node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\SOT + Binomial\Eng\01.SOT.p65

. ALLEN Solutions of Triangle
SOLUTIONS OF TRIANGLE

The process of calculating the sides and angles of triangle using given information is called solution
oftriangle.

In a AABC, the angles are denoted by capital letters A, B and C and the length of the sides opposite
these angle are denoted by small letter a, b and c respectively.

1. SINE FORMULAE :

In any triangle ABC
a_ _ b _ ¢ _ - abc _9R
sinA sinB sinC 2A

where R is circumradius and A is area of triangle.

Illustration 1 :  Angles ofa triangle are in4 : 1 : 1 ratio. The ratio between its greatest side and perimeter
is

NG NE) 1

3
A5 (B)2+\/§ (C)z_ﬁ D) 5T R

Solution : Anglesareinratio4:1: 1.
= angles are 120°, 30°, 30°.

If sides opposite to these angles are a, b, ¢ respectively, then a will be the greatest side.

. a b ¢
Now from sine formula ‘255 56 =5 305 ~ sin30°
a b ¢
= B2 12 12
a b ¢

then a= \/gk, perimeter = (2+\/§)k

J3k NG

required ratio = 2+ \/g)k = 2 \/g Ans. (B)
Hlustration 2 :  In triangle ABC, if b =3, ¢ = 4 and £ZB = 1/3, then number of such triangles is -
(A1 (B)2 (X0 (D) infinite
Solution : Using sine formulae sinB _ sinC
C
sinm/3 sinC 3 sinC . 2 L ,
= 3 a4 = % = Slj = sinC= ﬁ > 1 which is not possible.
Hence there exist no triangle with given elements. Ans. (C)

*
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Hlustration 3 :

Solution :

The sides of a triangle are three consecutive natural numbers and its largest angle is twice

the smallest one. Determine the sides of the triangle.
Let the sidesben,n + 1, n + 2 cms.

ie. AC=n AB=n+1,BC=n+2

Smallest angle is B and largest one is A.

Here, ZA=2/B

Also, ZA + /B + ZC = 180°

= 3/B+ ZC=180° = ZC =180°-3/B
We have, sine law as,

sinA sinB _sinC sin2B smB  sin(180 -3B)

n+2 n n+1 = n+2 n n+1

=

sin2B sinB sin3B
n+2 - n - n+1
(1 (@) (i)
from (i) and (ii);
2sinBcosB  sinB n+2

cosB =
n+2 n = 2n

and from (ii) and (iii);

sinB 3sinB—4sin’ B sinB sin B(3 —4sin” B)
n n+1 n n+1

= n—-|_1:3—4(1—c0s2B)
n

from (iv) and (v), we get

n+1 n+2 ? n+1 n’ +4n+4
—=-1+4 = @ —tl=|—

2
n 2n n n

2n+1 n’*+4n+4 5 5
= = > = 2n+n=n +4n-+4
n n
= n-3n-4=0 = m-4Hn+1)=0

n=4or-1

where n = —1

n = 4. Hence the sides are 4, 5, 6

n+2

Ans.

@iii) Ifin a AABC,

Do yourself - 1 :
@ IfinaAABC, 4A=% andb:c=2: 3, find 2B.

@ii) Show that, in any AABC : a sin(B — C) + b sin(C — A) + ¢ sin(A — B) = 0.

sinA _sin(A-B)
sinC sin(B-C)

, show that a2, b%, ¢? are in A.P.
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. ALLEN Solutions of Triangle

2.  COSINE FORMULAE :

a 2bc 2ca ¢ 2ab

or a>=b?>+ ¢ — 2bc cosA

Hlustration 4 :  In a triangle ABC, if B =30° and ¢ = \/5 b, then A can be equal to -

(A) 45° (B) 60° (C) 90° (D) 120°

Soluti We G V3367 +a’-b?
otution . € nave COS b = 2ca = ) 2><\/§b><a

= a’-3ab+2’=0 = (a—-2b)(a—-b)=0
— Eithera=b = A =30°
or a=2b = a=4b*=0p"+c* = A=90°. Ans. (C)

Illustration 5 :  In a triangle ABC, (a> —b®> — ¢ ) tan A + (a’ — b* +¢?) tan B is equal to -

(A) (@* + b* —¢?) tan C (B) (a> + b* + ¢?) tan C
(C) (b* + ¢* —a?) tan C (D) none of these
Solution : Using cosine law :

The given expression is equal to —2 bc cos A tan A + 2 ac cos B tan B

— 2abe[ _SMA  sinB)_, Ans. (D)
a b
Do yourself - 2 :
@ Ifa:b:c=4:5:6,thenshow that ZC=2/A.
(ii) Inany AABC, prove that
cosA cosB cosC a’+b’+c’
@ P T
a b c 2abc
2 2 2 4 4 4
(b) b—cosA +< cosB+cosC _a b fc
a b c 2abc
3. PROJECTION FORMULAE :
(@ DbcosC+ccosB=a (b) ccosA+acosC=b (¢) acosB+bcosA=c
¢
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A C 3b
Illustration 6 : 1In a AABC,C cos” ?"‘ acos” 5 = B then show a, b, ¢ are in A.P.

c a 3
Solution : Here, 5(1 +CosA)+ 5(1 +cosC) = -
= atct+(ccosA+acosC)=3b
= at+c+b=3b {using projection formula}

= a+c=2b

which shows a, b, ¢ are in A.P.

Do yourself - 3 :

T Ry
@ InaAABC,if ZA=, /B =5 » show that a +cy/2=2b.

(i) InaAABC,provethat: (a) b(acosC—ccosA)=a’-¢c*> (b) 2(b0052%+cc0s2 §J=a+b+c

4. NAPIER'S ANALOGY (TANGENT RULE) :

B-C) b-¢c A C-A) c-a B A-B) a-b C
= - tan = cot— = el
(a) tan( 5 J b+cCOt2 (b) ( > J cta 2 (c) tan( 5 J cot

Hlustration7:  In a AABC, the tangent of half the difference of two angles is one-third the tangent of

half the sum of the angles. Determine the ratio of the sides opposite to the angles.

Soluti H tan(A_Bj—ltan(A+Bj .
olution : ere, > 3 ) e (1)
ing Napier' 1 tan(A_Bj a-b cot[cj (i1)
sing Napier's analogy, = . — |
Heime ap 8y 2 ) a+b 2

from (i) & (ii) ;

1 A+B) a-b C 1 C) a-b C
_t = . t - — — | = —_
3 an( 2 j a+b C0(2j:> 3C°t(2j a+b'C°t(2j

B+C n C C
A+B+C= St = tan| ——— |=cot—
{as T an( 5 j (2 2) }

2
a-b 1
= b 3 O 3a—3b=a+b
2a =4b or 32%32:1
b I a 2
Thus the ratio of the sides opposite to the anglesisb:a=1: 2. Ans.
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. ALLEN Solutions of Triangle

Do yourself - 4 :
tan B-C
b-c 2

@i Inany AABC, prove that =
t n( j

b+c B+C

2 12
(i) IfAABC isright angled at C, prove that : (a) tané =< 5 (b) sin(A-B)= az b 5
2 c+b a~+b

S.  HALF ANGLE FORMULAE :

a+b+c o .
s= = semi-perimeter of triangle.

(a) (1) Sin% = % (11) Sing — (S — CZfas — a) (111) Sin% _ (S - a;](as - b)
b)) @ cos% = /% (i) cosg - fS(SC; b) (iii) cos % _ fs(sa—b c)

- A_[6=b)s-9) o B_ [(s—c)s—a) - C  [s-a)s—b)
© O g s(s—a) () tan 2\ s(s-b) () tan 2\ s(s—c)
- s(s—a) - s(s—b) - s(s—c¢)

(d) Area of Triangle

1, . 1. 1. . 1 1 1
A =/s(s—a)(s—b)(s—c) :EbcsmA :EcasmB :EabsmC zaapl :Ebpz :Ecp3,

where p,,p,.p, are altitudes from vertices A,B,C respectively.

Hllustration 8 :  1f in a triangle ABC, CD is the angle bisector of the angle ACB, then CD is equal to-

A a+bcosg B 2ab Sing C 2ab Cosg D bsin ZDAC
(A) 2ab 2 ( )a+b 2 ( )a+b 2 ( )sin(B+C/2)
Solution : ACAB = ACAD + ACDB

1 1
=  —absinC = lb.CD.sin(ngr—a.CD sin(gj
2 2 2) 2 2

= CD(a+Db) sin(%j=ab (2 sin (%J cos(%jj

2abcos(C/2)
So CD= —(a+b)
din ACAD, —2 ___ b by sine rul
ancé m * SinZDAC _ sin ZCDA (0 sine rule)
bsin Z/DAC
(D= ———— Ans. (C,D
- sin(B+C/2) ns. (G,D)

*
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Ilustration9:  1f A is the area and 2s the sum of the sides of a triangle, then show A<

Solution : We have, 2s=a+b+c, A*=s(s —a)(s — b)(s — ¢)
Now, AM. > G.M.

(S—a)+(S—b)+(S_C) > {(S_a)(s—b)(S—C)}]/3

3
1/3
3 _ 2
or S ZSZ(A_j
3 S
P 1/3
or EZ(A—J
3 S
A § s’
= <2 A< Ans.
or S 27 ju— 3\/5 ns

Do yourself - 5 :
@ Givena=6,b=38, c=10. Find

: A A A
(a)sinA (b)tanA (c) sin—- (d) COSE (e) tanz (HA

(ii) Prove that in any AABC, (abcs) sin%.sin?.sin% =A".

6. m-n THEOREM : I

(m+n) cot O =mcota—ncotf
(m+n)cot O =ncot B—mcot C.
B x C

7. RADIUS OF THE CIRCUMCIRCLE 'R':

Circumcentre is the point of intersection of perpendicular bisectors of
the sides and distance between circumcentre & vertex of triangle is
called circumradius 'R'.

a b o abe £ N

- 2sin A - 2sin B B 2sinC - 4A
8. RADIUS OF THE INCIRCLE 'r':

Point of intersection of internal angle bisectors is incentre and
perpendicular distance of incentre from any side is called inradius 'r'.

T :é:(s—a)tané: (s—b)tanE = (s—c)tang =4RsinésinEsing.
] 2 2 2 2 2 2
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. ALLEN Solutions of Triangle
Hllustration 10 :  In a triangle ABC, ifa:b:c=4:5: 6, then ratio between its circumradius and inradius
is-
16 16 o7 1
) B) 5 ©) 1¢ (D)~
R abc /A (abc)s R b
Solution : —= / = ( 2) = —= e ....(1)
r 4A/ s 4A r 4(s—a)(s—b)(s—c)
bicmd:5:6 = 2=R_S_,
a:b:c=4:5: :>456—(say)
= a=4k b=5k,c=6k
S_a+b+c_15k Tk b—& ~ 3k
> S »s-as ,s-b=—rs-e=
o R (4k)(5k)(6k) 16
using (i) in these values . ) 7k (5K (3K = Ans. (A)
2 2 2
Hlustration 11 : 1f A, B, C are the angles of a triangle, prove that : cosA + cosB + cosC = 1+%.
Solution : cosA + cosB + cosC = 2c0s(A+ Bj.COS(A;Bj+COSC

2
_Bj+1—2sinzg = 1+2sing[cos(A_Bj—sin(gﬂ
2 2 2 2
1+2sing[cos(A_BJ—COS(AjLBﬂ -,-92900_(A+Bj
2 2 2 2 2

l+2sing.25iné.sinE =1 +4siné.sinE.sing
2 2 2 2 2 2

=2sing.cos(A
2

r
1+E {as, r = 4R sin A/2 . sinB/2 . sinC/2}

r
= cosA + cosB + cosC = 1+E. Hence proved.

