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. ALLEN

POINT & STRAIGHT LINE

INTRODUCTION OF COORDINATE GEOMETRY :

Coordinate geometry is the combination of algebra and geometry. A systematic study of geometry by
the use of algebra was first carried out by celebrated French philosopher and mathematician René

Descartes. The resulting combination of analysis and geometry is referred as analytical geometry.

CARTESIAN CO-ORDINATES SYSTEM :

Iz
In two dimensional coordinate system, two lines are used; the lines are f Px.y)
at right angles, forming a rectangular coordinate system. The horizontal ¥ > x
. : : - . : . . X Opf—=>—>
axis is the x-axis and the vertical axis is y-axis. The point of intersection
O is the origin of the coordinate system. Distances along the x-axis to '
v

the right of'the origin are taken as positive, distances to the left as negative.

Distances along the y-axisabove the origin are positive; distances below are negative. The position of
a point anywhere in the plane can be specified by two numbers, the coordinates of the point, written
as (x, y). The x-coordinate (or abscissa) is the distance of the point from the y-axis in a direction
parallel to the x-axis (i.e. horizontally). The y-coordinate (or ordinate) is the distance from the x-axis

in a direction parallel to the y-axis (vertically). The origin O is the point (0, 0).
POLAR CO-ORDINATES SYSTEM :

U
A coordinate system in which the position of a point is determined by z (();Z;
the length of a line segment from a fixed origin together with the angle r y
that the line segment makes with a fixed line. The origin is called the S '
pole and the line segment is the radius vector (). ¢) : X i

The angle 0 between the polar axis and the radius vector is called the
vectorial angle. By convention, positive values of 0 are measured in an
anticlockwise sense, negative values in clockwise sense. The

coordinates of the point are then specified as (r, 0).

If (x,y) are cartesian co-ordinates of a point P, then : x =r cos 6, y =1 sin0

and r=4x>+y’ , Gztanl(zJ

X

DISTANCE FORMULA AND ITS APPLICATIONS :

If A(x,,y,) and B(x,,y,) are two points, then AB = \/(Xz -x) +(y,-y,)’

Note :

(i)  Three given points A,B and C are collinear, when sum of any two distances out of AB,BC, CA
is equal to the remaining third otherwise the points will be the vertices of a triangle.

(i) Let A,B,C & D be the four given points in a plane. Then the quadrilateral will be :

Point & Straight Line
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(@)
(b)
©
(d)

ALLEN .
Square if AB=BC =CD =DA & AC=BD ; AC 1L BD
Rhombus if AB = BC = CD = DA and AC # BD ; AC 1 BD
Parallelogram if AB = DC, BC = AD; AC # BD ; AC y BD
Rectangle if AB = CD, BC = DA, AC = BD ; AC y BD

Hlustration 1 :

Solution :

Hlustration 2 :

Solution :

The number of points on x-axis which are at a distance c(c < 3) from the point (2, 3) is
(A)2 B)1 (C) infinite (D) no point

Let a point on x-axis is (X, 0) then its distance from the point (2, 3)

=,/(X1—2)2+9 =c or (x,-2)=c*-9

L X, —2=%c? =9 since ¢ <3= ¢’ —9<0

. X, will be imaginary. Ans. (D)
The distance between the point P(acosa, asina) and Q(acosp, asinp), wherea> 0
&

o>p,is -

(B) 2a sinOLT-i_B (C) 2asin

. o—p a—f oa—p
(A) 4asin 5 5 (D) 2acos 3

2

d> = (acosm—acosB)2 +(asina —asinB) =a’ (cosoc—cosB)2 +a’ (sinoc—sin[i)2

2 2
=a’ 2sina—+BsinB_—a +a’ 2C0Sa—+BSina—_B
2 2 2 2

=4azsin2m_l3 sinzoc-'_BH:oszOL-i_B =4a2sin2OL—_B:>d=2asinOL—_B
2 2 2 2 2

Ans. (C)

Do yourself - 1 :
(i) Find the distance between the points P(-3, 2) and Q(2, —1).

(i) Ifthe distance between the points P(-3, 5) and Q(—x, —2) is /58 , then find the value(s) of x|

(iii) A line segment is of the length 15 units and one end is at the point (3, 2), if the abscissa of the

other end is 15, then find possible ordinates.

S.  SECTION FORMULA :
The co-ordinates of a point dividing a line joining the points P(x ,y,) and Q(x,,y,) in the ratio m:n is

given by :

(@) For internal division: P-R-Q = R divides line segment PQ, internally.

%) E(

R(x,
mx, +nx, my, +ny, J . m H( Y n .

m+n ~ m+n Plx,,y1) Q(x,Y)
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. ALLEN Point & Straight Line

(b) For external division: R-P-Q orP-Q-R = Rdivides line segment PQ,externally.

P(x,,y,) Q(x,,9,)
|| X, —nX, my,—ny, o o o
(X’ y) = m . n ? m — n n R(Xay)
[ o W
(PR) (PR)
<1 = Rliesontheleft of P & —— >1 = R lies on the right of Q
(QR) (QR)

Hlustration 3:  Determine the ratio in which y — x + 2 = 0 divides the line joining (3, —1) and (8, 9).

Solution : Suppose the line y — x + 2 = 0 divides the line segment joining A(3, —1) and B(8, 9)
. . . . i 8L+3 9r-1
in the ratio A : 1 at a point P, then the co-ordinates of the point P are 1 el

9%—1)_(8k+3

j+2=0
A+1 A+1

But P lies on y — x + 2 = 0 therefore (

= 9A-1-8A-3+21+2=0

2
= 3A2-2=0 or X=§

2
So, the required ratio is 3 1, ie., 2 : 3 (internally) since here A is positive.

Do yourself - 2 :
(i Find the co-ordinates of the point dividing the join of A(1, —2) and B(4, 7) :
(a) Internallyin the ratio 1 : 2 (b) Externally in the ratio of 2 : 1
@ii) In what ratio is the line joining A(8, 9) and B(— 7, 4) divided by
(a) thepoint (2,7) (b) the x-axis (¢) the y-axis.

6. CO-ORDINATES OF SOME PARTICULAR POINTS :

Let A(xl,y1 ), B(xz,yz) and C(X3,y3) are vertices of any triangle ABC, then

Alx,,v,)
(a) Centroid:
The centroid is the point of intersection of the medians (line F E
joining the mid point of sides and opposite vertices).
o . . . 1
Centroid divides each median in the ratio of 2 : 1. Bx.v) D Clxa, v

X X, X, Y1+Y2+Y3J

Co-ordinates of centroid G ( 3 ) 3
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(b)

(©

(d)

Incenter :
The incenter is the point of intersection of internal bisectors
of the angles of a triangle. Also it is a centre of the circle

touching all the sides of a triangle.

ax, + bx, +cx,; ay, +by, +cy,

Co-ordinates of incenter [ (

a+tb+c  a+b+c
where a, b, ¢ are the sides of triangle ABC.
Note :
(i)  Angle bisector divides the opposite sides in the ratio of remaining sides. e.g.
BD AB c
DC AC b

(i)  Incenter divides the angle bisectors in the ratio (b + c) ta, (c + a) b, (a + b) iC.

Circumcenter :
It is the point of intersection of perpendicular bisectors of

the sides of a triangle. If O is the circumcenter of any

triangle ABC, then OA” = OB’ = OC”. Also it is a centre (XZ’VZ)B

of a circle touching all the vertices of a triangle.

Note :
(1) Ifthe triangle is right angled, then its circumcenter is the mid point of hypotenuse.

. ) ) X,SiIn2A +X,sin2B+x,sin2C y,sin2A +y,sin2B+y,sin2C
(i1) Co-ordinates of circumcenter

sin2A +sin2B+sin2C sin2A +sin2B +sin2C
Orthocenter : A, y)
It is the point of intersection of perpendiculars drawn from vertices L
D
on the opposite sides of a triangle and it can be obtained by 7 c
(x, v (X5 Ys)
solving the equation of any two altitudes. B E ¢

Note :
(i) Ifa triangle is right angled, then orthocenter is the point where right angle is formed.

x,tanA+x,tanB+x;tanC y, tanA +y,tanB+y, tanCJ

(if) Co-ordinates of circumcenter ( tan A+tanB+tanC ’ tanA +tan B+tan C
Remarks :
(1)  Ifthe triangle is equilateral, then centroid, incentre, orthocenter, circumcenter, coincide.

(i)  Orthocentre, centroid and circumcentre are always collinear and centroid divides the line

joining orthocentre and circumcentre in the ratio 2 : 1

(i) Inanisosceles triangle centroid, orthocentre, incentre & circumcentre lie on the same

line.
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(e) Ex-centers:

The centre of a circle which touches side BC and the extended A
portions of sides AB and AC is called the ex-centre of AABC °A¥
with respect to the vertex A. It is denoted by I, and its coordinates B 6 C

I —ax, + bx, +c¢x, —ay, +by, +cy,
are L )
—-a+b+c —-a+b+c

Similarly ex-centers of AABC with respect to vertices B and C

are denoted by I, and I, respectively , and

I ax, —bx, +cx; ay, —by, +cy, I ax, + bx, —cx; ay, +by, —cy,
2 a-b+c ~  a-b+c } atb-c ~  a+b-c

5
Hlustration 4: 1f (5 , 3} is the centroid ofa triangle and its two vertices are (0, 1) and (2, 3), then find its third

vertex, circumcentre, circumradius & orthocentre.

Solution : Let the third vertex of triangle be (X, y), then

5 x+0+2

—=— = x=3 3=
3 3 and
Now three vertices are A(0, 1), B(2, 3) and C(3, 5)
Let circumcentre be P(h, k),

then AP = BP = CP =R (circumradius) = AP?= BP?=CP?=R?

y+1+43

=y =5. So third vertex is (3, 5).

W+ (k-1 =(h-2)+k-3)*=(h-3)*+k-5*=R* ... (1)
from the first two equations, we have

h+k=3 . (i)
from the first and third equation, we obtain

6h+8=33 . (1i1)
On solving, (i) & (iii), we get
he 9 s

2 2

Substituting these values in (i), we have

- 240 o o33 %)

9 15

+2| —— —
X, ( 2) 5 y1+2(2j
14, ———=

Let O(x,, y,) be the orthocentre, then f:_ = x, =14,

= y,=— 6. Hence orthocentre of the triangle is (14, —6).
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Hlustration 5:  The vertices of a triangle are A(0, —6), B(-6, 0) and C(1,1) respectively, then coordinates
of the ex-centre opposite to vertex A is :

-3 3 3 -3 3
(A) (77} (B) (—‘hgj (©) (75} (D) (4, 6)

Solution : a=BC=\/(-6-1) +(0-1)’ =50 =52

b=CA=/(1-0) +(1+6)’ =v50 =512

c=AB=/(0+6) +(=6-0)’ =72 =62
coordinates of ex-centre opposite to vertex A will be :

- +bx, +cx; —5\/5.0+5\/5(—6)+6\/5(1) B ~242 B

= = = =—4
—a+b+c ~5v2 +5V2 + 642 6v2
g A tbY; Feys ~5v2(=6)+5v2.0+6v2(1) 3642 y
—a+b+c —5v2 +5V2 462 N2
Hence coordinates of ex-centre is (—4, 6) Ans. (D)
Do yourself - 3 :
(i) The coordinates of the vertices of a triangle are (0, 1), (2, 3) and (3, 5) :
(@) Find centroid of'the triangle.
(b) Find circumcentre & the circumradius.
(c) Find orthocentre of the triangle.
7. AREA OF TRIANGLE :
Let A(x,,y)), B(x,,y,) and C(x,,y,) are vertices of a triangle, then
1 Xy 1 1
Area of AABC = E X, Y, 1 :E |[X1(y2_ y3) + Xz(y3_ yl) + X3(y1_ yz)]|
X; y; 1

To remember the above formula, take the help of the following method :

LX o X X3 X 1
:5 Y1XY2XY3><Y1 - |E [(lez_ Xzyl) - (X2y3_x3y2)+(x3y1_xly3)] |

Remarks :

(i)  Ifthe area of triangle joining three points is zero, then the points are collinear.

