle between OQ and OS is g [JEE(Advanced)-2016, 4(-2)]
(B) the equaiton of the plane containing the triangle OQS is x —y =0

(C) the length of the perpendicular from P to the plane containing the triangle OQS is 3

2

15
(D) the perpendicular distance from O to the straight line containing RS is \/; TD0120

Let P be the image of the point (3, 1, 7) with respect to the plane x — y + z = 3. Then the equation

ofthe plane passing through P and containing the straight line ? =% =2 TD0121

1
[JEE(Advanced)-2016, 3(-1)]

(A)x+y-3z=0 B)3x+z=0 (O)x-4y+7z=0 (D)2x—-y=0

The equation of the plane passing through the point (1,1,1) and perpendicular to the planes
2x +y—2z=15and 3x — 6y — 2z = 7, is- [JEE(Advanced)-2017]
(A) 14x + 2y + 15z = 31 (B) 14x + 2y — 15z =1 TDO0122
(C) —14x + 2y + 15z =3 (D) 14x — 2y + 15z = 27

LetP :2x+y-z=3andP,:x+2y+z=2betwo planes. Then, which of the following statement(s)
is (are) TRUE ? [JEE(Advanced)-2018, 4(-2)]
(A) The line of intersection of P, and P, has direction ratios 1, 2, —1

3x—4 :% :g is perpendicular to the line of intersection of P, and P,

(C) The acute angle between P, and P, is 60°

(B) The line

(D) If P, is the plane passing through the point (4, 2, -2) and perpendicular to the line of intersection

of P, and P, then the distance of the point (2, 1, 1) from the plane P, is 2 TD0123

N

4

30 IR
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14.

15.

16.

17.

Let P be a point in the first octant, whose image Q in the plane x + y = 3 (that is, the line segment
PQ is perpendicular to the plane x + y = 3 and the mid-point of PQ lies in the plane x + y = 3)
lies on the z-axis. Let the distance of P from the x-axis be 5. If R is the image of P in the xy-plane,

then the length of PR is . [JEE(Advanced)-2018, 3(0)]
TDO0124
Consider the cube in the first octant with sides OP, OQ and OR of length 1, along the x-axis,

. . . ) .. 1
y-axis and z-axis, respectively, where O(0, 0, 0) is the origin. Let S (E,%,%j be the centre ofthe cube

and T be the vertex of the cube opposite to the origin O such that S lies on the diagonal OT. If p = SP ,
G=SQ, T=SR and t =ST, then the value of ‘(ﬁxq)x(?xﬂ‘ s . TDO0125

[JEE(Advanced)-2018, 3(0)]
Let L, and L, denotes the lines

F=i+A(-i+2j+2k),AeR

and T :u(2f—3+2f<),peR

respectively. If L, is a line which is perpendicular to both L and L, and cuts both of them, then which

of the following options describe(s) L, ? [JEE(Advanced)-2019, 4(-1)]
() T :%(2i+f<)+t(2f+23—12),t eR Q2) T =§(2i—j+212)+t(2i+2j—12),t eR
(3) T=t(2i+2j-k),teR 4) T =§(4i+j+12)+t(2i+23—12),t R TD0126

Three lines are given by
=M, AeR

T

u(+j.peR and

f=v(i+j+k),veR. TD0127
Let the lines cut the plane x + y+z =1 at the points A, B and C respectively. If the area of the triangle
ABC is A then the value of (6A)” equals [JEE(Advanced)-2019, 3(0)]

30 IR
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ANSWER KEY

17.
25.

1.
4.

12.

EXERCISE (0O-1)

D 2. D 3. D 4. B 5. D 6. A 7. C 8. C
C 10. C 11. D 12. A 13. C 14. B 15. B 16. C
A 18. B 19. C 20. (A)R,S; (B)Q; (C)Q.S; (D)P,S

EXERCISE (0-2)

A,D 2. ABC 3. AC 4. AD 5. CD 6. BD 7. B)D
(A)R; B)Q; (O)P;(D)S
EXERCISE (S-1)
x-1 y-2 z-3

2 2 -3
(@ 3;b)x+y-2z+1=0; (¢) x—2y+z=5;(d) n/3; (e) 4
x—4 _ y+1 _ z-"7

0=90° 2. 212 3. 4. p=3,(2,1,3):x+y+2=0

5 1 3 7. x—-2y+2z—1=0;2 units 8. 17 9. (1,-2,-4)
EXERCISE (S-2)
X_y_z X _y_z X—7:y—2:Z—4‘X—7:y—2:Z—4
12 %071 2 2 T3 T T2 T3 T 39
x—4 y+14 z-4 Xy z 19 )
= = —+=+—=1 ==
11 5. 912 6. 3 10 1 7. R , Area 5 $q. units

2x+3y+z+4=0
EXERCISE (JM)

4 2. 1 3. 2 4. 3 5. 4 6. 2 7. 2 8. 4
3 10. 3 11. 2 12. 3 13. 1 14. 1 15. 1,4 16. 2
3 18. 1 19. 1 20. 1 21. 2 22. 3 23. 3 24. 3
3 26. 1 27. 2 28. 2 29. 2 30. 2

EXERCISE (JA)
(@) C; (b) A; () 6; (d) (A) t (B) pr (C) q (D) r 2. @A;(b)A(@©BC 3. D
BD 5 AD 6 A 7. C 8. BD 9. AB 10. BCD 11 C

A 13. C.D 14. 8 15. 0.5 16. 1,24 17. 0.75
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