@

(i)

(iif)

Do yourself - 6 :

Ifin AABC,a=3,b=4 and c =5, find

(@ A b R (¢ r
In a AABC, show that :
2_b? A B A
@) a Cb =2Rsin(A - B) (b) rcos;coszcos§=ﬁ (c) a+b+c=%

Let A & A’ denote the areas of a A and that of its incircle. Prove that

A:A= coté.co‘[E.cotg I
2 2 2
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9. RADII OF THE EX-CIRCLES :

Point ofintersection oftwo external angles and one internal angle bisectors
is excentre and perpendicular distance of excentre from any side is called
exradius. Ifr is the radius of escribed circle opposite to ZA of AABC and
so on, then -

@ =

(©0 5=

C

acos— CoS—

A:s‘[ané:4RsinécosEcos—: 2
—a 2 2 2 A
CcOS—
2

bcosAcosC

A B A . N YOS

(b) rz=—=S‘[an—=4Rcos—s1n—cos£:#
s—b 2 2 2 B
CcOS —
2

ccosécosE

—:stang:4Rcosécos—sin—:#
—C 2 2 2 C
cosz

I, I and I, are taken as ex-centre opposite to vertex A, B, C repsectively.

b— - -b
Hllustration 12 :  Value of the expression .t 2 is equal to -
I'l I‘2 r3
(A)1 (B)2 ©)3 (D)0
(b—c) (c—a) (a—b)
TSN + +
Solution : " L, I,
C
= (b +(c—a +(a—-b
(C)( j( )(Aj( )(Aj
(s—a)(b—c)+(s—b)(c—a)+(s—c)(a—Db)
A
_s(b—c+c—a+a—b)—[ab—ac+bc—ba+ac—bc]_9_0
A A
Thus, 2+ £73,370 Ans. (D)
I.1 I.2 r3
Hllustration 13 :  1f r, = r, + r, + 1, prove that the triangle is right angled.
Solution : We have, r, —r =r, + 1,
A A A A s—s+a s—c+s-b
- = =
= s—a s b s-c = s(s—a) (s—b)(s—c)
a _ 2s—(b+c)
= S5—a) (s-b)s—0) {as,2s=a+Db+c}
a a 5 5
= -(b+ +bc=s—
= SG-a) (-b)5-0) = s —-(b+c)stbc=s—as
L 4
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Solutions of Triangle || NGB

= s(-at+tb+c)=Dbc

(b+c—a)a+b+c) _

bc

2

b* + ¢ + 2bc — a® = 2bc

= (b+c)—(a) =2bc
= b+ci=a
ZA =90°. Ans.
Do yourself - 7 :
@i In an equilateral AABC, R = 2, find
@ r (b) ©
@ii) Ina AABC, show that
I 1)1 1
(@) rr, + r,r, + rr = s? (b) J(;—gj(;—gJ= R
() o =A
10. ANGLE BISECTORS & MEDIANS :
An angle bisector divides the base in the ratio of corresponding sides. A
@ —E BD = i & CD = C b
b b " b+c " b+c
. ) B ) C
Ifm and 3 are the lengths of a median and an angle bisector from the
angle A then,
1 2bc cos?
m_=—+/2b" +2¢* —a’ = £
Y2 and P, b+c
2 2 2 3 2 2 2
Note that m, +m, +m; :Z(a +b"+c¢7)
11. ORTHOCENTRE : A
(@) Point ofintersection ofaltitudes is orthocentre & the triangle KLM
which is formed by joining the feet of the altitudes is called the M b N
pedal triangle.
B C
(b) The distances of the orthocentre from the angular points of the AABC K
are 2R cosA, 2R cosB, & 2R cosC.
(¢) The distance of P from sides are 2R cosB cosC, 2R cosC cosA and
2R cosA cosB.
4
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Do yourself - 8 :

@i Ifx, vy, z are the distance of the vertices of AABC respectively from the orthocentre, then
a b c¢ abc
prove that —+—+—=—+
X Yy Z Xyz

(i) Ifp,, p,, p; are respectively the perpendiculars from the vertices of a triangle to the opposite

sides, prove that

a’b’c? 1
@ PpyP; ="gps (®)  A=\7Rpp:Ps
@iii) Ina AABC, AD is altitude and H is the orthocentre prove that AH : DH = (tanB + tanC)
: tanA

@iv) In a AABC, the lengths of the bisectors of the angle A, B and C are x, y, z respectively.

1 A 1 B C 1 1 1
Show that —cos—+—coS—+—coS—=—+—+—,
X 2y 2 z 2 ab c

12.

THE DISTANCES BETWEEN THE SPECIAL POINTS :

(@) The distance between circumcentre and orthocentre is = R+/1-8cosA cosBcosC

(b) The distance between circumcentre and incentre is =+/R? —2Rr

(¢) The distance between incentre and orthocentre is = \/ 21> —4R*cos A cosBcosC

(d) The distances between circumcentre & excentres are

Ol = R\/1+8sin%cos§cos% =,R? +2Rr, & so on.

Hllustration 14 :  Prove that the distance between the circumcentre and the orthocentre of a triangle ABC

is Ry/1-8cosA cosBcosC -

Solution : Let O and P be the circumcentre and the orthocentre respectively. If OF is the perpendicular

to AB, we have ZOAF = 90° — ZAOF = 90° — C. Also ZPAL = 90° — C.
Hence, ZOAP = A — ZOAF — Z/PAL = A -2(90°-C)=A +2C - 180°
=A+2C-(A+B+(C)=C-B.
Also OA = R and PA = 2RcosA.
Now in AAOP,

OP?* = OA” + PA? — 20A. PA cosOAP
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. ALLEN Solutions of Triangle
=R’ + 4R%cos” A — 4R* cosAcos(C — B)
= R’ + 4R’ cosA[cosA — cos(C — B)]
= R? — 4R? cosA[cos(B + C) + cos(C — B)] = R? — 8R? cosA cosB cosC.
Hence OP = R+/1-8cosA cosBcosC . Ans.
13. SOLUTION OF TRIANGLES :

The three sides a,b,c and the three angles A,B,C are called the elements of the triangle ABC. When
any three of these six elements (except all the three angles) of a triangle are given, the triangle is
known completely; that is the other three elements can be expressed in terms of the given elements

and can be evaluated. This process is called the solution of triangles.

* If the three sides a,b,c are given, angle A is obtained from tan% = (S_(b)#
\/ s(s—a

b’ +c¢’—a’ L o
or cosA = “ohe .B and C can be obtained in the similar way.
C
. . ) B-C b- A .
* If two sides b and ¢ and the included angle A are given, then tan 5 = 5 ¢ COtE gives
+c

B-C B+C . A .
— Also S 90 =580 that B and C can be evaluated. The third side is given by

_ . sinA

" sinB

or a>=b*>+ ¢? — 2bc cos A.

* Iftwo sides b and ¢ and an angle opposite the one of them (say B) are given then

bsin A

Sin

) C .
sinC = ™ sinB, A=180°-(B+C) and a= given the remaining elements.

Casel:
b <c sin B.

We draw the side ¢ and angle B. Now it is obvious from the

figure that there is no triangle possible.
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Casell :

b = c sin B and B is an acute angle, there is only one triangle possible.

and it is right-angled at C.

CaseIIl : A

b > csin B, b <c and B is an acute angle, then there are two triangles possible

for two values of angle C.

Case IV :

b > c sin B, ¢ <b and B is an acute angle, then there is only one triangle. Cm,

.
......

Case V :

b > csin B, ¢ > b and B is an obtuse angle.

For any choice of point C, b will be greater than ¢ which is a
contradication as ¢ > b (given). So there is no triangle possible.

Case VI :

b > csin B, ¢ <b and B is an obtuse angle.

We can see that the circle with A as centre and b as radius will cut the
line only in one point. So only one triangle is possible.

Case VII :

b>cand B =90°.

Again the circle with A as centre and b as radius will cut the line only
in one point. So only one triangle is possible.

Case VIII :
b <cand B =90°.
The circle with A as centre and b as radius will not cut the line in any

point. So no triangle is possible.

This is, sometimes, called an ambiguous case.

4
m
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. ALLEN Solutions of Triangle

Alternative Method :

a’+c’ b’

By applying cosine rule, we have cosB = >
ac

= a*—(2ccosB)a+(c2—b’)=0=a=ccosB J_r\/(c cosB)2 —(c2 —bz)

= a=ccosB+ /b’ —(csinB)2

This equation leads to following cases :
Case-I: Ifb <csinB, no such triangle is possible.
Case-II:  Let b= c sinB. There are further following case :
(a) B is an obtuse angle = cosB is negative. There exists no such triangle.
(b) B is an acute angle = cosB is positive. There exists only one such triangle.

Case-III: Let b> c sin B. There are further following cases :

(a) B is an acute angle = cosB is positive. In this case triangle will exist if and only if

c cosB> /b’ —(csin B)2 or ¢ >b = Two such triangle is possible. If ¢ <b, only one

such triangle is possible.

(b) B is an obtuse angle = cosB is negative. In this case triangle will exist if and only if

b? —(csin B)2 > |c cos B| = b > c. So in this case only one such triangle is possible. If

b < ¢ there exists no such triangle.

This is called an ambiguous case.

asinB asinC
C =
. b . .
sin A sin A

* If one side a and angles B and C are given, then A=180°—(B+ C),and b =

* If the three angles A,B,C are given, we can only find the ratios of the sides a,b,c by using sine

rule (since there are infinite similar triangles possible).

Hllustration 15 : Inthe ambiguous case of the solution of triangles, prove that the circumcircles ofthe two
triangles are of same size.

Solution : Let us say b,c and angle B are given in the ambiguous case. Both the triangles will

. . b . . .
have b and its opposite angle as B. so B 2R will be given for both the triangles.

So their circumradii and therefore their sizes will be same.
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Hlustration 16 :

Solution :

Ilustration 17 :

Solution :

Ifa,b and A are given in a triangle and c,,c, are the possible values of the third side, prove
that ¢+ ¢, - 2¢,c, c0s2A = 4a’cos’A.

b*+c* —a’
2bc
= ¢’ — 2bc cosA + b’ —a’ = 0.
¢, + ¢, = 2bcosA and ¢,c, = b’ — a’.
= ¢, +¢,” — 2¢,c,082A = (¢, + ¢,)’ — 2¢,c,(1 + cos2A)
= 4b” cos’A — 2(b° — a)2 cos’A = 4a’cos’A.