PZ
(i) Area of Equilateral triangle : If altitude of any equilateral triangle is P, then its area = ﬁ JAf

vé)

'a' be the side of equilateral triangle, then its area =£ 4
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(ii))  Area of quadrilateral with given vertices A(x,, y,), B(x,, y,), C(x,, ¥,), D(X,, y,)

X, X, X; X, X,
V1>< szysxyzxxyl

Area of quad. ABCD =%

Note : Area of a polygon can be obtained by dividing the polygon into disjoined triangles and then
adding their areas.

Hlustration 6 :  1f the vertices of a triangle are (1, 2), (4, —6) and (3, 5) then its area is

25
(A) > S units (B) 12 sq. units (C) 5 sq. units (D) 25 sq. units
1 1 25 .
Solution : A :5[1(—6 ~5)+4(5-2)+3(2+6)]= 5[—1 1+12+24] =-square units Ans. (A)

Hlustration 7:  The point A divides the join of the points (-5, 1) and (3, 5) in the ratio k:1 and coordinates
ofpoints B and C are (1, 5) and (7, —2) respectively. If the area of AABC be 2 units, then

k equals -
31 31
(A)7,9 (B)6,7 ©) 7,3 (D) 9,3
) A= 3k-5 5k+1
Solution : | kt1 k+1
1|3k-5 S5k+1 S5k+1
_ e > —| ——(5+2)+1| 2- +7 =5||=%2
Area of AABC =2 units 2{“1( ) ( k+lj (kﬂ ﬂ
31
=14k -66 =+4(k+1)=k =Tor 5 Ans. (C)

Illustration 8 :  Prove that the co-ordinates of the vertices of an equilateral triangle can not all be rational.

Solution : Let A(x, y,), B(x,, y,) and C(x,, y;) be the vertices of a triangle ABC. If possible let x|,
Yi» X5 ¥ps X3, Y5 be all rational.

1 . .
Now area of AABC = ) X, (Y, = ¥3) T X,(y; —¥) + X5 (y, — ¥,)| = Rational ... (1)

Since AABC is equilateral
5 B B

. Area of AABC =73(side)2 = T(AB)Z :73{(x1 -x,)’ +(y, —y,)’} = Irrational ...... (ii)

From (i) and (ii),
Rational = Irrational
which is contradiction.

Hence x,, y,, X,, ¥,, X3, ¥; cannot all be rational.
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8. CONDITIONS FOR COLLINEARITY OF THREE GIVEN POINTS :
Three given points A (x,, y,), B (x,, y,), C (X,, y,) are collinear if any one of the following

conditions are satisfied.

X,y 1
(@) Areaoftriangle ABCis zeroie. |X, y, 1 =0
X; y; 1

YooY _Ys 7Y _ Y57 Yy
X =X X37X,  X37X

(b) Slope of AB = slope of BC = slope of AC. i.e.

() Find the equation of line passing through 2 given points, if the third point satisfies the given
equation of the line, then three points are collinear.

Do yourself - 4 :
(i) Find the area of the triangle whose vertices are A(1,1), B(7,—3) and C(12, 2)
(ii) Find the area of the quadrilateral whose vertices are A(1,1) B(7, — 3), C(12,2) and D(7, 21)

(iii) Prove that the points A(a, b + ¢), B(b, ¢ + a) and C(c, a + b) are collinear (By determinant
method)

9. LOCUS:

The locus of a moving point is the path traced out by that point under one or more geometrical
conditions.

(@) Equation of Locus :

The equation to a locus is the relation which exists between the coordinates of any point on

the path, and which holds for no other point except those lying on the path.
(b) Procedure for finding the equation of the locus of a point :
(i) If we are finding the equation of the locus of a point P, assign coordinates (h, k) to P.

(i) Express the given condition as equations in terms of the known quantities to facilitate
calculations. We sometimes include some unknown quantities known as parameters.

(iii) Eliminate the parameters, so that the eliminant contains only h, k and known quantities.

(iv) Replace h by x, and k by y, in the eliminant. The resulting equation would be the equa-
tion of the locus of P.

Hlustration 9:  The ends of the rod of length / moves on two mutually perpendicular lines, find the locus

of the point on the rod which divides it in the ratio m, : m,

2
0?2 2 2 m,m,{
Ay mixt iyt By (] + () <[ L
(8 mix iy’ = (B) (max)+(myy)' =| (R
2
¢
©) (mx)" +(m,y)" = (%} (D) none of these

1 2

4
m
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Solution : Let (h,k) be the point that divide therod AB = ¢, intheratio m, : m,,and OA =a, OB=b
say
a>+b>=¢> L (1)
m,a m, +m A
Now h=[—2j:>a=[ . zjh
m, +m, m,
k=[ m,b j:bz[ml +m2jk
m,+m, m,
2
. o (m]+m2) 2 (m1+m2)
putting these values in (i) m’ m’
é 2
- Locus of (k) is m’x’ +m’y’ = (&j Ans. (C)
m, +m,
Hlustration 10 : A(a, 0) and B(—a, 0) are two fixed points of AABC. If'its vertex C moves in such a way
that cotA + cotB = A, where A is a constant, then the locus of the point C is -
(A)yr=2a (B)y=2a (C) ya =2 (D) none of these
Solution : Given that coordinates of two fixed points A and B are (a, 0) and (—a, 0) respectively.

Let variable point C is (h, k). From the adjoining figure
Ny

DA a-h Cth, k)
CotA=—=
CD &k /
cotB= @ _ar h
CD k
But cotA + cotB = A, so we have
a—h a+h=7b N E:}L B (a,0) O D A,0)
k k k
Hence locus of C is yA = 2a Ans. (A)

Do yourself - 5 :

(i) Find the locus of a variable point which is at a distance of 2 units from the y-axis.
(ii) Find the locus of a point which is equidistant from both the axes.
10. STRAIGHT LINE :

Introduction : A relation between x and y which is satisfied by co-ordinates of every point lying on

a line is called equation of the straight line. Here, remember that every one degree equation in variable

x and y always represents a straight line i.e. ax + by + ¢ =0 ; a & b # 0 simultaneously.

(@) Equation of a line parallel to x-axis at a distance 'a'isy=aory=-a.
(b) Equation of x-axis is y = 0.
() Equation of a line parallel to y-axis at a distance 'b'isx=b or x=-bh.
(d) Equation of y-axis is x = 0.




JEE-Mathematics ALLEN .

Hllustration 11 : Prove that every first degree equation in x, y represents a straight line.

Solution : Let ax + by + ¢ = 0 be a first degree equation in x, y
where a, b, ¢ are constants.
Let P(x,, y,) & Q(x,, y,) be any two points on the curve represented by ax + by + ¢ = 0.
Thenax, + by, + ¢ =0and ax, + by, + ¢ =0
Let R be any point on the line segment joining P & Q
Suppose R divides PQ in the ratio A : 1. Then, the coordinates of R are

(%Xﬁxl %y2+y1j
A+l 0 A+l

AX, +1X1j+b(ky2+ylj+cz 2040=0
+

h a
We have ( 1

(sz +X, Ay, +Y,

vl a1 j lies on the curve represented by ax + by + ¢ =0. Thus every

point on the line segment joining P & Q lies on ax + by + ¢ = 0.

Hence ax + by + ¢ = 0 represents a straight line.

11. SLOPE OF LINE :

4
If a given line makes an angle 6(0° < 6 < 180°, 6 = 90°) with the !
positive direction of x-axis, then slope of this line will be tan6 and is  y,-v, a9
usually denoted by the letter m i.c. m=tan6. IfA(x,,y)and B(x,,y,) [/ (1, 91)

X=X, > X
& x, # x, then slope of line AB = %

Remark :

(1) If6=90° m does not exist and line is parallel to y-axis.

(i) If6=0° m =0 and the line is parallel to x-axis.

(ii)) Let m, and m, be slopes of two given lines (none of them is parallel to y-axis)
(@)  Iflines are parallel, m; = m, and vice-versa.

(b)  Iflines are perpendicular, mym, = -1 and vice-versa
12. STANDARD FORMS OF EQUATIONS OF A STRAIGHT LINE :

(@) Slope Intercept form : Let m be the slope of a line and c its intercept on y-axis. Then the

equation of this straight line is written as : y=mx + ¢
If the line passes through origin, its equation is written as y = mx

(b) Point Slope form : If m be the slope of a line and it passes through a point (x,y,), then its

equation is written as : y —y, = m(x — x,)

4
m
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(¢ Two point form : Equation of a line passing through two points (x ,y,) and (x,,y,) is written as :

x y 1
y—y1=y2 1 (x—xy)or |x; 'y, 1/=0
27X
X, ¥y, 1

(d) Interceptform : Ifaand b are the intercepts made by a line on the axes of x and y, its equation

X
is written as : R N
a b

(i)  Length of intercept of line between the coordinate axes =+/a>+b*> b

1
(i)  Area of triangle AOB = EOA.OB =

l ab
2

Hlustration 12 : The equation of the lines which passes through the point ( 3, 4) and the sum of'its intercepts
on the axes is 14 is -

(A)d4x-3y=24 ,x-y=17 (B)4x+3y=24 , xty=7
(C)4x+3y+24=0,x+y+7=0 D)4x-3y+24=0,x—-y+7=0
, . . Xy .
Solution : Let the equation of the line be g+g=1 ..... (1)
. 3.4 .
This passes through ( 3 , 4) , therefore g+g=1 ..... (i)

Itis giventhata+b=14 = b=14—a. Puttingb=14—ain (ii) , we get

3 4
—+
a l14-a
Fora=7,b=14—-7=7andfora=6,b=14-6=8

Putting the values of a and b in (i) , we get the equations of the lines

=1= a’2-13a+42=0 = (a-7)(a-6)=0=a=7,6

Xy Xy
7+7:l and g+§=l or x+ty=7 and 4x +3y=24 Ans. (B)

Hlustration 13 : Two points A and B move on the positive direction of x-axis and y-axis respectively,
such that OA + OB = K. Show that the locus of the foot of the perpendicular from the
origin O on the line AB is (x + y)(x* + y*) = Kxy.

X
Solution : Let the equation of AB be o (i) 0
a b (0,8
given,a+b=K . (i1)
Mih, k)
now, m,p X my,=-1 = ah=bk ... (iii)
from (ii) and (i), - Py
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kK hK
andb= ——

h+k h+k

x(h+k) +y(h+k) 1
k.K h.K

from (i)

as it passes through (h, k)

h(h+k) k(h+k) _
kK hK

locus of (h, k) is (x + y)(x* + y*) = Kxy.