COSA =

_csinB

b

A —-A
If b,c,B are given and b < ¢, prove that cos( 1 5 2}

ZC,AC, is bisected by AD.

AD csinB
AC, b

= In AACD, COS(AI ;A2J=

Hence proved.

Do yourself -9 :

. [A—-A
(i) Ifb,c,B are given and b<c, prove that sm( ! 3 2 J = alzb
(i) Ina AABC, b,c,B (c > b) are gives. If the third side has two values a, and a, such
that
. 4b*> -¢*
a, = 3a,, show that sinB = —2C
3c
14. REGULAR POLYGON :
A regular polygon has all its sides equal. It may be inscribed
or circumscribed.
(a) Inscribed in circle of radiusr :
T . T
(i) a=2htan—=2rsin—
n n
(i) Perimeter (P) and area (A) of a regular polygon of n sides inscribed in a circle of radius r
: _ 2nrsin™ L n 2t
are given by P = 2nrsin " and A= o sin—
(b) Circumscribed about a circle of radius r :
(i) a=2rtan T
n
(i) Perimeter (P) and area (A) of a regular polygon of n sides
T
circumscribed about a given circle of radius r is given by P =2nr tanE and
A=nr’tan >
n
L 4

ALLEN .
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. ALLEN

Do yourself - 10 :
(i) Ifthe perimeter of a circle and a regular polygon of n sides are equal, then

T
area of the circle 2 @
prove that =
area of polygon K
n

(ii) The ratio of the area of n-sided regular polygon, circumscribed about a circle, to the area
of the regular polygon of equal number of sides inscribed in the circle is 4 : 3. Find the
value of n.

15.

SOME NOTES :
@ (1) IfacosB=Dbcos A, then the triangle is isosceles.
(i) Ifacos A =b cos B, then the triangle is isosceles or right angled.
(b) Inright angle triangle
(i) a?+b*+c?=8R? (i) cos? A+cos?’B+cos’C=1
(¢) Inequilateral triangle

() R=2r i) r=r=r=—

¥3’ (V) R=-%

V3

(d) (i) The circumcentre lies (1) inside an acute angled triangle (2) outside an obtuse angled
triangle & (3) mid point of the hypotenuse of right angled triangle.
(i) The orthocentre of right angled triangle is the vertex at the right angle.
(iii) The orthocentre, centroid & circumcentre are collinear & centroid divides the line segment
joining orthocentre & circumcentre internally in the ratio 2 : 1 except in case of equilateral
triangle. In equilateral triangle, all these centres coincide

(e) Area of a cyclic quadrilateral = \/(s —a)(s—b)(s—c)(s—d)

(i) r:R:r=1:2:3 (iv) area =

1

a+b+c+d

where a, b, ¢, d are lengths of the sides of quadrilateral and s = >

ANSWERS FOR DO YOURSELF

1:

5:

10:

@ 90°
) () > by > L @~ D 24
() (@) 3 (b) 7 (C)E @ 7o (€ 3 ®
5
@) @6 () 5 (0 1

i (@1 ()3 ©) 23
(ii) 6

Solutions of Triangle
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ALLEN .
ELEMENTARY EXERCISE
Angles A, B and C of a triangle ABC are in A.P. If% - \E , then A is equal to
(A) g (B) % ©) f—’; D) g TS0001

IfK is a point on the side BC ofan equilateral triangle ABC and if ZBAK = 15°, then the ratio oflengths

AK
— 1S TS0002

AB
3\5(3+\5) B) \/5(3+x5)

A R V" —\ 7 7
&) 2 2 2 2

In a triangle ABC, ZA=60°and b:c= (\/5 + 1) : 2 then (£B — ZC) has the value equal to

(A)15° (B) 30° (C)225-° (D) 45° TS0014
In an acute triangle ABC, ZABC =45°,AB=3 and AC= \/g . The angle Z/BAC, is
(A)60° (B) 65° (C)75° (D) 15°0r 75° TS0009
Let ABC be aright triangle with length of side AB = 3 and hypotenuse AC =5.
IfD is a point on BC such that BD_AB , then AD is equal to
DC AC

4/3 3V5 445 5v3

(A) T\/_ (B) T\/_ (®) T\/_ (D) T\/_ 750003

Inatriangle ABC, ifa=6,b=3 and cos(A—B) = % , the area of'the triangle is

15
(A)8 B)9 (©) 12 (D) > TS0018
In AABC, ifa=2b and A= 3B, then the value of % is equal to
(A3 (B) 2 O)1 (D) /3 TS0004

) . ) . T )
Ifthe sides of a triangle are sin a, cos a, /1 +sina cosa,0 < a < 2 the largest angle is

(A)60° (B)90° (C) 120° (D) 150° TS0013
Ifthe angle A, B and C of a triangle are in an arithmetic progression and if a, b and ¢ denote the lengths of

the sides opposite to A, B and C respectively, then the value of expression E = (i sin2C + < sin 2AJ , 18
c a

B

1
(A) 5 (B) B3 (O 1 (D) /3 TS0005
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. ALLEN Solutions of Triangle

10. Ifinatriangle sinA: sin C =sin (A—B) : sin (B — C), then az, bz, ¢ TS0007

(A)arein A.P. (B) arein G.P. (C)areinH.P. (D) none ofthese

. . A b+c :
11. Intriangle ABC,ifcot B} =——, then triangle ABC must be
a

[Note: All symbols used have usual meaning in AABC.] TS0016

(A) isosceles (B) equilateral (C) right angled (D) isoceles right angled
12. Consider atriangle ABC and let a, b and ¢ denote the lengths of the sides opposite to vertices A, Band C

respectively. Ifa= 1, b=3 and C =60°, then sin’B is equal to

INEL B) — o= D) + 50010

(A) 2 (B) 54 (©) o3 (D) 7
13. The ratio ofthe sides ofa triangle ABC is 1: \/5 :2.ThenratioofA: B: Cis

(A)3:5:2 (B)l:\/§:2 (©)3:2:1 (D)1:2:3 TS0006
14. Intriangle ABC, If s=3 +\/§ +\/§ ,3B— C=30° A+2B=120°, then the length of longest side of

triangle is

[Note: All symbols used have usual meaning in triangle ABC.]

(A)2 (B) 242 (©) 2(\3 +1) D) 3 -1 TS0011
15. InatriangletanA:tanB:tanC=1:2: 3, then a’:b’: ¢ equals

(A)5:8:9 (B)5:8:12 (C)3:5:8 (D)5:8:10  TS0008
16. In AABC, ifa,b,c (taken in that order) are in A.P. then cot% cot% =

[Note: All symbols used have usual meaning in triangle ABC. |

A1 (B)2 )3 (D)4 TS0017
17. InAABCifa=8,b=9,c= 10, then the value of 22 i

sin B

A 2 B ﬁ C g D E TS0012

() B) - © 7 (D)
18. Intriangle ABC, if A=a>—(b—c)? thentan A=

[Note: All symbols used have usual meaning in triangle ABC. |

A E B l C E D ﬁ TS0015

() 1 B) © D) 12

. . . 3 2 cosA) p

19. Inatriangle ABC, if the sides a, b, c are roots of x™ — 11x” +38x—40 =0. If Z T = E , then find

the least value of (p + q) where p,q € N. TS0020
20. ABC is atriangle such that sin (2A + B) = sin (C —A) =—sin (B +2C) = 1 .IfA, B, Carein AP,

2
find A, B, C. TS0019
\ 4
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1.

EXERCISE (0O-1)

A triangle has vertices A, B and C, and the respective opposite sides have lengths a, b and c. This triangle
is inscribed in a circle of radius R. If b=c = 1 and the altitude from A to side BC has length \/g ,thenR
3

equals

1 2 NE) 3
(A) ﬁ (B) ﬁ ©) > (D) m TS0022
Acircle is inscribed in a right triangle ABC, right angled at C. The circle is tangent to the segment AB at D
and length of segments AD and DB are 7 and 13 respectively. Area of triangle ABC is equal to
(A)91 (B)96 (C) 100 (D) 104 TS0028
In a triangle ABC, ifa= 13, b= 14 and ¢ = 15, then angle A is equal to

(All symbols used have their usual meaning in a triangle.)

- -1 4 < -1 3 L | 1
(A) sin g (B) sin g (C) sin

3 -
" (D) sin 150024

In a triangle ABC, ifb= (\/5 —1)a and £C=30°, then the value of (A—B) is equal to
(All symbols used have usual meaning in a triangle.)
(A)30° (B) 45° (C) 60° (D) 75° TS0030

In triangle ABC, if AC =8, BC =7 and D lies between A and B such that AD =2, BD =4, then the length
CD equals

(A) Va6 (B) V48 (©) /51 (D) 75 Ts0025

In a triangle ABC, if ZC =105°, £/B =45° and length of side AC =2 units, then the length of the side AB
is equal to

(A) V2 (B) 3 © V2 +1 (D) \3+1  Ts0023
. : 8a’b’c’ o
In a triangle ABC, if(a+b+c)(a+b-c)(b+tc—a)(cta—-b)=— ool then the triangle is
a C

[Note: All symbols used have usual meaning in triangle ABC.] TS0034

(A) isosceles (B) right angled (C) equilateral (D) obtuse angled

In triangle ABC, if 2b=a + c and A— C =90°, then sin B equals

[Note: All symbols used have usual meaning in triangle ABC.] TS0026
i 5 i 5

A) — B) — C)— D) —

(A) = (B) ~¢ © (D) =

The sides of a triangle are three consecutive integers. The largest angle is twice the smallest one.

The area of triangle is equal to TS0031
5 15 15

(&) V7 B) 7 © V7 (D) 517

ALLEN .
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. ALLEN

10.

11.

12.

13.

14.

The sides a, b, ¢ (taken in that order) of triangle ABC are in A.P.

b c
If cosa = ,C08 3 =——,c0sY =—— then tan> [%] +tan’ [%] is equal to

b+c c+a a+b
[Note: All symbols used have usual meaning in triangle ABC. |
A1 (B) ] ©) L (D) 2 TS0032
2 3 3

AD and BE are the medians of a triangle ABC. fAD =4, Z/DAB = T ,ZABE = T, thenarea of triangle
6 3

ABC equals

S ®) 2 © 2 D) 23 Ts0033
3 3 3 9

In triangle ABC, if sin® A + sin® B+sin® C = 3sin A.sin B.sin C, then triangle is TS0021

(A) obtuse angled (B) right angled (C) obtuseright angled (D) equilateral

r
For right angled isosceles triangle, R

[Note: All symbols used have usual meaning in triangle ABC. | TS0035
(A) tan I (B) cot I (C) tan I (D) cot I
12 12 8 8

1 1 3
. + _ .
In triangle ABC, If 1t bic atbic then angle C is equal to

[Note: All symbols used have usual meaning in triangle ABC. ]
(A)30° (B)45° (C) 60° (D) 90° TS0029

EXERCISE (0-2)

Multiple Correct Answer Type :

1.

In a triangle ABC, let 2a* + 4b*+ ¢*=2a(2b + ¢), then which of the following holds good?
[Note: All symbols used have usual meaning in a triangle. ]

7
(A)cosB= ry (B)sin(A-C)=0
1
(C) === (D)sinA:sinB:sinC=1:2:1 TS0043
, 5

Inatriangle ABC, ifa=4,b=8 £C=60°, then which ofthe following relations is (are) correct?
[Note: All symbols used have usual meaning in triangle ABC.]

(A) The area of triangle ABC is 83
(B) The value of »_sin’ A =2

(C) Inradius oftriangle ABC is 23
3+43
4
(D) The length of internal angle bisector of angle C is ﬁ TS0047

Solutions of Triangle
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In which of the following situations, it is possible to have a triangle ABC?
(All symbols used have usual meaning in a triangle.)

(A)(a+c—b)(a—c+b)=4bc (B)bzsin2C+c2sin2B=ab
27 —
(C)a=3,b=5,c=7andC=? (D) cos(A CJ:cos(A;CJ TS0038
4. Inatriangle ABC, which of the following quantities denote the area of the triangle?

a’—b’ (sinAsinB LT

(A) . (B) ==
2 sin(A —B) /z It
a’+b*+c > A B C

C D t —cot—cot— TS0044
© cotA +cotB+cotC (D)r"co 2 ©° 2CO 2

5. InAABC,angle A, B and C are inthe ratio 1 : 2 : 3, then which of the following is (are) correct?
(All symbol used have usual meaning in a triangle.)

(A) Circumradius of AABC=c¢ (B)a:b:c=1 J3:2

3
(C) Perimeter of AABC =3 +4/3 (D) Area of AABC = % c? TS0040

6. Intriangle ABC, letb=10,c=10+2 and R = 542 thenwhich of the following statement(s) is (are)

correct?

[Note: All symbols used have usual meaning in triangle ABC.]

(A) Area of triangle ABC is 50.

(B) Distance between orthocentre and circumcentre is 54/2

(C) Sum of circumradius and inradius of triangle ABC is equal to 10

5
(D) Length of internal angle bisector of ZACB oftriangle ABC is W) TS0046
7. Inatriangle ABC, let BC=1, AC =2 and measure of angle C is 30°. Which of the following
statement(s) is (are) correct?
(A)2sinA=sinB
(B) Length of side AB equals 5— 243
(C) Measure of angle A is less than 30°
(D) Circumradius of triangle ABC is equal to length of'side AB TS0041
4 24
8.  Given an acute triangle ABC such that sin C= 5 tanA= e and AB = 50. Then-
(A) centroid, orthocentre and incentre of AABC are collinear
. 4
B)sinB=—
(B) sinB=~
4
sinB=—
(C) sinB=—
(D) area of AABC=1200 TS0036
9. InAABC, angleAis 120°, BC+ CA=20and AB+ BC =21, then
(A)AB>AC (B)AB<AC
(C) AABC is isosceles (D) area of AABC = 1443 TS0037
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. ALLEN Solutions of Triangle
EXERCISE (S-1)
: : . : : A
1.  Givenatriangle ABC withsidesa=7, b=8 and c=5. If the value of the expression ( sin A) Z cot 5
can be expressed in the form P where p,q € Nand % is in its lowest form find the value of (p +q).
TS0052
2. If two times the square ofthe diameter of the circumcircle of a triangle is equal to the sum of the squares
of its sides then prove that the triangle is right angled. TS0053
3.  Inacute angled triangle ABC, a semicircle with radius r, is constructed with its base on BC and tangent to
the other two sides. r, and r_are defined similarly. IfT is the radius of the incircle of triangle ABC then prove
2 1 1 1
that, — = —+—+—, TS0058
r r r T
a b c
4.  If the length of the perpendiculars from the vertices of a triangle A, B, C on the opposite sides are
N ) 1 1 1 1 1 1 1 50059
, P, P; thenprovethat — + — + —=—=—+ — + —, TS005
P> P2 3 b Ppp P, P3 T § L, T
S.  With usual notations, prove that in a triangle ABC
Rr(sinA+sinB+sinC)=A TS0056
6.  With usual notations, prove that in a triangle ABC
AL B C S TS0054
cot 7 +eot +eot =~
7.  With usual notations, prove that in a triangle ABC
2,12, .2
+b" +
cotA+cotB+cotC= a7 TS0057
4A
8. Ifab,carethe sides of triangle ABC satisfying log[l + Ej +loga—logb =1og2.
a
Also a(1 —x?) +2bx + ¢(1 + x?) =0 has two equalroots. Find the value of sinA + sinB + sinC. TS0051
9.  With usual notations, prove that in a triangle ABC
b-c c—a a-b
+ + =0 TS0060
b ) 5]
10. With usual notations, prove that in a triangle ABC
i, b & 3 TS0061
(s—=b)(s—c) (s—c)(s—a) (s—a)(s—=b) r
11. With usual notations, prove that in a triangle ABC
@ é E g =A TS0062
g, COST COST - CosT =
12. With usual notations, prove that in a triangle ABC
11 1 1 _a’+b’+c?
2ttt T TS0063
S R SO o A
13. If r,=r+r,+r; thenprove that the triangle is a right angled triangle. TS0064
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EXERCISE (S-2)

b+c c+a a+b

With usual notation, ifina A ABC, ; then prove that, cos A _ Cos B _ Cos C .
11 12 13 7 19 25

TS0067

Given a triangle ABC with AB =2 and AC = 1. Internal bisector of ZBAC intersects BC at D. If

AD =BD and A is the area of triangle ABC, then find the value of 12A2. TS0073

. . b+c . A b—c
For any triangle ABC, if B=3C, show that cosC= & s~ = ——. TS0069
4c c
. T ) cotC
In a triangle ABC if a* + b= 101c- then find the value of ———. TS0068
cotA +cotB

Two sides of a triangle are of lengths V6 and 4 and the angle opposite to smaller side is 30°. How many
such triangles are possible ? Find the length of their third side and area. TS0074
The triangle ABC (with side lengths a, b, ¢ as usual) satisfies log a> =log b> + log ¢ — log (2bc cosA).
What can you say about this triangle? TS0072
The sides of a triangle are consecutive integers n, n+ 1 and n+ 2 and the largest angle is twice the smallest
angle. Find n. TS0066

EXERCISE (JM)
If 5, 5r, 5r2 are the lengths of the sides of a triangle, then r cannot be equal to : [JEE(Main)-Jan 2019]

(1) % (2) % (3) % (4) % 150076

With the usual notation, in AABC, if ZA+£ZB=120°,a= J3+1land b= 3 —1, thentheratio ZA:/B,
is: [JEE(Main)-Jan 2019]
(H7:1 (2)5:3 3)9:7 43:1 TS0077
In a triangle, the sum of lengths of two sides is x and the product of the lengths of the same two sides is
y. Ifx2—¢c2 =y, where c is the length of the third side of the triangle, then the circumradius of the triangle

IS: [JEE(Main)-Jan 2019]
(1) % @) &= 3) = @2y Tso07s
3 V3 3 2
Given b 1+1c =L 1+2a =2 ;;b for a AABC with usual notation. If CO;A = CO; 5 = cos¢ , then the ordered
triad (a., B3, y) has a value :- [JEE(Main)-Jan 2019]
(1)@3,4,5) (2) (19, 7, 25) (3) (7, 19, 25) (4) (5, 12, 13) TS0079
Ifthe lengths of the sides ofa triangle are in A.P. and the greatest angle is double the smallest, then a ratio
oflengths of the sides of this triangle is : [JEE(Main)-Apr 2019]
(1)5:9:13 2)5:6:7 3)4:5:6 (4)3:4:5 TS0080

ALLEN .
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. ALLEN Solutions of Triangle
6. Theangles A, B and C of a triangle ABC are inA.P.anda: b= 1: /3. If ¢ =4 cm, then the area (in
sq. cm) of'this triangle is : [JEE(Main)-Apr 2019]
2 4
(1) 443 @5 (3) 243 45  Tsoos1
EXERCISE (JA)

Let ABC and ABC' be two non-congruent triangles with sides AB = 4, AC = AC' = 242 and

angle B =30°. The absolute value ofthe difference between the areas ofthese triangles is [JEE 2009, 5]
TS0082
(a) Ifthe angle A,B and C of a triangle are in an arithmetic progression and if a,b and ¢ denote the
length of the sides opposite to A,B and C respectively, then the value of the expression

a . C .
—sin2C+—sin2A | s -
v a

NG

1
(A) 5 (B) 73 O) 1 D) /3 TS0083
(b) Consider a triangle ABC and let a,b and c denote the length of the sides opposite to vertices A,B
and C respectively. Suppose a = 6, b = 10 and the area of the triangle is 15v3 . If ZACB is

obtuse and ifT denotes the radius of the incircle of the triangle, then 12 is equal to TS0084

(c) Let ABC be a triangle such that ZACB =g and let a,b and ¢ denote the lengths of the sides

opposite to A,B and C respectively. The value(s) of x for whicha =x?> +x+ 1, b=x%>—1 and
c=2x+11is/are [JEE 2010, 3+3+3]

@) ~(2+3) B 1443 (©) 243 (D) 43 Ts008s

7 5
Let PQR be atriangle of area A witha=2, b= ) and C = Ex where a, b and ¢ are the lengths ofthe sides

2sin P —sin 2P

of the triangle opposite to the angles at P, Q and R respectively. Then

2sin P +sin 2P
equals [JEE 2012, 3M, -1M]
A i B ﬁ C i 2 D £ 2 TS0086
()4A ()4A ()4A ()4A

1
In a triangle PQR, P is the largest angle and cos P = 3 Further the incircle of the triangle touches the

sides PQ, QR and RP at N, L and M respectively, such that the lengths of PN, QL and RM are consecutive
even integers. Then possible length(s) of the side(s) of the triangle is (are)

[JEE(Advanced) 2013, 3, (-1)]
(A) 16 (B) 18 (C) 24 (D) 22 750087

*
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S.