1=  (h+k)(h*+k*)=Khk

(¢) Normalform : Ifp is the length of perpendicular on a line from the origin,

and o the angle which this perpendicular makes with positive x-axis, then

the equation of this line is written as : xcosa + ysina = p (p is always

positive) where 0 < a < 27.

Hllustration 14 : Find the equation of the straight line on which the perpendicular from origin makes an

angle 30° with positive x-axis and which forms a triangle of area [ﬂJ sq. units with the

V3

co-ordinates axes.

Solution : ZNOA = 30° ,
Let ON=p>0,0A=a,OB=b N
In AONA, co0s30° = O—Nzgjﬁzg b N
OA a 2 a 500
2 X€ 30° \ >X
p o) a A
or a=—F+— :
\/5 y
d in AONB, cos60°—on =2 = 1P
and in , 0s60°= OB b 271

or b=2p

1
Area of AOAB= — ab= l(
2 2

SIS
g
[\)

o]
N—

I
&S

2p2_50 5
FHe v
or p=35

Using xcosa + ysina = p, the equation of the line AB is xc0s30° + y sin30° = 5

or x43 +y=10
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. ALLEN

Point & Straight Line

®

Parametric form : To find the equation of a straight line which passes through

y p L

a given point A(h, k) and makes a given angle 6 with the positive direction
of the x-axis. P(x, y) is any point on the line LAL'.
x-h y-k

Let AP =1, thenx—h=rcos, y-k=rsin6 & __ o=~

=ris the

equation of the straight line LAL'.

Any point P on the line will be of the form (h + r cos0, k + r sinf), where |r| gives the distance
of'the point P from the fixed point (h, k).

Hlustration 15 : Equation of a line which passes through point A(2, 3) and makes an angle of 45° with x

Solution :

axis. If this line meet the line x + y+ 1 =0 at point P then distance AP is -
(A) 243 (B) 32 ©) 52 (D) 25

H —2 y=3and0=45° h x72 _y3 _,
erex, =2.y,=-and 9= eNCe 0s45°  sin45°

from first two parts = x—-2=y-3 = x-y+1=0

T T
Co-ordinate of point P on this lineis | 2+—,3+—|.
b L V27 2 j

If this point is on line x + y+ 1 =0 then

[2+%}+(3+%}+1=0 —1=-3V2 ; |r|=3.2 Ans. (B)

Hllustration 16 : A variable line is drawn through O, to cut two fixed straight lines L, and L, in A, and A,,

Solution :

m+n m n
respectively. A point A is taken on the variable line such that OA = OA + OA.
1 2

Show that the locus of A is a straight line passing through the point of intersection of L,
and L, where O is being the origin.

. . . S X y .
Let the variable line passing through the origin is 030 sin0 Lo (1
Let the equation of the lineL, ispx+qy=1 ... (i1)
Equation of the line L, is p,x +¢q,y=1 ... (i)
the variable line intersects the line (ii) at A, and (iii) at A,.
Let OA, =r,.
Then A, = (r,cos0, r;sind) = A, liesonL,

1

p,cosO+q,sin6

1
p,cos0+q,sin6

= 1, =0A =

Similarly, r,= OA, =

Let OA=r
Let co-ordinate of A are (h, k) = (h, k) =(rcos6, rsin0)

m+n m n m+n m n

= + =
Now = OA, OA, r I
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= m+n=m(p,rcosd + q,rsin0) + n(p,rcosO + q,rsin0d)

n
= (ph+qk-D+ —(ph+ak-1)=0

n
Therefore, locus of A is (p,x+q,y— 1) + E(pzx +q,y—-1)=0

n
= L1+7»L2=Owhere7»=a.

This is the equation of the line passing through the intersection of L, and L,.
Hlustration 17 : A straight line through P(=2, —3) cuts the pair of straight lines x* + 3y* + 4xy — 8x — 6y —
9 =01in Q and R. Find the equation of the line if PQ. PR = 20.

. . Xx+2 y+3
Solution : Let line be ===
cos® sin0
= x=rcosb-2,y=rsin0-3 ... (1)
Now,x* +3y* + 4xy — 8x— 6y —9=0 ....... (ii)

Taking intersection of (i) with (ii) and considering terms of r* and
constant (as we need PQ . PR =r, . r, = product of the roots)
r*(cos’0 + 3 sin®0 + 4sinf cosO) + (some terms)r + 80 =0
80

cos’ 0+ 4sinOcosO+3sin” O

c0s”0 + 4sind cosO + 3sin’0 =4 (- PQ.PR=20)
;. sin®® —4sinOcosd + 3¢os’0 =0
=  (sinO—cosB)(sinb—3cos0)=0
. tanO=1,tan0=3
hence equation of the lineisy+ 3 =1(x+2) => x—-y=1
andy+3=3(x+2) = 3x—-y+3=0.

Illustration 18 : 1fthe line y— /3x +3 = 0 cuts the parabola y* =x + 2 at A and B, then find the value of

r.r,=PQ.PR=

PA.PB {where P = (/3, 0)}

Solution : Slope of line y —/3x+3=0 is /3. yp

If line makes an angle 0 with x-axis, then tan® = /3 / /Z)’
O S
0=60° NSO /Eo *

-3 -0 3
x-+3 -7 :r:[\/ngL,—r\/_jbeapointon
cos60° sin60° 22

the parabola y* = x + 2

3 r
then Zrz =\/§+E+2 = 3r—2r-4Q2++3)=0

4(2++/3)

3

PAPB=rr, _|-4(2445)
3

4
m
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Point & Straight Line

Do yourself - 6 :

13.

14.

@i Reduce the line 2x — 3y + 5= 0,
(@) Inslope- intercept form and hence find slope & Y-intercept
(b) Inintercept form and hence find intercepts on the axes.
(¢) Innormal form and hence find perpendicular distance from the origin and angle made
by the perpendicular with the positive x-axis.
(i) Find distance of point A (2, 3) measured parallel to the line x —y =5 from the line 2x +y+ 6 =0
(@ General form : We know that a first degree equation in x and y, ax +by + ¢ = 0 always

represents a straight line. This form is known as general form of straight line.

-a coeff. of x

(i)  Slope of this line =7 ==~ % y

o ) C
(i)  Intercept by this line on x-axis = —§ and intercept by this line on y-axis = 5

(iii) To change the general form of a line to normal form, first take c to right hand side and

make it positive, then divide the whole equation by /52 + 12 .

EQUATION OF LINES PARALLEL AND PERPENDICULAR TO A GIVEN LINE :

(a)

(b)

Equation of line parallel to line ax + by + ¢ =0

ax+by +A=0

Equation of line perpendicular to line ax + by +c =0

bx-ay+k=0

Here A, k, are parameters and their values are obtained with the help of additional information
given in the problem.

ANGLE BETWEEN TWO LINES :

(a)

If © be the angle between two lines : y =m x + ¢ and y =mx +c,, then tan0 =+ Sl
l+mm,

Note :

(i)  There are two angles formed between two lines but usually the acute angle is taken as the
angle between the lines. So we shall find 6 from the above formula only by taking positive
value of tan©.

(i) Let m, m, m, are the slopes of three lines L, =0; L,=0; L,=0 where m >m,>m,
then the interior angles of the A ABC found by these formulas are given by,

m, — m m, — m m, — m
tanA =——*;tanB=—2—23 & tanC=—2—1
I+ mm, I+ m,m, I + m;m,
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(b) Ifequation of lines are a x+b y+c,=0 and a x+b,y+c =0, then these lines are -
. a_b o
(i)  Parallel = a, b, c,
(i)  Perpendicular = aatbb=0
L a_b_o
(iii) Coincident = a, b, ¢
Hlustration 19 : 1fx +4y—5=0 and 4x + ky + 7 = 0 are two perpendicular lines then k is -
(A)3 (B) 4 (€)1 (D) 4
1 4
Solution : m=—-— = - —
Two lines are perpendicular if m m, = -1
1 4 _
=|——|x|——=]=-1 = k=-1 Ans. (C)
4 k

Hllustration 20 : A line L passes through the points (1, 1) and (0, 2) and another line M which is

perpendicular to L passes through the point (0, —1/2).The area of the triangle formed by

these lines with y-axis is -

(A)25/8 (B)25/16 (C)25/4
-1
Solution : Equation ofthe line Lis y—1= KR x-1) = y=—=x+2

Equation of the line M is y=x—1/2.
If these lines meet y-axis at P and Q, then PQ = 5/2.

Also x-coordinate oftheir point of intersection R = 5/4

5

1(5
= —| =x—[=25/16.
area of the APQR 2(2 4J

(D) 25/32

0,2)

R
(574, 3/4)

Q

Ans. (B)

Hlustration 21 : Ifthe straight line 3x + 4y + 5 —k (x + y+ 3) = 0 is parallel to y-axis, then the value ofk

1S -

(A)1 (B)2 ©)3
Solution : A straight line is parallel to y-axis, if its y - coefficient is zero, i.e. 4 —k =0 ie. k=4
Ans. (D)

15. STRAIGHT LINE MAKING A GIVEN ANGLE WITH A LINE :

Equation of line passing through a point (x,y,) and making an angle o, with the line y=mx+c is

written as :
m *tan o
Y=-Yi=— (X_Xl)
l¥Fmtano
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. ALLEN Point & Straight Line

Hlustration 22 : Find the equation to the sides of an isosceles right-angled triangle, the equation of whose

hypotenuse is 3x + 4y = 4 and the opposite vertex is the point (2, 2).

Solution : The problem can be restated as :
Find the equations of the straight lines passing through the given point (2, 2) and making
equal angles of'45° with the given straight line 3x + 4y — 4 = 0. Slope of the line 3x + 4y
—4=0ism, =-3/4.

—  tand5o =+ 2T ,1e,1=ﬂ:m+3/4
l+mm 3
I-—m
1
mA=7,ande=—7

Hence the required equations of the two lines are
y—2=m,(x—-2)and y — 2 = my(x - 2)
= Ty—-x—-12=0and7x+y=16 Ans.

Do yourself - 7 :

(i) Find the angle between the lines 3x +y—7=0and x +2y—9=0.

(ii) Find the line passing through the point (2, 3) and perpendicular to the straight line 4x— 3y =
10.

(iii) Find the equation of the line which has positive y-intercept 4 units and is parallel to the line
2x — 3y — 7 = 0. Also find the point where it cuts the x-axis.

(iv) Classify the following pairs of lines as coincident, parallel or intersecting :
@ x+2y-3=0&-3x-6y+9=0
(b) x+2y+1=0&2x+4y+3=0
() 3x-2y+5=0&2x+y-5=0

16. LENGTH OF PERPENDICULAR FROM A POINT ON A LINE :

ax, + by, +c¢
Va®+b’

In particular, the length of the perpendicular from the origin on the lineax + by +¢c=01s P =

Length of perpendicular from a point (x,y,) on the line ax + by + ¢ =0 is

c]
VJa’+b?

Hllustration 23 : 1f the algebraic sum of perpendiculars from n given points on a variable straight line is

zero then prove that the variable straight line passes through a fixed point.

Solution : Let n given points be (x,, y.) where i = 1, 2.... n and the variable straight line is
ax + by + c=0.
5 (ax; + by, +c¢ XX, Yy,
Giventhatz PLTOViTC =0 = aXx,+bXy. +cn=0 :>a—1+bi+c:0,
1 va'+b’ n n

. . . . XX, Xy
Hence the variable straight line always passes through the fixed point (i, ij .
n n

Ans.
¢
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Hlustration 24 :

Solution :

Prove that no line can be drawn through the point (4, —5) so that its distance from (-2, 3)
will be equal to 12.