In a triangle the sum of two sides is x and the product of the same two sides is y. I[f x* — ¢* =y, where
c is a third side of the triangle, then the ratio of the in-radius to the circum-radius of the triangle is -
[JEE(Advanced)-2014, 3(-1)]

3y 3y 3y 3y
(A) 2x(x+c) (B) 2c(x+c¢) (©) 4x(x +c) (D) 4e(x+c¢)

TS0088

In a triangle XYZ, let x,y,z be the lengths of sides opposite to the angles X,Y,Z, respectively and 2s

-X S—-y S§s-—-z o ) . 8r
= = and area of incircle of the triangle XYZ is ——, then-

s
=x+y+tzlf

4 3 2 3
(A) area of the triangle XYZ is 6+/6
. : : . .35

(B) the radius of circumcircle of the triangle XYZ is ?\/g

C sinzsinzsinE = i TS0089
© 2 2 2 35

.o X+Y) 3

(D) sm (Tj = 5 [JEE(Advanced)-2016, 4(-2)]

In a triangle PQR, let Z/PQR =30° and the sides PQ and QR have lengths 1043 and 10, respectively.
Then, which of the following statement(s) is (are) TRUE ? [JEE(Advanced)-2018, 4(-2)]
(A) ZQPR = 45°

(B) The area of the triangle PQR is 2543 and ZQRP = 120°

(C) The radius of the incircle of the triangle PQR is 1043 -15

(D) The area of the circumcircle of the triangle PQR is 1007. TS0090
In a non-right-angled triangle APQR, let p, q, r denote the lengths of the sides opposite to the angles
at P, Q, R respectively. The median from R meets the side PQ at S, the perpendicular from P meets

the side QR at E, and RS and PE intersect at O. If p = V3 ,q=1, and the radius of the circumcircle

of'the APQR equals 1, then which of the following options is/are correct ?
[JEE(Advanced)-2019, 4(-1)]

3
(1) Area of ASOE = g (2) Radius of incircle of APQR = %(z VN
(3) Length of RS = g (4) Length of OE = % TS0091

ALLEN .
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. ALLEN Solutions of Triangle
ANSWERS
ELEMENTARY EXERCISE
1. C 2. C 3. B 4. C 5. B 6. B 7. D 8. C

D 10. A 11. C 12. A 13. D 14. C 15. A 16. C

A 18. D 19. 25 20. 45°,60°,75°

EXERCISE (0O-1)
D 2. A 3. A 4. C 5. C 6. D 7. B 8. C
C 10. D 11. D 12. D 13. C 14. C

EXERCISE (0-2)

B,C 2. AB 3. B,C 4. ABD 5. BD 6. AB,C 7. ACD
AB.D 9. AD
EXERCISE (S-1)

EXERCISE (S-2)
9 4. 50 5 Twotringle (2V3-2), (2V3++2), (2¥3-12) & (2¥3+72) sq. units

triangle isisosceles 7. 4

EXERCISE (JM)

4 2. 1 3. 2 4. 3 5.3 6. 3
EXERCISE (JA)
4 2. (@D,(b)3,c)B 3. C 4. BD 5 B 6. ACD

B.C,D 8. 234
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BINOMIAL THEOREM

BINOMIAL EXPRESSION :
Any algebraic expression which contains two dissimilar terms is called binomial expression.

For example : x —y, Xy +l,l—l,;m+3 etc.

X'z (x-y)

BINOMIAL THEOREM :

The formula by which any positive integral power of a binomial expression can be expanded in the
form of a series is known as BINOMIAL THEOREM.

Ifx, y eR and neN, then :

(x+yr="Cx"+"Cx"'y+"Cx?y+ .. +"Cx"y+ ... +"Cy =Z "Cx"y'
r=0
This theorem can be proved by induction.

Observations :

(@) The number of terms in the expansion is ( n+1) i.e. one more than the index.

(b) The sum of the indices of x & y in each term is n.

(©)  The binomial coefficients of the terms ("C,"C.,.....) equidistant from the beginning and the end are
equal ie."C ="C,

-1

(d Symbol"C_can also be denoted by [nj ,C(n,r) or A.
r

Some important expansions :

@ (A+x="C,+"Cx+"Cx+ ... +"C x".

i (1-xp=C,-"Cx+"Cx*+ ... + (=) "C x™

Note : The coefficient of x" in (1 + x)" = "C_& that in (1-x)" = (-1)" ."C,

Hlustration 1:  Expand : (y + 2)°.

Solution : 6C,y0 + 6C,y3.2 + 6C,y*. 22+ 6C,y3 23 + 6C,y2. 24 + 6Cy! . 25 + 6C, . 26.

;
2 2
Hllustration 2:  Write first 4 terms of (l - Z J

=y0 + 12y° + 60y* + 160y> + 240y? + 192y + 64.

2y’ 2y* Y 2y*Y

. Y |, ;

Solution : C,,C, s | C, (_Tj , ' C, (— s j

Hllustration 3 :  1fin the expansion of (1 +x)™ (1 —x)", the coefficients of x and x? are 3 and — 6 respectively
then mis - [JEE 99]
(A)6 (B)9 ©) 12 (D) 24

fa— 2 pa—
Solution : (1+x)m(1—x)“={l+mx+w+ ...... Ml—nxntgxznt ...... }

| 4

ALLEN .
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. ALLEN Binomial Theorem
Coefficient of x=m-n=3 .. (1)
Coefficient of x> = —mn + n(n2+ D + m(rrzl =D _ -6 (i)
Solving (i) and (i), we get
m=12and n=09.
Do yourself - 1 :
5
@i  Expand (3X2 —%J @) Expand (y + x)"
Pascal's triangle :
(xcty)’ ! 1
(x+y)' Xty 1
2 2 \/
(x+y)’ X +2xy +y 1\/ 3 \/1
(x+y)’ x +3x’y+3xy’ +y 1\/3 \/3\/1
(xty)' | X+ dxy+ 6xy +dxy’ +y 14 6 4 1

Pascal's triangle

(i)  Pascal's triangle - A triangular arrangement of numbers as shown. The numbers give the
binomial coefficients for the expansion of (x + y)". The first row is for n = 0, the second
for n =1, etc. Each row has 1 as its first and last number. Other numbers are generated by
adding the two numbers immediately to the left and right in the row above.

(i) Pascal triangle is formed by binomial coefficient.

(i) The number of terms in the expansion of (x+y)" is (n + 1) ie. one more than the index.

(iv)  The sum of the indices of x & y in each term is n.

(v) Power of first variable (x) decreases while of second variable (y) increases.

(vi) Binomial coefficients are also called combinatorial coefficients.

(vi)) Binomial coefficients of the terms equidistant from the begining and end are equal.

(viii) r'™ term from the beginning in the expansion of (x + y)" is same as r* term from end in the
expansion of (y + x)".

(ix) r™term from the end in (x +y)"is (n — r + 2)'" term from the beginning.

3. IMPORTANT TERMS IN THE BINOMIAL EXPANSION :
(@) General term: The general term or the ( r +1)™ term in the expansion of (x + y)"is given by

— n n-r I
Tr+1 Cr X y

11
Illustration 4: Find : (a) The coefficient of X’ in the expansion of (ax2 +bij
X

11
(b) The coefficient of x ' in the expansion of (axz +bij
X

Also, find the relation between a and b, so that these coefficients are equal.
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Solution :

Illustration 5 :  Find the number of rational terms in the expansion of (9" + 8"
Solution :

11
) 1 )
a) In the expansion of | ax” +— | , the general term is :
p N g

— llC (ax )ll r(ij :11 r'ﬁ.X2273r
bx

putting 22 —3r=7
: 3r=15 = r=95
6

__11(: i;g‘)(

11
: ) 1 :
Hence the coefficient of x’ in (ax2 +b—j 1S 11(35216b"5 .
X

Note that binomial coefficient of sixth term is 11CS.

11
(b) In the expansion of (ax —b—lzj , general term is :
X

-1 al'” 3
T . _ llC ax 11— r( j (_l)rllc .
=02 i
putting 11 —3r=-7
3r=18 = r=6
5
T,= (" "Cppr X

-7

1 11

Hence the coefficient of x’ in(aX—Fj is 'Ca’b .
X

Also given :

1

11 11
1 : :
Coefficient of X’ in (ax2 +b—j = coefficient of X’ in (ax—Fj

X X

— llCSaéb—S =11C6a5b—6
= ab=1 (- 'c,="Cy)
which is the required relation between a and b.

1000

The general term in the expansion of (9" + 8"%)'* is
1000—r r

_ 1000 VOO N ogo 2 ~2

T, =" () (gi) = "c3 2 2

The above term will be rational if exponents of 3 and 2 are integers
— r

It means &gr and ) must be integers

The possible set of values of r is {0, 2, 4, ........... , 1000}

Hence, number of rational terms is 501

Ans.

Ans.

Ans.

Ans.

(b)

Middle term :
The middle term(s) in the expansion of (x + y)" is (are) :
@i Ifnis even, there is only one middle term which is given by T "C_,

@ii) Ifnis odd, there are two middle terms which are T(n+1) L, & T -

(n +2)/2_

n/2
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. ALLEN Binomial Theorem

Important Note :
Middle term has greatest binomial coefficient and if there are 2 middle terms their coefficients will
be equal.

When r:% ifn is even
= "C. will be maximum <
When rzn;l or %1 ifn is odd

2
=  The term containing greatest binomial coefficient will be middle term in the expansion of (1 +x)"

3 9
Illustration 6 :  Find the middle term in the expansion of (3){ _X_j
6

3 9
Solution : The number of terms in the expansion of (3){ - %} is 10 (even). So there are two middle

terms.
(9+1)" 9+3)" . -
1.e. — and BN are two middle terms. They are given by T, and T,

XY x2 9876 3 189
B e :9C4(3X)5(_?J SN T sa iy Y s

XT_ oo gt s X0 9876 3 21
-— | =-CJ3Xx.

= =——X Ans.

_Tr 9 4 X7 _ 2
and  T=T,,, C5(3X)( ¢ 1234 23 16

(¢ Term independent of x :
Term independent of x does not contain x ; Hence find the value of r for which the exponent of

X 1S Zero.
10
. . . X 3 .
Illustration 7:  The term independent of X in 3 + prel 1s -
X
5
(A) 1 (B) T (©) ¢, (D) none of these
Solution : General term in the expansion is
L 10=r 3r 5—
c, (ijz (izj P 10Crx?% .—5— For constant term, 3 10=>r= 20
3 2x 2Tr 2 3

which is not an integer. Therefore, there will be no constant term. Ans. (D)

Do yourself - 2 :
1 10
(i) Find the 7" term of (3){2 _EJ
3 25
(ii) Find the term independent of x in the expansion : (2){2 ——J
X
N . . . 2x 3 , 1Y
(iii) Find the middle term in the expansion of : (a) 3 ox (b) 2x° ——
X
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(d) Numerically greatest term :

Let numerically greatest term in the expansion of (a + b)" be T ..

{ | Tr+1 |2
==

. . o\ +1
Solving above inequalities we get LI P

CaseI: When

Case Il : When

Tl'

T where T, = nCra“‘fbr

r+l

r+2|

n+1

a

b

1+

a‘ 1+
b

n+l . . . .
— 7 is an integer equal to m, then T_and T__ will be numerically greatest

1+

b

term.

n+1
a
b
greatest term.

1+

isnot an integer and its integral part ism, then T, will be the numerically

Hlustration 8 :

Solution :

IHllustration 9 :

Solution :

Find numerically greatest term in the expansion of (3 — 5x)'' when x =3

-5x
solving we get 2 <r <3

T r=2,3

so, the greatest terms are T, and T, .