Suppose, if possible.

Equation of line through (4, —5) with slope mis y+5=m(x —4)

= mx-y-4m-5=0
|m(-2)-3-4m-5|

Then >
m-+1

12

= |-6m-8 =12 (m?+1)

On squaring, (6m + 8)* = 144(m* + 1)

=  4Gm+4)’=144m’ + 1) = Gm+4)’=36(m>+ 1)
= 27m’-24m+20=0 ... @)

Since the discriminant of (i) is (—24)* —4.27.20 =—1584 which is negative, there is no real
value of m. Hence no such line is possible.

17. DISTANCE BETWEEN TWO PARALLEL LINES :

e —ci|

(@) The distance between two parallel lines ax + by + ¢,=0 and ax+by+c,=0 is = ﬁ

a’ +b’

(Note : The coefficients of x & y in both equations should be same)

(b) The area of the parallelogram =

P, pé , where p, & p, are distances between two pairs of

opposite sides & 0 is the angle between any two adjacent sides . Note that area of the
parallelogram bounded by the lines y=mx+¢, y=mx+c, and y=mx+d,,

y =mx +d, is given by ‘

|(Cl —¢c,) (d, _d2)|

m, —m,

Hlustration 25 : Three lines x +2y+3=0,x+2y—7=0and 2x —y—4 = 0 form 3 sides of two squares.
Find the equation of remaining sides of these squares.
. o |7+ 3] \/— X+2y+3=0
Solution : Distance between the two parallel lines is ? =2V5 T T
The equations of sides A and C are of the form AE B| 2x-y-4=0 iC
2x —y+k=0. l l
Since distance between sides A and B x+2y-7=0
= distance between sides B and C
k= (-4) k+4
KB 05 = =235 = k=6,-14.
J5 V5
Hence the fourth sides of the two squares are (1) 2x—y+ 6 =0 (i) 2x—y—14=0.
Ans.
L

ALLEN .
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. ALLEN Point & Straight Line
Do yourself - 8 :

(i) Find the distances between the following pair of parallel lines :
(@ 3x+4y=13, 3x+4y=3
(b) 3x—4y+9=0, 6x—8y—15=0

X
(i) Find the points on the x-axis such that their perpendicular distance from the line a + % =1lis'a,a,
b>0.
(iii) Show that the area of the parallelogram formed by the lines

2

2x-3y+a=0,3x-2y—-a=0,2x—3y+3a=0and 3x—2y—-2a=0is = square units.

18. POSITION OF TWO POINTS WITH RESPECT TO A GIVEN LINE :
Let the given line be ax + by + ¢ = 0 and P(x,, y,), Q(X,, y,) be two points. If the expressions ax, + by, + ¢
and ax, + by, + ¢ have the same signs, then both the points P and Q lie on the same side of the line
ax + by + ¢ = 0. If the quantities ax + by, + ¢ and ax, + by, + ¢ have opposite signs, then they lie on
the opposite sides of the line.

19. CONCURRENCY OF LINES :
(@) Three linesax +by+c¢ =0;ax+by+c,=0and ax+ by + c,= 0 are concurrent,

a, b ¢
i |22 b, ¢,|=0
a; b, ¢

(b) To test the concurrency of three lines, first find out the point of intersection of any two of the
three lines. Ifthis point lies on the remaining line (i.e. coordinates of the point satisfy the equation

of'the line) then the three lines are concurrent otherwise not concurrent.

Hlustration 27 : 1f the lines ax + by + p = 0, xcosa + ysina. — p = 0 (p # 0) and xsina — ycosa = 0 are

concurrent and the first two lines include an angle z , then a? + b? is equal to -

(A1 (B) 2 (C)4 (D) p’
Solution : Since the given lines are concurrent,
a b p

cosa.  sina  —p|[=0

sinat —cosa O

= acosa+bsina+1=0 ... (1)

s
As ax + by +p=0and xcosa+ysina—p=0 include an angle 1

a cosa

__b sina
a cosa
1+~

b sina
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= —asina + bcosa = + (bsina + acosa)
= -—asina + bcosa = £1 [from (1)]  ......... (i1)
Squaring and adding (i) & (ii), we get
a’+ b= 2. Ans. (B)

@
(i)

(i)

(iv)

Do yourself -9 :

Examine the positions of the points (3, 4) and (2, — 6) w.r.t. 3x —4y =28

If(2,9), (-2, 1) and (1, —3) are the vertices of a triangle, then prove that the origin lies inside

the triangle.

Find the equation of the line joining the point (2, — 9) and the point of intersection of lines

2x+5y—8=0and 3x —4y —35=0.

Find the value of A, if the lines 3x —4y—13=0,8x—11y—-33=0and 2x — 3y + A =0 are

concurrent.

20. REFLECTION OF A POINT :
Let P(x, y) be any point, then its image with respect to

(a)
(b)
©
(@
()

x-axis is Q(x, —y)
y-axis is R(—x, y)
origin is S(—x,—y)
line y = x is T(y, x)

Reflection of a point about any arbitrary line : The image (h,k) ofa

Y
=X
T(y,x)
R(x, y)+ P(x,y)
S(—X, _y)' ° Q(X: _y)

point P(x,, y,) about the line ax + by + ¢ = 0 is given by following formula.

a b a’+b’

and the foot of perpendicular (a.,) froma point (x, y,) on the

h-x, _ k-y, __z(ax1 + by, +c¢)

line ax + by + ¢ =0 is given by following formula.

a-x, P-y, _ ax +by +c
a b a’+b’

21. TRANSFORMATION OF AXES

(@)

Shifting of origin without rotation of axes :
Let P (x, y) with respect to axes OX and OY.

Let O' (a, B) is new origin with respect to axes OX and OY and
let P (x', y') with respect to axes O'X' and O'Y"', where OX and
O'X' are parallel and OY and O'Y" are parallel.

Thenx=x"+a, y=y' +p

or X'=x-qa, y=y-8

YAL
YV
V' s
P(x,y)
¥i(xy)
(o.,B) v oYt
O'le > > X
0 *X

Thus if origin is shifted to point (o, ) without rotation of axes, then new equation of curve can

be obtained by putting x + o in place of x and y + B in place of y.
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Point & Straight Line

(b) Rotation of axes without shifting the origin :

Let O be the origin. Let P (x, y) with respect to axes
OX and OY and let P (X, y') with respect to axes OX'
and OY' where ZX'OX = ZYOY' = 0, where 0 is

measured in anticlockwise direction.

then

and

x=Xx'cos O —y'sin 0
y=x'sin0+y' cos O
x'=xcos0+ysin0O
y'=—xsin 0 +ycos 0

AY
v
at Kly)
v %S/VX
0 Xt
5T »X
O\ X

The above relation between (X, y) and (x', y') can be easily obtained with the help of following

table
New x ¥ yi
X = cos 0 sin O
v —sin O cos 0
Hllustration 28 : Through what angle should the axes be rotated so that the equation

Solution :

9x* — 2\/§xy +7y* = 10 may be changed to 3x* + 5y =5 ?
Let angle be 0 then replacing (X, y) by (x cosO — y sinf, x sinf + y cos0)

then 9x* — 24/3xy +7y® =10 becomes

9(x c0s0 —y sinf)*~2+/3 (x cos Oy sin 0)(xsinO+ycos0)+7(xsin0+ycos0)’ =10

=  x*(9cos’0— 2/3 sin0 cosd + 7sin’0) + 2xy(—9sind cosd — /3 c0s20 + 7 sinf cos)

+v*(9c0s°0 + 2+/3 sind cosd + 7cos’0) = 10

On comparing with 3x* + 5y* = 5 (coefficient of xy = 0)

We get — 9sinf cosO —+/3 c0s20 + 7 sind cosO =0
or sin20 =— /3 cos20

or 20=120°

or

tan20 = — /3 = tan(180° — 60°)

6 =60°

Do yourself - 10 :

(i) Thepoint (4, 1) undergoes the following transformations, then the match the correct alternatives:

Column-I Column-IT
(A) Reflection about x-axis is (p) 4,-1)
(B) Reflection about y-axis is (@ (4, -1)
. o 1259
(C) Reflection about origin is (r) 25" 23
(D) Reflection about the line y = x is (s) (4,1
(E) Reflection about the line 4x + 3y — 5 =0 is ® (1,4
(ii) To what point must the origin be shifted, so that the coordinates of the point (4, 5) become
(-3,9).
(@iii) Ifthe axes be turned through an angle tan'2 (in anticlockwise direction),what does the equation
4xy — 3x* = a? become ?

*
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22,

EQUATION OF BISECTORS OF ANGLES BETWEEN TWO LINES :

If equation of two intersecting lines are a x+b,y+c =0 and a x + b y+c,=0, then equation of bisectors

of the angles between these lines are written as :

(@)

(b)

ax+by+c, _+azx+b2y+c2

\/3'12 +b12 T \/a§+b§ .......... (1)

Equation of bisector of angle containing origin :

If the equation of the lines are written with constant terms ¢, and ¢, positive, then the equation

of the bisectors of the angle containing the origin is obtained by taking positive sign in (i)

Equation of bisector of acute/obtuse angles :

To find the equation of the bisector of the acute or obtuse angle :

(1)

(ii)

(i)

let ¢ be the angle between one of the two bisectors and one of two given lines. Then if
tanp <1 ie. d < 45° ie. 2¢ < 90°, the angle bisector will be bisector of acute
angle.

See whether the constant terms ¢, and ¢, in the two equation are +ve or not. If not then
multiply both sides of given equation by —1 to make the constant terms positive.

Determine the sign ofa a, +b b,

If sign of a,a, + b,b, |For obtuse angle bisector For acute angle bisector
+ use+sign in eq. (1) use—sign in eq. (1)
— use—sign in eq. (1) use+sign in eq. (1)

ie.ifa a +b b, >0, then the bisector corresponding to + sign gives obtuse angle bisector

ax+by+c, ax+by+tc,
Jar +b; \Ja; +b;

Another way of identifying an acute and obtuse angle

bisector is as follows :

Let L, =0& L, =0 are the given lines & u, =0 and
u, = 0 are the bisectors between L, =0 & L, = 0. Take
a point P on any one of the lines L =0 or L, =0 and

drop perpendicular on u, =0 & u, = 0 as shown . If,

‘p ‘ < ‘ q‘ = u, is the acute angle bisector .

‘p‘ > ‘q‘ = u, is the obtuse angle bisector .

| p | = | q | = the lines L, & L, are perpendicular .

Note : Equation of straight lines passing through P(x , y,) & equally inclined with the lines a x +b,y

+¢,=0&ax+by+c,=0 are those which are parallel to the bisectors between these

two lines & passing through the point P.

ALLEN .
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Hlustration 29 :

Solution :

Hlustration 30 :

For the straight lines 4x + 3y — 6 = 0 and 5x + 12y + 9 = 0, find the equation of the

(i)  bisector of the obtuse angle between them.

(i)  bisector of the acute angle between them.

(i) bisector of the angle which contains origin.

(iv) bisector of the angle which contains (1, 2).