Greatest term (whenr = 2)

T,="C,3" (-5x) =553’ =T,
From above we say that the value of both greatest terms are equal. Ans.
Given T, in the expansion of (1 — 3x)° has maximum numerical value. Find the range
of 'x'.

n+1 n+1
-1<5r<

Using
a

1+

6+1 7

1+ ! 1+

-3x

ALLEN .

node06\BOBO-BA \Kota\JEE(Advanced)\Leader\Maths\Sheet\SOT + Binomial\Eng\02 Binomial. p65



node06\BOBO-BA \Kota\JEE(Advanced)\Leader\Maths\Sheet\SOT + Binomial\Eng\02 Binomial. p65

. ALLEN

Binomial Theorem

Let [x] =t
21t 1<o< 21t
3t+1 3t+1
21t <3 jt_iso = te[—%,%}
= +
s 152 17 2
21t 5 — ZO:te(—w,——}u[—,ooj
3t+1 3t+1 3 15
. 2 1 1 2 2 1
Common solution te|—, —| = x€|—, —— |U|—, —
15 4 4 15 15 4

@

(i)

Do yourself -3 :

Find the numerically greatest term in the expansion of (3 — 2x)°, when x = 1.

: 1 2x) . :
In the expansion of (5 + ?XJ when x = —% , it is known that 3™ term is the greatest term|

Find the possible integral values of n.

4. PROPERTIES OF BINOMIAL COEFFICIENTS :

n

(I+x)"=C,+Cx+CxX*+ Cx’ +........ +Cx'= Z "Cr;neN ..(i)

r=0

where C,C.C.............. C, are called combinatorial (binomial) coefficients.

(a)

(b)

(c)

d)

(e)

®

(&

The sum of all the binomial coefficients is 2".

Put x =1, in (i) we get

C,+C +CF e, +C =2 = )."C,=0 .. (i)

Put x=1 in (i) we get
C—C +CCorren.. +C =0= D, (-1)"C,=0 ...(iil
r=0

The sum of the binomial coefficients at odd position is equal to the sum of the binomial coefficients
at even position and each is equal to 2™,

From (if) & (i), C,+C,+C, +*rrrrvev... =C,+C, +Cehun =201
nCr+ nCr_IZ nHCr

"C, n-r+l

"C, r
— n(n—-H(n-2)....... n—-r+1
TORBLER ORI U bt DSORGB )
r r r—1 r(r=1)(r—2).......... 1
n(:r:r-i_l'nJrl -+l
n+l
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Illustration 10 :  Prove that : ®C, + *C  +........ +C , =*C,,

Solution : LHS ="C  +"C +"C + i +3C
= UC, +1C, + 2C, + ... 45C
= BC, +2C H....A5C
=  BC, +BC, +....5C
and so on. .. LHS =*C |
Aliter :
LHS = coefficient of x'%in {(1 +x)"* + (1 +x)"" +............... (1+x)*}

0 {1+x}16—1}

1+x-1

= coefficient of x!° in {(1 +X)

[1+%) = (1+x)" ]

X

= coefficient of x'° in

= coefficient of x'' in [(1+ x)* (1 +X)10]= %C —0=2C

Hlustration 11 : A student is allowed to select at most n books from a collection of (2n + 1) books. If the
total number of ways in which he can select books is 63, find the value of n.

Solution : Given student selects at most n books from a collection of (2n + 1) books. It means that
he selects one book or two books or three books or ............ or n books. Hence, by the
given condition-
2n+1 2n+1 2n+1 2n+1 _ .

C,+ C, + Cyton + C, =63 ..(1)
But we know that
2n+1 2n+1 2n+1 2n+1 2n+1 — ~2n+l s
Cy+ C,+ C, + Cyt o + Cyps1=2 ...(1)
Since 2n+1C0 = 2r1+1C2r1 . 1= 1, equation (ii) can also be written as
2+ (21’1+1Cl + 2n+1C2 + 2n+1 C3 + . + 2n+lcn) +
2n+1 2n+1 2n+1 2n+1 2n+1 —_n2n+1
( Cn+l + Cn+2 + Cn +3 + Canl + CZn) =2
— 2+ (21’1+1Cl + 2n+lC2 + 2n+lc3 + + 2n+lcn)
+ (2n+lcn + 2n+lcn71 + + 2n+lC2 + 2n+1C1) — 22n+l
.o 2n+tl~ _ 2ntl
(- Cr - C2n +1- r)
2n+1 2n+1 2n+1 20+l y _ H2n+ 1 :
=2+2("C TG, I +C) =21 [from ()]
=2 +2.63 =21 = 1+ 63 =2%"
= 64 =22 = 26=72 . 2n=6
Hence, n = 3. Ans.

Illustration 12 : Prove that :
(1) C +2C, +3C+ ... +nC =n. 2n-l

. c, C, c. 2ol
(i) Co+—+—+........ +—==
2 3 n+l n+l
Solution : () LHS.=)r"C = Z“r.E.HCF1
r

r=l1 r=1
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. ALLEN Binomial Theorem
Aliter : (Using method of differentiation)
(1+x)"="C,+"Cx+"Cx*+ ... +rC XY (A)
Differentiating (A), we get
n(l+x)"'=C +2Cx+3Cx*+ ... +n.Cx" L
Putx=1,
C;+2C5+3C3 +........ +n.C, =n.2"?
. 5 C 1 &n+l
i) L.H.S.= L= "C
W ,Z;‘r+l n+1;r+l '
1 <& 1 1
=——>» "IC,,=—|"™C,+"C, +...+™C_, [F——| 2" -1
n+1< 1 n+l[ ! : ““] n+l[ ]
Aliter : (Using method of integration)
Integrating (A), we get
1+ n+l C 2 C 3 C n+l
a+™ +C=Cyx pX g 4t (where C is a constant)
n+l1 2 3 n+l1
1
Put x =0, we get, C=———
n+1
n+l 2 3 n+l
M:COX+C‘—X+C2X Foeen +C“X
n+l1 2 3 n+l1
n+l
Put x=1, weget C, 4ty 2y G 2 7
2 3 n+l n+l
Cc, C 1
- C,——L+—=2—....... =
Put x =-1, we get > T3 ol
. o r 2 2 2 > (@n-D)!
Hlustration 13 :  1f (1 + x)“=z C,x", then prove that C; +2.C; +3.C; +......... +n.C, = m
r=0 n-— .
Solution : (1+x)"=C+Cx+Cx*+Cx + ... +C x* L (1)
Differentiating both the sides, w.r.t. x, we get
n(l+x)"'=C +2Cx+3Cx+ ... +nCx"t L (ii)
also, we have
x+I)=Cx+Cx"'+Cx"?+ ... +C. (iii)

Multiplying (if) & (iii), we get
(C,+2Cx+3Cx* + ... +Cx HCx +Cx '+ Cx" 2+ ...+ C)=n(l +x)!
Equating the coefficients of x*~!, we get

—1)!
C; +2C3 +3C: +..... +n.C2 =n.™"'C,_ :(2n—l)'2 Ans.
(n=1)}H
Hlustration 14 : Prove that : C,— 3C, + 5C, — ........ -1)'2n+ 1)C, =0
Solution : T.= (-1)'2r + 1)'C,= 2(-1)r . "C,+ (-1)""C,
T = 22“(—1)f.r.3.“*cr,l +Y (DT "C, =2) (-)'C L+ D (-G,
r=1 r =0 r=1 =0
=2["C, =" C o [+ "Cy = "C H e [= O
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IHllustration 15 :

Solution :

Illustration 16 :

Solution :

IHllustration 17 :

Solution :

Hlustration 18 :

Solution :

Prove that (*'C,)° — ("C,)’+ ("C,)*— .... + (-1)"(*"C,)" = (-1)". *'C,

(1 —x)"=2C, - "C,x + "Cx* — ... H(=1)""C, x" (i)
and (x + 1)™ ="Cx™ + "Cx™" + "Cx™? +..47"C,, -...(ii)
Multiplying (i) and (ii), we get

(x* —1)"=("C, = "Cx +...t (=1)""C, x")x(*"Cx™" + *C X" +.... +'C,) ....(iii)
Now, coefficient of x* in R.H.S.

— (2ﬂC0)2 _ (2ﬂC1)2 + (2ﬂC2)2 — + (_1)1’1 (2nC2n)2

General term in L.H.S., T, = *C(x*)™ *(-1)
Putting 2(2n — r) = 2n
r=n
T, = 2nCnX2n(_l)n
Hence coeffiecient of x> in L.H.S. = (-1)"*C_
But (iii) is an identity, therefore coefficient of x*" in R.H.S. = coefficient of x*" in L.H.S.
- (2nC0)2 B (2nC1)2 n (2nC2)2_ e+ (A1) (2nC2n)2 = ()" 2nCn
Prove that : "C,."C, — "C,. **Cn_+ "C,*"*Cn_+ ... =2"
L.H.S. = Coefficient of x" in ['C,(1 + x)* - "C,(1 + x)™" * ......]
= Coefficient of X" in [(1 + x)* — 1]
= Coefficient of x" in x*(x + 2)* = 2"
If (1 +x)"=C,+C,x+Cx +....+ CXx" then show that the sum of the products of

) ) . 2n!
the C/'staken two at a time represented by : E E C,C; is equal to P PN
0<i< j<n nin!

Since (C, + C, + C, +...+ C_, + C)’

=C;+C; +Ci +....+C. , +C2 +2(C,C, +C,C, +C,C; +..+C,C,+C,C,+C,C, +......
+CC+CC+CCH. . +CC +....+C_C)

(2n)2 — 2nCn + 2 D CICJ

0<i<j<n

Ans.

|
Hence 3 ¥ C.C, =22 — 21
0<i<j<n ! 2n!n!

If (1+x)"=C, + C;x+C,x" +....+ Cx" then prove that X X (C,+C, )2 =(n-1)"C + 2™
0<i<j<n
L.H.S. 23 (C+C)
0<i<j<n

=(C,+C)*+(C,+C) +..+ (C, + C )+ (C, + C)*+ (C, + C,)* +....
+(C,+C, ) +(C,+C,’+(C,+C ) +... +(C,+C ) +..+(C,_,+C)

=n(Cy +C; +C3+...+C)+2 £ 2 CC,

0<i<j<n

_ 2n 22n—l _ 2n' .
=n"C + 2. 2 ainl {from Illustration 17}

=n."C_+2"-"C =(@n-1)."C +2" =RH.S.
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. ALLEN Binomial Theorem

Do yourself - 4 :
) n n n n
) + + Foe + =
0 1 2 n
(A) 211—1 (B) 211Cn (C) 2n (D) 2n+l
i If(1+x"=C+Cx+Cx+..... +Cx" n € N. Prove that
(@ 3C,—8C,+13C,—18C, +......... upto (n+ 1) terms =0, ifn > 2.
n+l
(b) 2C, 128 3G G, g G 3T
2 3 4 n+l n+1
2 2 2 |
© Co+ LIS . (2n+1).2
23 n+l ((n+1D!)

S.  MULTINOMIAL THEOREM :

n

Using binomial theorem, we have (x + a)" = Z "Cx""a",neN

r=0
—Z —Z—Xa where s+r=n
7 (n— r)'r' rls!
Th1s result can be generalized in the following form.
n!
(X, +x,+ ... +x)'= Z — X/ XZ..X}

G+ +... 4L =n I‘1 !r2 !""rk '

The general term in the above expansion ——————
r!nl!nl..n!