Equations of bisectors of the angles between the given lines are
4x +3y—-6 _+5X+12y+9

=T _ _ — + _ —
(42 1 32 [ 1122 = 9x —7y—41=0and 7x+9y-3=0

If 0 is the acute angle between the line 4x + 3y — 6 = 0 and the bisector

9x — 7y — 41 =0, then tan0 =|———=—|=—>1
X — 7y en tan N0

Hence
(i)  bisector of the obtuse angle is 9x — 7y — 41 =0
(i)  bisector of the acute angle is 7x + 9y —3 =0

(iii) bisector of the angle which contains origin
—4x-3y+6  5x+12y+9

(iv) L(1,2)=4x1+3x2-6=4>0
L,(1,2)=5x1+12x2+9=38>0

= 7x+9y-3=0

4x +3y—-6 _+5x+12y+9
5 13

+ve sign will give the required bisector,
= 9x-Ty—-41=0.
Alternative :
Making ¢, and c, positive in the given equation, we get —4x — 3y + 6 = 0 and
5x+12y+9=0
Since a,a, + b;b, =20 - 36 =56 <0, so the origin will lie in the acute angle.
Hence bisector of the acute angle is given by

—4x—-3y+6 S5x+12y+9
V4 + 3 V54127

Similarly bisector of obtuse angle is 9x — 7y — 41 = 0.

7x+9y -3 =0

A ray of light is sent along the line x — 2y — 3 = 0. Upon reaching the line mirror
3x — 2y — 5 =0, the ray is reflected from it. Find the equation of the line containing the

reflected ray.

*
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Solution :

Let Q be the point of intersection of the incident ray and the line mirror, then
X, —2y,-3=0 & 3x,-2y,-5=0
on solving these equations, we get
x, =1 & y =-1
Since P(—1, —2) be a point lies on the incident ray, so we can find the image of the point
P on the reflected ray about the line mirror (by property of reflection).
Let P'(h, k) be the image of point P about line mirror, then
h+1 k+2 -2(-3+4-5) 11 —42

3 > 3 = h=Eandk=F.

(1 2
So Pl
Then equation of reflected ray will be

_42+1j(x—1)

)

= 2y-29x+31=0.

(y+1)=(

23. FAMILY OF LINES :
If equation of two lines be P=ax +by+c¢=0and Q =ax + by + ¢,=0, then the equation of

the lines passing through the point of intersection of these linesis : P+ AQ =0 or ax+by+c,
+ X (ax+by+c,)=0. The value of A is obtained with the help of the additional informations given

in the problem.

Hlustration 31 :

Solution :

Prove that each member of the family of straight lines

(3sinO + 4cos0)x + (2sin6 — 7cosO)y + (sinO + 2cosO) = 0 (O is a parameter) passes through
a fixed point.

The given family of straight lines can be rewritten as

(3x + 2y + 1)sin® + (4x — 7y + 2)cosO =0

or, (4x — 7y + 2) + tan0(3x + 2y + 1) = 0 which is of the form L, + AL, = 0

Hence each member of it will pass through a fixed point which is the intersection of

4x —7y+2=0and3x +2y+1=0 ie. (‘_” i)
29" 29

Do yourself - 11 :

(i) Find the equations of bisectors of the angle between the lines 4x + 3y = 7 and
24x + 7y — 31 = 0. Also find which of them is (a) the bisector of the angle containing origin
(b) the bisector of the acute angle.

(i) Find the equations of the line which pass through the point of intersection of the lines
4x — 3y =1 and 2x — 5y + 3 = 0 and is equally inclined to the coordinate axes.

(iii) Find the equation of the line through the point of intersection of the lines 3x — 4y + 1 =0
& 5x + y — 1 = 0 and perpendicular to the line 2x — 3y = 10.

ALLEN .
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. ALLEN

Point & Straight Line

24.

PAIR OF STRAIGHT LINES :

(@)

Homogeneous equation of second degree :

@

(i)

(iii)

(iv)

(v)

Let us consider the homogeneous equation of 2nd degree as

ax> + 2hxy + by’ =0 ... (1)

which represents pair of straight lines passing through the origin.
Now, we divide by x> we get

2
a2l
X X

y

—=m
. (say)
thena +2hm+bm’=0 ... (i)
a
if m, & m, are the roots of equation (ii), then m, +m, =— o mm, =
'
|m1—m2 | |\/(m1+m2)2—4m1m2| b b 24/h* —ab
and also, tan0 = = = — 4
temm,| | l+mm, | ‘ s ‘ a+h
b

These line will be :
(1) Real and different, if h*—ab>0 (2) Real and coincident, if h>—ab =0

(3) Imaginary, if h>—ab<0

The condition that these lines are :

(1) At right angles to each other is a+b =0. ie. coefficient of x? + coefficient of y?>=0.
(2) Coincident is h? = ab.

(3) Equally inclined to the axes of x ish=0. ie. coefficient of xy=0.

Homogeneous equation of 2™ degree ax? + 2hxy + by? = 0 always represent a pair of
straight lines whose equations are

{—hi\/hz _ab

2h a
b }xzy=mlx&y=mzx and ml+mz=—?;mlmz=g

These straight lines passes through the origin.

Pair of straight lines perpendicular to the lines ax? + 2hxy + by? = 0 and through origin are
given by bx? — 2hxy + ay* = 0.

The product of the perpendiculars drawn from the point (x,, y,) on the lines ax® + 2hxy +

|axf +2hx,y, + byf

by*=0's | Ja—by +an® |

Note : A homogeneous equation of degree n represents n straight lines passing through origin.

*
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(b)

(©)

The combined equation of angle bisectors :

The combined equation of angle bisectors between the lines represented by homogeneous

: . . x’—y> Xy
equation of 2™ degree is given by b = o azb,h=0.
a —

Note :
(i) Ifa=Dh, the bisectors are x>~ y*=0ie.x-y=0,x+y=0
(i) Ifh =0, the bisectors are xy=01i.e.x=0,y=0.

(iii) The two bisectors are always at right angles, since we have coefficient of x* + coefficient of
y'=0
General Equation and Homogeneous Equation of Second Degree :

(i)  The general equation of second degree ax® + 2hxy + by* + 2gx + 2fy + ¢ = 0 represents

- o B

a g
a pair of straight lines, if A=abc+2fgh—af* —bg>—ch’=0 ie. |h f1=0
g c

2+/h? —ab

(i) If O be the angle between the lines, then tan0 =+ 5
a+

Obviously these lines are
(1) Parallel, if A= 0, h?= ab or if h> = ab and bg* = af®
(2) Perpendicular, ifa +b =0 i.e. coeff. of x* + coeff. of y* = 0.

(@iii) The product ofthe perpendiculars drawn from the origin to the lines

ax* + 2hxy + by* + 2gx + 2fy + ¢ =0 is % bcz h2§
(a—b)’ +4

Hlustration 32 :  1f Ax*>— 10xy + 12y + 5x — 16y — 3 = 0 represents a pair of straight lines, then A is equal

Solution :

to -
(A) 4 (B)3 ©)2 (D)1
Herea=A,b=12,c=-3, f=-8,g=5/2,h=-5
Using condition abc + 2fgh — af?> — bg? — ch?> = 0, we have
M(12) (=3) + 2(=8) (5/2) (=5) —\(64) — 12(25/4) + 3(25) =0
= -36A+200-64A—-75+75=0 = 1001 =200
rA=2 Ans. (C)

ALLEN .
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. ALLEN Point & Straight Line
Do yourself - 12 :

(i  Prove that the equation x> — 5xy + 4y* = 0 represents two lines passing through the origin.
Also find their equations.

(i) Ifthe equation 3x* + kxy— 10y* + 7x + 19y = 6 represents a pair of lines, find the value of k.

(i) Ifthe equation 6x*— 11xy— 10y?— 19y — 6 = 0 represents a pair of lines, find their equations.
Also find the angle between the two lines.

(iv) Find the point of intersection and the angle between the lines given by the equation :
2x* —3xy —2y* + 10x + 5y = 0.

25. EQUATIONS OF LINES JOINING THE POINTS OF INTERSECTION OF A LINE AND
A CURVE TO THE ORIGIN :

(@) Let the equation of curve be :

ax? + 2hxy + by’ + 2gx + 2fy +¢c=0  ..>i) vop
and straight line be
Q
IXx+my+n=0 ..(11)
>X

Now joint equation of line OP and OQ joining the origin and
points of intersection P and Q can be obtained by making the
equation (i) homogenous with the help of equation of the line.

Thus required equation is given by

/X +m rx+my Y
ax2+2hxy+by2+2(gx+fy)( X—n y} + c( X—n y} =0
=  (an®+2gln + cP)x* + 2(hn* + gmn + fln + clm)xy + (bn? + 2finn + cm?)y? = 0 ......(iii)
All points which satisfy (i) and (ii) simultaneously, will satisfy (iii)

(b) Any second degree curve through the four points of intersection of f(x,y) =0 & xy=0 is

given by f(x,y) + A xy=0 where (X, y) =0 is also a second degree curve.

Hllustration 35 : The chord ng = \/gpx ++/2 ofthe curve py*+ 1 = 4x subtends a right angle at origin
then find the value of p.

Solution : ﬁy —2px =1 is the given chord. Homogenizing the equation of the curve, we get,
Py’ —4x(v3y —2px)+(3y ~2px)’ = 0

= (4p2vL 8p)x2 +(p +3)y2—4\/§xy—4\/§pxy= 0
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Now, angle at origin is 90°
coefficient of x* + coefficient of y* = 0

4p*+8p+p+3=0 = 4p°+9p+3=0

p:—9i\/81—48 _-9++33

8 8

Do yourself - 13 :
(i) Find the angle subtended at the origin by the intercept made on the curve
x?* — y?— xy + 3x — 6y + 18 = 0 by the line 2x — y = 3.
(i) Find the equation of the lines joining the origin to the points of intersection of the curve

2x* 4+ 3xy — 4x + 1 =0 and the line 3x + y = 1.

1:
2:

13

12

ANSWERS FOR DO YOURSELF

i PQ =\/3_4 units ; (i) x=6 or x=0 (ii) 11,-7
@ (@) (2,1); (b)(7,16); (i) (a) 2:3 (internally); (b) 9 :4 (externally) ;(c) 8 : 7 (internally)

5 5+/10
L0 @ (573} ) (—3 EJ,L, (©) (14,-6)

2’2 2

: (i) 25square units; (i) 132 square units ;
: () x=x2; @) y==%x;

2x y

52 5 X > 3
. o — - - . + =15__5 ol
) @ vy EY +3,3, 3 (b) (=5/2) (5/3) 2 3

2x 3y 5 5 3
_ + — , _ _ -1 . oo .
© "3 5 J3 s e =t (2} (i) 13V2/3 units

: (i) 0=135%°0r45°; (ii) 3x+4y=18; (iii) 2x —3y+ 12=0, (-6, 0)

@iv) (a) Coincident, (b) Parallel, (c) Intersecting

: G (@ 2 (b) 33/10; (i) (%(bi\/a2+b2),0J

: (i) opposite sides of the line; (iii) —y+x=11; iv) A=-7
10:
11:

@ (A)—> (), (B)—>(s),(O)>(q), (D) > (1), (E) > (r),; () (7,-4); (v) xX’—4y* =2’
i x-2y+1=0&2x+y-3=0; (@ x-2y+1=0 ; () 2x+y-3=0
@ x+ty=2,x=y; (iii) 69x + 46y —25=0
127
i x-y=0&x-4y=0; (ii) k=—l,0r—T;

i) 2x —5y—-2=0& 3x+2y+3=0; +tan" (%} @iv) (1,2), 90°

: (i) Gzitanlg; () x*—-y*—5xy=0
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. ALLEN Point & Straight Line
EXERCISE (O-1)
1.  Coordinates ofthe vertices ofa triangle ABC are (12,8), (—2,6) and (6,0) then the correct statement is-

10.

(A) triangle is right but not isosceles

(B) triangle is isosceles but not right

(C) triangle is obtuse

(D) the product of the abscissa of the centroid, orthocenter and circumcenter is 160. SL0003
Find the value ofx  ifthe distance between the points (x , 2) and (3, 4) be 8.

(A)3+2415 (B)3+415 (©) 24315 (D) 2+4/15 5L0004
IfP(1,2), Q(4,6), R(5,7) & S(a,b) are the vertices of a parallelogram PQRS, then :

(A)a=2,b=4 (B)a=3,b=4 (C)a=2,b=3 (D)a=3,b=5 SL0009

The length of a line segment AB is 10 units. Ifthe coordinates of one extremity are (2,—3) and the abscissa

of the other extremity is 10 then the sum of all possible values of the ordinate of the other extremity is -
(A)3 (B)—+4 (©) 12 (D)-6 SL0006
If A and B are the points (—3,4) and (2,1), then the co-ordinates of the point C on AB produced such that
AC=2BCare:

15
(A) (2,4) B)(3.,7) ©) (7.-2) (D) (_ 5 ’Ej 5L0010
The orthocenter of the triangle ABC is 'B' and the circumcenter is 'S' (a,b). IfA is the origin then the co-
ordinates of C are :

(A) (2a,2b) (B) (% gj (C) (x/ a’+b’ ,0) (D) none L0012

The medians of a triangle meet at (0,—3) and its two vertices are at (—1,4) and (5,2). Then the third vertex
isat -

(A) (4,15) (B) (4,-15) (C) (4,15 (D) (4,-15) SL0013
Ifthe two vertices ofa triangle are (7,2) and (1,6) and its centroid is (4,6) then the coordinate of the third
vertex are (a,b). The value of (a +b), is-

(A)13 (B) 14 (©) 15 (D) 16 SL0011

1 2 11 4
If in triangle ABC, A = (1,10), circumcenter = (_E’Ej and orthocenter = (?agj then the

co-ordinates of mid-point of side opposite to A is-

(A) (1,-11/3) B)(1,5) ©)(1,-3) (D)(1,6) SL0014
Consider the points P(2,—4); Q(4,-2) and R(7,1). The points P,Q,R -

(A) forman equilateral triangle

(B) form aright angled triangle

(C) form an isosceles triangle which is not equilateral

(D) are collinear. SL0007

*



JEE-Mathematics

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.
21.

22,

23.

A triangle has two of its vertices at (0,1) and (2,2) in the cartesian plane. Its third vertex lies on the
x-axis. Ifthe area of the triangle is 2 square units then the sum ofthe possible abscissae ofthe third vertex,
is-

(A)—4 B)0 QK (D)6 SL0016
A point P(x,y) moves so that the sum of the distance from P to the coordinate axes is equal to the distance
from P to the point A(1,1). The equation of the locus of P in the first quadrant is -

A+ y+D=1 B)x+D(y+1)=2

O Ex-H)y-hH=1 D) x-1)(y-1)=2 SL0021
Let A(2,-3) and B(-2,1) be vertices of a AABC. If the centroid of AABC moves on the line
2x + 3y =1, then the locus of the vertex C is-

(A)2x+3y=9 (B)2x—-3y=7 (C)3x+2y=5 (D)3x—-2y=3 SL0018

A stick of length 10 units rests against the floor and a wall ofa room. Ifthe stick begins to slide on the floor
then the locus of its middle point is :

(A)x>+y*=25 (B) x> +y?>=25 (C) x> +y*=100 (D) none SL0019
A line passes through (2,2) and cuts a triangle of area 9 square units from the first quadrant. The sum ofall
possible values for the slope of such a line, is-

(A)-2.5 (B)-2 (C)-1.5 (D)-1 SL0017
The diagonals of a parallelogram PQRS are along the lines x + 3y =4 and 6x —2y = 7. Then PQRS must
bea:

(A) rectangle (B) square

(C) cyclic quadrilateral (D) rhombus SL0023
A and B are any two points on the positive x and y axis respectively satisfying 2(OA) +3(OB) = 10. IfP
is the middle point of AB then the locus of P is-

(A)2x+3y=5 (B)2x+3y=10 (C)3x+2y=5 (D)3x+2y=10  SL0020
The co-ordinates of the orthocentre of the triangle bounded by the lines, 4x—7y+ 10=0; x +y=5 and
7x +4y =15 is-

(A)(2,1) (B)(-1,2) (O (L,2) (D)(1,-2) SL0015
Ifthe x intercept of the line y = mx + 2 is greater than 1/2 then the gradient of the line lies in the interval-
(A) (-1,0) (B) (-1/4,0) (C) (—0,4) (D) (-4,0) SL0024
The greatest slope along the graph represented by the equation 4x* —y* +2y— 1 =0, is-

(A)-3 B)-2 (©)2 D)3 SL0039

The extremities of the base of an isosceles triangle ABC are the points A(2,0) and B(0,1). Ifthe equation
ofthe side AC is x = 2 then the slope of the side BC is -

3 4 3
(A) 2 (B) 3 (©) 3 D) 3 SL0025

Number oflines that can be drawn through the point(4,—5) so that its distance from (-2,3) will be equal to
12 is equal to-

(A)O B)1 (©)2 (D)3 SL0030
Two mutually perpendicular straight lines through the origin from an isosceles triangle with the line
2x +y=>5. Then the area of the triangle is :

(A5 B)3 (C)5/2 D)1 SL0028

ALLEN .
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. ALLEN Point & Straight Line
24. The area of the parallelogram formed by the lines 3x + 4y = 7a; 3x + 4y = 7b; 4x + 3y = 7c and

4x + 3y ="7d is-

(A)ka—bgc—dﬂ

b)(c—d)|

B)l@a=b)(c-d)  (©) - 49 (D) 7/(a—b) (c—d)| sLoo29

25. Consider a parallelogram whose sides are represented by the lines 2x + 3y = 0; 2x + 3y — 5 = 0;
3x—4y=0and 3x—4y=3. The equation of the diagonal not passing through the origin, is-
(A)21x—11y+15=0 B)9x—11y+15=0
(©)21x—-29y—-15=0 (D)21x-11y—-15=0 SL0037

26. Ifthe straight lines, ax +amy + 1 =0,bx+(m+ 1) by+1=0and cx +(m+2)cy+ 1 =0, m=# 0 are
concurrent thena,b,carein :

(A)A.P. only form=1 (B)A.P. for allm
(C) GP. for allm (D)H.P. forallm SL0035

27.  Aray oflight passing through the point A(1,2) is reflected at a point B on the x-axis and then passes through

(5,3). Then the equation of AB is :
(A)5x+4y=13 (B) 5x —4y=-3
(C)4x+5y=14 (D)4x—-5y=—-6 SL0031

28. Ifthe line y = mx bisects the angle between the lines ax? + 2h xy + by? = 0 then mis a root of the quadratic
equation :

(A)hx>+(a—b)x-h=0 (B)x*+h(a-b)x-1=0
(O)(a—b)x>+hx—(a—b)=0 (D)(a—b)x>*~hx—(a—b)=0 SL0038

29. Ifthe equation ax? — 6xy +y? + 2gx + 2 fy + ¢ = 0 represents a pair of lines whose slopes are m and m?,
then sum of all possible values ofa is-

(A)17 (B)-19 ©) 19 (D)-17 SL0040

30. Suppose that a ray oflight leaves the point (3,4), reflects off the y-axis towards the x-axis, reflects off the
x-axis, and finally arrives at the point (8,2). The value of’x, is-

Y
1 1 (3.4)
(A)x:45 (B)X:4§
0) ¢
2 1
x=4— Xx=5— 0
(€) x=43 (D) x =5 &0
SL0032
31. LetP(-1,0)Q(0,0) and R(3, 33 ) be three points. The equation of the bisector of the angle PQR is-
3
(A) V3x+y=0 (B)x+%§y=0 (C)%;x+y:0 (D)x +/3y=0
SL0159
4
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32.

33.

34.

35S.

If one of the lines of my” + (1 — m?)xy — mx” = 0 is a bisector of the angle between the lines xy=0, then

m is-

1
(A) 5 (B)-2 O 1 (D)2 SLO160
The perpendicular bisector of the line segment joining P(1, 4) and Q(k, 3) has y—intercept —4. Then a
possible value ofk is-
(A)1 (B)2 (C)-=2 (D)4 SLO161

[MATRIX LIST TYPE]
Find the equation to the straight line :

Column-I Column-II

(P) passing through the point (2, 3) and perpendicular to (1) 4y+11x=10
the straight line 4x — 3y = 10.

(Q) passing through the point (-6, 10) and perpendicular 2) 4y+3x=18
to the straight line 7x + 8y = 5.

(R) passing through the point (2, —3) and perpendicular to 3B x+t4y+16=0
the straight line joining the points (5, 7) and (-6, 3). 4) T7y—-8x =118

(S) passing through the point (—4, —3) and perpendicular to
the straight line joining (1, 3) and (2, 7).

Codes :

P Q R S
A 1 2 3 4
B 2 4 1 3
<© 4 3 2 1
@ 1 3 4 2 SL0042

[MATRIX MATCH]

Column-I Column-1I
(A) The points (2,-2), (8,4), (5,7) and (-1,1) (P) square

taken in order constitute the vertices of a SL0043
(B) The points (0,-1),(2,1),(0,3) and (-2,1) (Q) rectangle

taken in order are the vertices of a SL0044
(C) The points (3,-5), (-5,-4),(7,10),(15,9) (R) trapezium

taken in order are the vertices of a SL0045
(D) The points (-3,4), (-1,0), (1,0) and (3,4) (S) parallelogram

taken in order are the vertices of a (T) cyclic quadrilateral

SL0046
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. ALLEN Point & Straight Line
36. Equation of Straight Line

Column-I Column-II
(A) Which cuts-off an intercept 4 on the x-axis and passes P) 2x+y+1=0
through the point (2,-3). SL0055
(B)  Which cuts-off equal intercepts on the co-ordinate axes and Q) x+y=7
passes through (2,5) SL0056
(C) Which makes an angle of 135° with the axis of x and R) 3x-2y=12
which cuts the axis of y at a distance -8 from the origin and SL0057
(D) Through the point (4,1) and making with the axes in the (S) x+4y=8 SL0O058
first quadrant a triangle whose area is 8. M x+y+8=0
EXERCISE (0-2)
1. Ifmand b are real numbers and mb > 0, then the line whose equation is y =mx + b cannot contain the
point-
(A) (0,2009) (B) (2009,0) (C) (0,~2009) (D) (20,-100) SL0063

2.  The vertex of the right angle ofa right angled triangle lies on the straight line 2x —y— 10 = 0 and the two
other vertices, at points (2,—3) and (4,1) then the area of triangle in sq. units is-

(A J10 (B)3 (©) ? (D) 11 SL0065

3.  Atriangle ABC is formed by the lines 2x —3y—6=0; 3x —y+3 =0and 3x + 4y — 12 = 0. If the points
P(a,0) and Q(0,p) always lie on or inside the AABC, then :

(A)a € [-1,2] and B € [-2,3] (B)a e [-1,3]and B € [-2,4]

(C)ae[24]and B € [-3.4] (D)a e [-1,3]and B € [-2,3] SLO066
4.  Ifthe straight lines joining the origin and the points of intersection of the curve

5x2+ 12xy - 6y +4x -2y +3=0andx +ky—1=0

are equally inclined to the x- axis then the value ofk :

(A)isequalto 1 (B) isequal to—1

(C)isequalto 2 (D) does not exist in the set of real numbers ~ SL0069

S.  Througha point A on the x-axis a straight line is drawn parallel to y-axis so as to meet the pair of straight
lines ax? + 2hxy + by? = 0 in B and C. IfAB = BC then-

(A) h? = 4ab (B) 8h2 = 9ab (C) 9h? = 8ab (D) 4h? = ab 50070
[MULTIPLE CHOICE]

6.  The area of triangle ABC is 20 square units. The co-ordinates of vertex A are (—5,0) and B are (3,0). The
vertex C lies on the line, x — y=2. The co-ordinates of C are -

(A)(5.3) (B) (-3,-5) (C) (-5,-7) (D) (7.5) 510075

*
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10.