The number of terms in the above expansion is equal to the number of non-negative integral solution
of the equationr, +r,+....... + 1, =n because each solution of this equation gives a term in the above

expansion. The number of such solutions is "1, ,

Particular cases :

|

0 (x+tyt+tz'= Y —x'y'7

r+s+t=n r'S't'

The above expansion has "**~'C, , =""*C, terms

3-1

.o n! iy S
(i) (x+y+z+u)'= z x"yizu
s plglrls!

"1, ,="°C, terms in the above expansion.

There are

Hlustration 19 :  Find the coefficient of x? y3z4w in the expansion of (x —y — z + w)!°

Solution : xX—y—z+w)l= Z

p+q+rts= 10P'Q' ' '

We want to get X’y’z'w this implies that p =2, q=3,r=4,s=1

(x)"(=y)'(=2) (W)’

|

. 10!
Coefficient of x*y*z*w is m( 1)3(=1)*=-12600 Ans.
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Hlustration 20 :  Find the total number of terms in the expansion of (1 + x + y)'® and coefficient of x*y*.

Solution : Total number of terms = '**"'C,  ="C, = 66
Coefficient of x? 3—L=2520
oefficient of X'y’ =— ==

Hlustration 21 :  Find the coefficient of x° in the expansion of (2 — x + 3x?)°.

Solution :

!
The general term in the expansion of (2 — x + 3x2)° ='L"‘['Z'(—x)s‘(?axz)l ,
rls!t!

wherer+s+t=06.

6!

r!s!

—2"x(=1)*x(3) xx**

t!

For the coefficient of x°, we must have s + 2t = 5.

But,r+s—+t=6,

Now

Thus, there are three terms containing x> and coefficient of x°

6!

15

s=5-2tandr=1+t, where 0<r, s, t<6.
t=0 = r=1, s=5.
t=1 = r=2, s=3.

t=2 = r=3,s=1.

x2'x(=1)°x3% + 27 x(=1)’ x3' +

= 12— 720 — 4320 = -5052.

2n
Nustration 22 :  1f (1+x+x°)" = Z a,x" , then prove that

r=0
Solution : (a) We have
2n
(Lex+x*) =Y ax’ (A
r=0
1
Replace x by N
1Yy & (1Y
I+—+—| =) a|—
() e (0
n 2n
- (x2 +x+l) =Z:arx21H
r=0
2n 2n
= Yax =)ax"" {Using (A)}
r=0 r=0
Equating the coefficient of ™" on both sides, we get
a, =afor0<r<2n.
Hence a=a, .
2

% "~ %23 x(=1)' x3?
10! 21311 311121

Ans.

Ans.

@a-a,, O X530 -a)
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Binomial Theorem

(b)

Putting x=1 in given series, then

But a =a, for0<r<2n
series (1) reduces to

2(a,+a, +a, +

(D)

Do yourself - 5 :
(@

Find the coefficient of x’y° in the expansion of (3 + 2x — y)'°.

6. APPLICATION OF BINOMIAL THEOREM :

2n+
Hlustration 23 : If (6\/6 + 14) - [N]+F and F =N — [N]; where [.] denotes greatest integer function,

then NF is equal to

(A) 20™ (B) an even integer

Solution : Since (6\/6+14)2n+1= [N]+F

2n+1
Let us assume that f = (6\/6—14) ; where 0 < f< 1.

Now, [N] +F-f= (6\/64_14)2““ _(6\/6_14)211“

(C) odd integer

(D) 402n+1

:2|:2n+1 C1 (6\/6)2[1 (14) 420+l C3 (6\/8)21172 (14)3 +J

=
Now O0<F<land0<f<1

SO

Thus NF = (66 + 14)2n+1 (66 —14)

Find the last three digits in 11°°.
Expansion of (10 + 1) = *C 10% + *C 10% +

[N] + F — f = even integer.

2n+1

— 202n+1

Hlustration 24 :
Solution :

=%C,10° +°C,10% +
1000K

1000 K + 123001

=  Last 3 digits are 001.

Prove that 222255 + 5555222 is divisible by 7.

When 2222 is divided by 7 it leaves a remainder 3.

So adding & subtracting 3°°*°, we get :

E — I22225555 _35555I + I35555 + 55552222I

E; E,

=

Hlustration 25 :

Solution :

-1 <F-f<1 and F — f'is an integer so it can only be zero

Ans. (A,B)

+9C, 10 + 9C,10 + ¥C_,
1 0C, 10° +49 x 25 x 100 + 500 + 1
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For E, : Now since 2222-3 = 2219 is divisible by 7, therefore E  is divisible by 7
(- x*—a" is divisible by x —a)

For E, : 5555 when devided by 7 leaves remainder 4.
So adding and subtracting 4%, we get :
E2 — 35555 + 42222 + 55552222 _ 42222
= (243)1111 + (16)!11! + (5555)222 — 42222
Again (243)""" + 16" and (5555)**?? — 4?2 are divisible by 7
(- x"+ a" is divisible by x + a when n is odd)
Hence 2222%5% + 555522 is divisible by 7.

Do yourself - 6 :

@i  Prove that 5% — 3% is divisible by 2.

(i) Find the remainder when the number 9'® is divided by 8.
(iii) Find last three digits in 19'%.

(iv) Let R =(8+3+/7)% and[.] denotes greatest integer function, then prove that :

1
(8+3+/7)%

(v)  Find the digit at unit's place in the number 179 + 11'%% — 719,

(a) [R] is odd (b) R-[R]=1-

7. BINOMIAL THEOREM FOR NEGATIVE OR FRACTIONAL INDICES :

Ifne Q, then (1 +x)"=1+ nx+n(I;'_1) X2+n(n—l?3'(n—2) > Gl S oo provided | x | < 1.

Note :

(i  When the index n is a positive integer the number of terms in the expansion of ( 1+ x)" is finite
ie. (nt+1) & the coefficient of successive terms are : "C,"C,"C,, ....... "C

(i)  When the index is other than a positive integer such as negative integer or fraction, the number
of terms in the expansion of (1+ x)" is infinite and the symbol "C_cannot be used to denote the
coefficient of the general term.

(iii) Following expansion should be remembered (|x| < 1).
@ (A+x)'=l-x+x>-x*+x*-.... ©
b) (1-x)'"=l+x+x>+x*+x*+... ©
() (I+x)*=1-2x+3x*—4x*+... ©
(d (I—-x72=1+2x+3x2+4x>+ ... o

© (1+x)73=1-3x+6x—10<+....+ (‘l)r(f;l)(”z) X oo

+(r+1)2('r+2) < 4

(iv) The expansions in ascending powers of x are only valid if x is ‘small’. If x is large i.e. | x [>1

H (A-x)3=1+3x+6x>+10x>+.....
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then we may find it convenient to expand in powers of 1/x, which then will be small.

4
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8. APPROXIMATIONS :

(I +x)"=1+nx

+MX2+MX3
1.2 1.2.3

If x < 1, the terms of the above expansion go on decreasing and if x be very small, a stage may be

reached when we may neglect the terms containing higher powers of x in the expansion. Thus, if x be

so small that its square and higher powers may be neglected then (1 + x)" =1 + nx, approximately.

This is an approximate value of (1 + x)"

Hlustration 26 :

Solution :

Hlustration 27 :

Solution :

Hlustration 28 :

Solution :

If x is so small such that its square and higher powers may be neglected then find the
(1-3x)"* +(1-x)""
(4+x)"

approximate value of

(1-3%)"2 4+ (1-x)*" 1-2xe1- (. 19 Y 1(. 19 X
e S ) e 2
(4+x) 6 4) T2\" 8

1/2
X 2
(l j
4

1 x 19 x 19 41
=—|2 X —x=1-—x
8 12 24
The value of cube root of 1001 upto five decimal places is —
(A) 10.03333  (B) 10.00333  (C) 10.00033 (D) none of these

1 )" 1 1 1/31/3-1) 1
(1001)”3:(1ooo+1)“3=1o(1+—j =10{1+— L3 ) -

1000 371000 21 10007

=10{1 + 0.0003333 — 0.00000011 + .....} = 10.00333 Ans. (B)
The sum of 1+l+£+ 1.3.5 +...00 18 -

4 48 48.12

1

A) 2 B) —— C) 3 D) 2%
(A) V2 ( )\5 (®) (D)
Comparing with 1 + nx L h@=D ey
nx=14 . (i)

2
and n(n—-1)x =£

2! 4.8
nx(nx-x) 3 1(1 j 3

= = —| —= - b

° 2! A VR T by &)
1 3 1 3 1
- (——Xj:—: = ——— = —— iieee. (11)
4 4 4 4 2
putting the value of x in (i)
n(-12)=14=n=-1/2
sum of series = (1 + x)" = (1 — 1/2)™ = (1/2) "> =2 Ans. (A)

*
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9.

10.

EXPONENTIAL SERIES :

(@) eisanirrational number lying between 2.7 & 2.8. Its value correct upto 10 places of decimal is
2.7182818284.

(b) Logarithms to the base ‘e’ are known as the Napierian system, so named after Napier, their
inventor. They are also called Natural Logarithm.

2 3 n
© e=1+ %+ B + % +.....00 ; where x may be any real or complex number & ¢ =Lim (l + l}
. . . n—w n

3
X

3!

2
(d a"=l+%€na+%€n2a+ /m’a+.....00, wherea>0

(e) e=l+l+i+i+ ...... o0

1 2t 3!
LOGARITHMIC SERIES :
2 3 4
(a) én(1+x)=x——+%—%+ ,,,,,,, o, where -1 <x <1
X2 X3 X4
b)) /Mm(l-x)=—=x-"-Z _ — o, where -1 < x<1
2 3 4
. 11 1 y
Remember : ) 1_5+§_Z+ ....... w=/,n2 (i) e™=x; forallx>0
(i) /n2 =0.693 (iv) /nl0=2.303

ANSWERS FOR DO YOURSELF

2 3 4 5

L G 5C0x(3x2)5+5C1(3x2)4(—%J+5C2(3x2)3(—%J +5C3(3x2)2(—§J = 5@(3#){—%} +5C5(—§J

(i) "Cy" +"Cy"'x +"C.y" X’ + ... +C_x"
|
20 ) Lx"; () —2 253 (i) (a) ~20; (b) ~560x°, 2807
3 10! 5!