11.

12.

13.

14.

Three vertices of a triangle are A(4,3); B(1,—1) and C(7,k). Value(s) ofk for which centroid, orthocentre
incentre and circumcentre of the AABC lie on the same straight line is/are-

(A7 (B)-1 (C)-19/8 (D) none SL0072
A line passes through the origin and makes an angle of /4 with the linex—y+1=0. Then :

(A) equation ofthe line isx =0

(B) the equation of'the line isy =0

(C) the point of intersection of'the line with the given line is (—1,0)

(D) the point of intersection of the line with the given line is (0,1) SLO080
1

Equation of a straight line passing through the point (2,3) and inclined at an angle ofarc tan 3 with the line

y+2x =5 is- SL0081

(A)y=3 B)x=2 (C)3x+4y—-18=0 (D)4x+3y—-17=0

Ifthe vertices P,Q,R ofatriangle PQR are rational points, which ofthe following points of the triangle PQR
is/are always rational point(s) ?

(A) centroid (B) incentre (C) circumcentre (D) orthocentre SL0074
The lines L, and L, denoted by 3x* + 10xy + 8y* + 14x + 22y + 15 = 0 intersect at the point P and have
gradients m, and m, respectively. The acute angles between them is 0. Which of the following relations
hold good ?

(A)m; +m,=5/4

(B) m;m, =3/8

. 2
(C) acute angle between L, and L, is sin™’ [—j :
: 2 5\/§

(D) sum of'the abscissa and ordinate of the point P is —1. SL0083
Paragraph for Question Nos. 12 to 14

In the diagram, a line is drawn through the points A(0,16) and B(8,0). Point P is chosen in the first quadrant

on the line through A and B. Points C and D are chosen on the x and y axis respectively, so that PDOC is

arectangle. A
Nao, 16)

Perpendicular distance of the line AB from the point (2, 2) is - \

(A) /4 (B) V10 D p

(©) V20 (D) /50 SL0085 B(8,0) -
ol ¢ N x

Sum of'the coordinates of the point P if PDOC is a square is -

32 16
(A) 3 (B) 3 (C) 16 (D) 11 SLO085

Number of possible ordered pair(s) ofall positions of the point P on AB so that the area of the rectangle
PDOC is 30 sq. units, is-
(A) three (B) two (C) one (D) zero SL0085
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15.

16.

10.

11.

12.

13.

Paragraph for question nos. 15 and 16
An equilateral triangle ABC has its centroid at the origin and the base BC lies along the line

x+y=1.
Area of'the equilateral AABCis -
343 33 32 243
(A) T (B) T (©) T (D) T SL0087
Gradient of the other two lines are -
(A) V3,42 (B) ﬁ,% ©~N2+1V2-1 (D) 2++3,2-+/3 sLo087
EXERCISE (S-1)

Line %+% =1 intersects the x and y axes at M and N respectively. If the coordinates ofthe point P

lying inside the triangle OMN (where 'O' is origin) are (a, b) such that the areas of the triangle POM,

PON and PMN are equal. Find the coordinates of the point P. SL0089
Two vertices ofa triangle are (4, —3) & (-2, 5). Ifthe orthocentre of the triangle is at (1, 2), find the
coordinates ofthe third vertex. SL0090
The point Adivides thejoinof P(-5,1) & Q(3,5) intheratio K: 1. Find the two values of K for which
the area oftriangle ABC, where Bis (1, 5) & Cis (7, —2), is equal to 2 units in magnitude. SL0091
A line is such that its segment between the straight lines 5x —y—4=0 and 3x+4y—4=0is bisected
at the point (1, 5). Obtain the equation. SL0097
The area of a triangle is 5. Two of its vertices are (2, 1) & (3, —2). The third vertex lies on
y=x+ 3. Find the third vertex. SL0092

A variable line, drawn through the point of intersection of the straight lines §+% =1& %Jr% =1, meets

the coordinate axes in A & B. Find the locus of the mid point of AB. SL0093
Consider the family of lines (x —y—6) + A(2x +y+3)=0and (x + 2y—4) + A(3x—2y—4)=0. Ifthe lines
ofthese 2 families are at right angle to each other then find the locus of their point of intersection. SL0096
Two consecutive sides of a parallelogram are 4x + 5y =0 & 7x + 2y = 0. If the equation to one diagonal

is 11x+ 7y =9, find the equation to the other diagonal. SL0109
The line 3x + 2y =24 meets the y-axis at A & the x-axis at B. The perpendicular bisector of AB meets
the line through (0, —1) parallel to x-axis at C. Find the area ofthe triangle ABC. SL0098
If the straight line drawn through the point P (/3 , 2) & inclined at an angle % with the x-axis, meets
the line /3 x —4y+8=0 at Q. Find the length PQ. SL0099
The points (1, 3) & (5, 1) are two opposite vertices of a rectangle. The other two vertices lie on the line
y=2x+c. Find ¢ & the remaining vertices. SL0100
A straight line L is perpendicular to the line 5x —y= 1. The area of the triangle formed by the line L & the
coordinate axes is 5. Find the equation of the line. SL0101

Two equal sides of an isosceles triangle are given by the equations 7x —y+3=0andx+y—-3=0
& its third side passes through the point (1, —10). Determine the equation of'the third side. SL0108

*
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14.

15.

16.

17.

18.

The equations of the perpendicular bisectors of the sides AB & AC of a triangle ABC are
x—y+5=0&x+2y=0, respectively. Ifthe point Ais (1,-2) find the equation of the line BC.  SL0106

Given vertices A(1, 1), B(4,-2) & C(5, 5) ofa triangle, find the equation of the perpendicular dropped
from C to the interior bisector of the angle A. SL0102

Consider a triangle ABC with sides AB and AC having the equations L, =0 and L, = 0. Let the centroid,
orthocentre and circumcentre of the AABC are G, H and S respectively. L = 0 denotes the equation of
sides BC.
(a) IfL,:2x—y=0and L, : x+y= 3 and G(2, 3) then find the slope of the line L =0.  $L0103
(b) IfL, :2x+y=0and L, : x—y+2=0and H(2, 3) then find the y-intercept of L=0. SL0104
(©) IfL, :x+y—-1=0and L, : 2x—y+4=0and S(2, 1) then find the x-intercept of the line L = 0.
SL0105
Let P be the point (3, 2). Let Q be the reflection of P about the x-axis. Let R be the reflection of Q about
the line y=-—x and let S be the reflection of R through the origin. PQRS is a convex quadrilateral. Find the
area of PQRS. SL0107

A straight line is drawn from the point (1, 0) to the curve x> +y? +6x— 10y + 1 =0, such that the intercept
made on it by the curve subtends a right angle at the origin. Find the equations of the line. SLO0110

EXERCISE (S-2)

The equations of perpendiculars of the sides AB & AC of triangle ABC are x —y — 4 = 0 and

2x —y—5=0respectively. If the vertex A is (— 2, 3) and point of intersection of perpendiculars bisectors

is (% , %J , find the equation of medians to the sides AB & AC respectively. SL0116

The interior angle bisector of angle A for the triangle ABC whose coordinates of the vertices are
A(-8, 5); B(-15,-19) and C(1, — 7) has the equation ax + 2y + ¢ = 0. Find 'a"and 'c'. SL0114

Find the equation of the straight lines passing through (-2, —7) & having an intercept of length
3 between the straight lines 4x +3y=12, 4x+3y=3. SL0119

Two sides ofa thombus ABCD are parallel to the lines y=x+2 & y="7x + 3. If the diagonals of the
rhombus intersect at the point (1, 2) & the vertex A isonthe y-axis, find the possible coordinates of A.

SL0120
Find the equations of the sides of a triangle having (4, —1) as a vertex, if the lines x — 1 = 0 and

x—y—1=0 are the equations of two internal bisectors ofits angles. SL0118

ALLEN .
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Point & Straight Line
EXERCISE (JM)
The line L given by %+% =1 passes through the point (13, 32). The line K is parallel to L and has the
equation %+% =1. Then the distance between L and K is : [AIEEE-2010]
1 23 2 3 - 4 =

- = SL0162
M 753 2) V17 O O
ThelinesL,:y—x=0andL, : 2x + y=0 intersect the line L, : y + 2 =0 at P and Q respectively. The
bisector of the acute angle between L, and L, intersects L, at R. [AIEEE 2011]

Statement - 1 : The ratio PR : RQ equals 22 :/5

Statement - 2 : In any triangle, bisector of an angle divides the triangle into two similar triangles.

(1) Statement-1 is true, Statement-2 is false.

(2) Statement-1 is false, Statement-2 is true

(3) Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-1  SL0163

(4) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1.

The lines x + y = |a] and ax — y = | intersect each other in the first quadrant. Then the set of

all possible values of a is the interval : [AIEEE 2011]

(1) (-1, 1] (2) (0, ) (3)[1, ») (4) (-1,0)  SsLo164

A line is drawn through the point (1, 2) to meet the coordinate axes at P and Q such that it forms a triangle

OPQ, where O is the origin. Ifthe area of the triangle OPQ is least, then the slope of the line PQ is :
[AIEEE 2012]

1 1
(1) —2 (2) 2 3)4 (4)-2 SL0124
If the line 2x + y = k passes through the point which divides the line segment joining the points
(1, 1) and (2, 4) in the ratio 3 : 2, then k equals : [AIEEE 2012]
11 29
(1) 35 (2) 5 3)5 4)6 SL0125
A ray of light along x + /3y =+/3 gets reflected upon reaching x-axis, the equation of the reflected ray
is: [JEE-MAIN 2013]
(1) y=x+3 2) By=x-3 (3) y=3x-3 (4) By =x—1 50126
The x-coordinate of the incentre of the triangle that has the coordinates of mid points of its sides as (0,
1)(1, 1) and (1, 0) is : [JEE-MAIN 2013]
(1) 2+2 (2) 2-2 (3) 1+2 (4) 1-+2  sLo127
A light ray emerging from the point source placed at P(1,3) is reflected at a point Q in the axis of x. Ifthe reflected
ray passes through the point R(6,7), then the abscissa of Q is : [JEE-MAIN Online 2013]
7 5
(H3 (2) ) 3)1 4) ) SL0128

If the three lines x—3y = p, ax + 2y = q and ax + y =r from a right — angled triangle then:
[JEE-MAIN Online 2013]
(1)a?—6a—-12=0 2)a’—9a+12=0 (3)a?—-9a+18=0 (4)a’—6a—18=0
SL0129

*
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Ifthe x-intercept of some line L is double as that of the line, 3x +4y =12 and the y-intercept of L is half
as that of the same line, then the slope of L is :- [JEE-MAIN Online 2013]
(13 (2)-3/2 (3)-3/8 (4)-3/16 SLO0130
If the extremities of the base of an isoscelestriangle are the points (2a, 0) and (0, a)

and the equation of one of the sides isx = 2a, then the area of the triangle, in square units, is :
[JEE-MAIN Online 2013]

5, 5, 25a°

(1) 5a (2) 5@ G) =

Let 0, be the angle between two lines 2x + 3y + ¢, = 0 and —x + Sy + ¢, = 0, and0, be the angle between

two lines 2x +3y+c¢ =0and —x + Sy + ¢, =0, where ¢, ¢, ¢, are any real numbers :

Statement-1 : If ¢, and c, are proportional, then 6, = 6.. [JEE-MAIN Online 2013]

Statement-2: 0 =0, forallc,and c,.

(1) Statement-1 is true and Statement - 2 is true, Statement-2 is not a correct explanation for Statement-1.

(2) Statement-1 is false and Statement-2 is true.

(3) Statement-1 is true and Statement-2 is false. SL0132

(4) Statement-1 is true and Statement - 2 is true, Statement-2 is a correct explanation for Statement-1.

Let A(-3,2) and B (-2,1) be the vertices of a triangle ABC. If the centroid of'this triangle lies on the line

3x + 4y + 2 =0, then the vertex C lies on the line : [JEE-MAIN Online 2013]

(1)4x+3y+5=0 2)3x+4y+5=0 3)3x+4y+3=0 (4)4x+3y+3=0

SL0133

Ifthe image of point P(2, 3) ina line L is Q (4, 5) then, the image of point R (0, 0) in the same line is :
[JEE-MAIN Online 2013]

(1) 4,5 2)(2,2) 3)@3,4) @ 7,7 SL0134

Let a, b, ¢ and d be non-zero numbers. If the point of intersection of the lines

4ax +2ay+c=0and 5bx +2by+ d = 0 lies in the fourth quadrant and is equidistant from the two axes

(4) 5a2 SLO131

then : [JEE(Main)-2014]
(1) 2bc —3ad =0 (2) 2bc +3ad =0 (3)3bc —2ad =0 (4) 3bc +2ad =0
SL0135
Let PS be the median of the triangle with vertices P (2, 2), Q (6,—1) and R (7, 3). The equation of the
line passing through (1, —1) and parallel to PS is : [JEE(Main)-2014]
(1)4x—-T7y—-11=0 2)2x+9y+7=0 3)4x+7y+3=0 (4)2x-9y—-11=0
SL0136
Locus of the image of the point (2, 3) in the line 2x -3y +4) +k (x—2y+3)=0,k e R,is a
(1) circle of radius v2 (2) circle of radius /3 [JEE(Main)-2015]
(3) straight line parallel to x-axis (4) straight line parallel to y-axis SL0137
Two sides of a rhombus are along the lines, x—y+ 1 =0 and 7x —y— 5 =0. If its diagonals intersect at (—1,
—2), then which one of the following is a vertex of this rhombus ? [JEE(Main)-2016]
(23 4
(1) 373 (2) -3,-9) (3) (-3,-8) 4) 373 SL0138
Let k be an integer such that triangle with vertices (k, —3k), (5, k) and (-k, 2) has area 28 sq. units. Then
the orthocentre of'this triangle is at the point : [JEE(Main)-2017]
1 1 3 3
(D) (2, 5) 2) (2, —5) 3) (1, Z) “4) (1, _Z) SL0139

ALLEN .
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20. Letthe orthocentre and centroid ofa triangle be A(—3, 5) and B(3, 3) respectively. If C is the circumcentre
of'this triangle, then the radius of the circle having line segment AC as diameter, is:
[JEE(Main)-2018]
5 f
(1) 2410 (2)3 \g (3) —/— 4) J10 SL0140
21. A straight line through a fixed point (2, 3) intersects the coordinate axes at distinct points P and Q.
If O is the origin and the rectangle OPRQ is completed, then the locusof Ris:  [JEE(Main)-2018]
(1) 2x + 3y =xy (2) 3x +2y=xy (3) 3x + 2y = 6xy (4) 3x + 2y = 6 SL0141
22. Let S be the set of all triangles in the xy-plane, each having one vertex at the origin and the other two
vertices lie on coordinate axes with integral coordinates. If each triangle in S has area 50sq. units, then
the number of elements in the set S is : [JEE(Main)-2019]
M9 (2) 18 (3) 32 (4) 36 SL0142
23. Ifthe line 3x + 4y —24 = 0 intersects the x-axis at the point A and the y-axis at the point B, then the incentre
of'the triangle OAB, where O is the origin, is [JEE(Main)-2019]
(1)(3,4) 2)(2,2) 3) 4,4 4) 4,3) SL0143
24. Two vertices ofa triangle are (0,2) and (4,3). Ifits orthocentre is at the origin, then its third vertex lies in
which quadrant ? [JEE(Main)-2019]
(1) Fourth (2) Second (3) Third (4) First SL0144
25. Two sides of a parallelogram are along the lines, x +y =3 and x —y + 3 = 0. If its diagonals intersect at
(2,4), then one of'its vertex is : [JEE(Main)-2019]
(1)(2,6) 2)(2,1) 3)(3.5) (4)(3,6) SL0145
26. [Ifacircle ofradius R passes through the origin O and intersects the coordinate axes at A and B, then the
locus of the foot of perpendicular from O onAB is : [JEE(Main)-2019]
(1) (x* +y?)> = 4Rx%y? (2) (x* + y)(x +y) = R2xy
(3) (x2 + y2)3 = 4R2x2y2 (4) (x2 + y?)? = 4R2x2y? SL0146
27. Slope ofa line passing through P(2, 3) and intersecting the line, x + y =7 at a distance of 4 units from
P, is [JEE(Main)-2019]
(1) £+1 (2) L://: (3) L? (4) § 1 SL0147
28. A rectangle is inscribed in a circle with a diameter lying along the line 3y =x + 7. If the two adjacent vertices
of the rectangle are (-8, 5) and (6, 5), then the area of the rectangle (in sq. units) is :-
[JEE(Main)-2019]
(1) 72 (2) 84 (3) 98 (4) 56 SL0148
29. Astraight line L at adistance of 4 units from the origin makes positive intercepts on the coordinate axes and
the perpendicular from the origin to this line makes an angle of 60° with the line
x +y=0. Then an equation of the line L is : [JEE(Main)-2019]
(1) (V3+1)x+(\3-1)y=82 @) (V3-1)x+(3+1)y=82
(3) Bx+y=8 (4) x+By=8 $L0149
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EXERCISE (JA)

1. Consider the lines given by
L,=x+3y-5=0
L,=3x-ky-1=0
L,=5x+2y-12=0 [JEE 2008, 6]
Match the statements / Expression in Column-I with the statements / Expressions in Column-II
and indicate your answer by darkening the appropriate bubbles in the 4 x 4 matrix given in OMR.

Column-I Column-IT
(A) L,,L,, L, are concurrent, if (P) k=-9
(B) One of L, L,, L, is parallel to at least one of the other two, if (Q) = —g
. ) 5
©) L,,L,, L; forma triangle, if R) k =g
D) L,,L,,L,donotforma triangle, if (S) k=5
SL0154

2. Let P, Q, R and S be the points on the plane with position vectors —2i — j, 41,31 +3] and —3{ + 2j

respectively. The quadrilateral PQRS must be a

(A) parallelogram, which is neither a rhombus nor a rectangle [JEE 2010, 3]

(B) square

(C) rectangle, but not a square

(D) rhombus, but not a square SL0155
3. A straight line L through the point (3, —-2) is inclined at an angle 60° to the line \/3x +y=1.

If L also intersect the x-axis, then the equation of L is [JEE 2011, 3 (-1)]

(A) y+\/§x+2—3«/§=0 (B) y—\/§X+2+3\/§=0

(€) VBy-x+3+2J3=0 (D) VBy+x-3+2J3=0 5L0156
4. For a > b > ¢ > 0, the distance between (1, 1) and the point of intersection of the lines

ax + by + ¢ =0 and bx + ay + ¢ = 0 is less than 2+/2. Then [JEE-Advanced 2013, 2]

(A)at+b-c>0 B)a-b+c<0

Ca-b+c>0 D)a+b-c<0 SL0157

S. For a point P in the plane, let d (P) and d,(P) be the distances of the point P from the lines
x —y =0and x + y = 0 respectively. The area of the region R consisting of all points P lying in the

first quadrant of the plane and satisfying 2 < d (P) + d,(P) <4, is SL0158
[JEE(Advanced)-2014, 3]
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ANSWER KEY
EXERCISE (O-1)
1. D 2. A 3. C 4. D 5. C 6. A 7. B 8. B
9. A 10. D 11. A 12. B 13. A 14. B 15. A 16. D
17. A 18. C 19. D 20. C 21. A 22. A 23. A 24. D
25. D 26. D 27. A 28. A 29. B 30. B 31. A 32. C
33. D 34. B 35. (A)Q,S,T; (B) P,Q,S,T; (C) S; (D) R, T
36. (A)R, (B)Q (C)T (D) S
EXERCISE (0-2)
1. B 2. B 3. D 4. B 5. B 6. BD 7. BC
8. AB,CD 9. B.C 10. AC,D 11. B.CD 12. C 13. A 14. B
15. A 16. D
EXERCISE (S-1)
8 _ .31 ~
Lo |25] 2 (3320 3. K=7or 2~ 4. 83x—35y+92=0
5. [%%} or (_%%j 6. 2xy(a+b)y=ab(x+y) 7. xX+y—3x+4y—3=0
8. x—-y=0 9. 91 sq.units 10. 6 units 11. c=-4; B(2,0); D@4, 4)
12. x+5y+5v2=0 or x+5y-542 =0 13. x-3y-31=0 or 3x+y+7=0
14. 14x + 23y =40 15. x-5=0 16. (a) 5; (b)2; (c) 3/2 17. 15
18. x+y=1;x+9y=1
EXERCISE (S-2)
1. x+4y=4; 5x+2y=38 2. a=11,c=78 3. Tx+24y+182=0 or x=-2
4. (0,0) or(o,%j 5. 2x—y+3=0,2x+y-7=0,x-2y—6=0
EXERCISE (JM)
1. 4 2.1 3.3 4 4 5 4 6.2 7.2 8 4 9.3 10.4 1.1 12.4
13.3 14.4 153 16.2 17.1 18.4 19.1 20.2 21.2 22.4 23.2 24.2
25.4 26.3 27.3 28.2 29. lor2
EXERCISE (JA)
1. (A)S; B)P,Q; (CO)R;(D)P,Q.S 2. A 3. B 4. AorCorAC 5. 6