3. () 4"& 5" ic. 489888 (i) n=4,5,6

4. @cC

5. (i)-272160 or —"C_x 5C, x 108

6. (i)l (iii) 801 ) 1

| 4

ALLEN .
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EXERCISE (O-1)
[SINGLE CORRECT CHOICE TYPE]

1.  Ifthe coefficients of x’ & x* in the expansion of {2 + %} are equal, then the value ofniis :
(A)15 (B)45 (C)55 (D)56 BT0001
2.  Ifthe constant term ofthe binomial expansion [2){ — lj is— 160, thenn is equal to -
X
(A4 B)6 ()8 (D) 10 BT0003
3. The coefficient of x** in the expansion of (x— 1) [x —%j(x - %j(x - 2%} is equalto -
1 1
(A) —2 (1 - F} (B) +vecoefficient ofx  (C)—vecoefficientofx (D) —2 (1 ~m BT0004
100
4.  Number ofrational terms in the expansion of (\/5 +i3 ) is
(A)25 (B)26 (C)27 (D)28 BT0007
5.  The expression [x + (x 1)1/2] + [x ( — 1)1/2] is apolynomial of degree
(A5 B)6 (C)7 (D)8 BT0006
6. Given(l-2x+ 5x%— 10x3) (I+x)"=1+ a;x+ a2x2+ ........ and that a7 = 2a, then the value ofn is-
(A)6 B)2 (©)5 (D)3 BT0008
7.  The sum ofthe co-efficients of all the even powers ofx in the expansion of (2x2 —3x+ 1)1 Vs -
(A)2.6" (B) 3.6" (€) 6" (D) none BT0009
n
8. Let (kj represents the combination of 'n' things taken k' at a time, then the value of the sum
99 98 97 3 2
+ + F e + |+ equals - BT0011
97 96 95 1 0
99 100 99 100
A 97 ®){ og © 08 O 97
[COMPREHENSION TYPE]
Paragraph for question nos. 9 to 11
2n
Ifn e Nandif (1 +4x +4x*)"= Z;‘ a x', where 35,88 ;... ,a, are real numbers.
9.  Thevalue of 22 a, ,is
r=0
(A)9" 1 (B)9"+1 (©)9" -2 (D) 9" +2 BT0012
10. The value of 22 a,
r=1
(A)9" -1 (B)9"+1 (C)9" -2 (D) 9" +2 BT0012
11. Thevalue ofa, . is-
(A) 27" (B)n.2™" (C) (n—1)2"" (D) (n+ 1)2*" BT0012
4
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EXERCISE (0-2)
[SINGLE CORRECT CHOICE TYPE]
1
Greatest term in the binomial expansion of (a + 2x)9 whena=1& X = 3 is:
(A) 3" & 4™ (B) 4™ & 5™ (C) only 4™ (D) only 5" BT0019
10
If Z r(r—1) 10Cr =k.2’, thenk is equal to-
r=1
(A)10 (B)45 (C)90 (D) 100 BT0022
n
The sum 0 + ! + 2 F e + MY equals [where [ j denotes "C, j
1 2 3 12 r
211 212 211 _1 212 _1
A) — B) — D BT002
(A) 5 B) 15 © = D) —> 0023
[MULTIPLE CORRECT CHOICE TYPE]
) x+1 x—1 )" . o
In the expansion of 20 P+ 1 x—x") the term which does not contain x is-
() ''c,-"c, (B) '"°C, ©) "¢, (D) "'c,~"°c,  BTOO16
Let (1+x°)*(1+x)"=A +tAx+AX+ ... IfA,A,A, are in A.P. then the value ofn is-
(A)2 B)3 ©)5 (D)7 BT0017
3 11
In the expansion of (X3 +3.27%0 e j BT0015
(A) there appears a term with the power x* (B) there does not appear a term with the power x>
(C) there appears a term with the power x (D) the ratio ofthe co-efficient of x* to that of x 3 is 1/3

Ifit is known that the third term of the binomial expansion (x +x/°80% )5 is 10° then x is equal to-
(A)10 (B) 102 (C) 100 (D)5 BT0014

EXERCISE (S-1)

(a) Ifthe coefficients of (2r +4)™, (r—2)™ terms in the expansion of (1 +x)!® are equal, findr. BT0029
(b) Ifthe coefficients of the ', (r + 1) & (r + 2)™ terms in the expansion of (1 +x)'4 are in AP, find r.

BT0030
(c) Ifthe coefficients of 274, 3 & 4™ terms in the expansion of (1 +x)** are in AP, show
that 2n*> - 9n+7=0. BT0031

10 Q
Find the term independent of x in the expansion of (i) { \/% +£32} (i) [%Xm +X—1/5} BT0032
2x

10
Prove that the ratio of the coefficient of x!?in (1 — x*)!* & the term independent of x in (X - gj is
X

1:32. BT0033

= 1 3 7" 15
Find the sum of the series z (-D"."C, + up to m terms} BT0058

—+ + "+
p_—r |: 2r 22r 23r 24r
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. ALLEN Binomial Theorem
5.  Find numerically greatest term in the expansion of :
(i) (2+3%)° when x =% BT0038
(if) (3 - 5%)!5 when x =§ BT0039
. . . . o[ 3x* 1 ’
6.  Find the term independent of x in the expansion of (1+ x +2x”) R BT0034
X
n+4
7. Let (1+x??. (1+x)"= >'a, .x". If a, a, & a; are in AP, find n. BT0035
K=0
8. Letfix)=1-x+x*-x*+.....+x10—x"=a +a,(1+x)+ay,(1+x)*+....+a,(1 +x)!, find the value
ofa,. BT0036
9. Let N=200C, +72.2000C +3.2000C + . +2000 - 2000C, . Prove that N is divisible by
22003, BT0042
10. Find the coefficient of
(a) x?y?*z* in the expansion of (ax —by +cz)°’. BT0061
(b) a?b3c¢*din the expansion of (a—b—c+d)!°. BT0062
11. Find the coefficient of
(@) x* in the expansion of (1 +x +x?+x3)!! * BT0059
(b) x* in the expansion of (2 — x + 3x?)° BT0060
12. Find the coefficient of x" in the expression:
(x+3) T+ (x+3)"2(x+2) + (x +3) 3 (x+2)2+ ...+ (x +2)! BT0037
13. Given that (1 +x+x*)"=a,+ax+ax>+...+a, x>, find the values of : BT0057
@© a,*ta ta,+... +a,
(i) a,—a ta,—a,... +a,
14. Prove the following identities using the theory of permutation where C,, C,, C,, ..... , C, are the
combinatorial coefficients in the expansion of (1 + x)", n € N :
100C, +5.100C,  +10 . 199C , + 10 . 100C,, + 5. 100C, , + 100C, . = 105C BT0047
15. IfC,,C,,C,,....., C, are the combinatorial coefficients in the expansion of (1 +x)", n € N, then prove
the following :
(@ C,+2C,+3C;+...+n.C =n.2"! BT0048
(b) C,+2C,+3C,+...+ (nt])C, = (nt2)2"! BT0049
(c) C,+3C,+5C, +..+(2n+1)C, = (nt+l) 2" BT0050
(d) (CO+C1)(C1+C2)(C2+C3) ..... (Cn_1+Cn) — CO 'Cl .C2 ..I.I.!C“71 (n+ 1)]’1 BT0051
(€@ 1.C2+3.CP2+5.C2+....+@mlCp= 0rDEn BT0052
n: n:
16. Prove that
(a) 6,2 36, . LU CLD)) BT0053
CO Cl C2 Cnfl 2
C, C C 2" -1
b) C,+—=L+—=2+....+—= BT0054
& Sor53 n+l  n+l
2 3 4 n+l n+l
© 2.c+25,2%,26, 26 3 - BT0055
2 3 4 n+l1 n+1
G, 6 oy G
(d) CO_ 2+3 ...... + (-1 1 nel BT0056
\ 4
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EXERCISE (S-2)
Prove that Z "C, sinKx.cos(n —K)x = 2" sinnx. BT0071
K=0

Leta=(4"*"-1) and letb, ="C, +°C,.a+"C, . a2 + ........ +0C_Lan- !,
Find the value of (b, —b,¢s) BT0066
Let a and b be the coefficient of x3 in (1 +x +2x* + 3x3)* and (1 + x +2x2 + 3x> + 4x*)* respectively. Find
the value of (a—Db). BT0063

2001
Find the sum of the roots (real or complex) of the equation x2%01 + (E - XJ =0. BT0065
Find the coefficient of x*° in the polynomial
(X—&j (){—22 . &j (){—32 . &j ................. [){—502 . h} , where C_ = 50Cr. BT0070

Co C, G, Cu

n
If ( j denotes "C, then
r

s (30}(30} " (30}[29} s Foj{zs) [30J[15J
(a) Evaluate : 2 -2 +270 L e — BT0072
0 JL15 1)\ 14 2 13 15)L 0

n (n—1 2n-1
(b) Prove that : Z(n j[nJ:[ ! J BT0073

m\n—-r/){r n—1
Provethat: | || |=[™][" K BT0074
(c) Prove that : B | O
EXERCISE (JM)
Let S, = f iG-D°C, s, = i j°C, and 8, = i e [AIEEE-2010]

= = =
Statement-1: S, = 55 x 2°.
Statement-2 : S =90 x 2% and S, = 10 x 25,
(1) Statement—1 is true, Statement—2 is true ; Statement—2 is a correct explanation for Statement—1.
(2) Statement—1 is true, Statement—2 is true ; Statement—2 is not a correct explanation for Statement—1.
(3) Statement—1 is true, Statement—2 is false.

(4) Statement—1 is false, Statement—2 is true. BT0075
The coefficient of X7 in the expansion of (1 —x —x2 + x3)¢is :- [AIEEE 2011]
(1)— 144 (2) 132 (3) 144 (4)—-132 BT0076
Ifn is a positive integer, then (\/5 + 1)2n - (\/5 - 1)2n is: [AIEEE 2012]
(1) a rational number other than positive integers (2) an irrational number

(3) an odd positive integer (4) an even positive integer BT0077

node06\BOBO-BA \Kota\JEE(Advanced)\Leader\Maths\Sheet\SOT + Binomial\Eng\02 Binomial. p65



node06\BOBO-BA \Kota\JEE(Advanced)\Leader\Maths\Sheet\SOT + Binomial\Eng\02 Binomial. p65

. ALLEN Binomial Theorem
) . . x+1 x—1 " . .
4.  The term independent of x in expansion of ] x2S [JEE-Main 2013]
(14 (2) 120 (3) 210 (4)310 BT0078
5.  Ifthe coefficients of x3 and x* in the expansion of (1 +ax + bx?) (1 —2x)!8 in powers ofx are both zero,
then (a, b) is equal to :- [JEE(Main)-2014]
51 251 272 72
(1) [16 —j (2) [14 —j 3) [14 —j (4) [16 —j BT0079
0
6. The sum of coefficients of integral powers of x in the binomial expansion of (1 - 2\/;)5
is : [JEE(Main)-2015]
1 /.50 1/ s0 1250 1250
(1) 5(3 -1) ) 5(2 +1) 3) 5(3 +1) (4) 5(3 ) BTo080
7.  Ifthe number ofterms in the expansion of (1 —2+izj ,x=0, 1s 28, then the sum ofthe coefficients of
X X
all the terms in this expansion, is :- [JEE(Main)-2016]
(1) 729 (2) 64 (3) 2187 (4) 243 BT0081
8. The value of (3! C, — 19C,) + (3'C, — 10C,) + (2IC; — 19C;) + (21C, — 19C,) + .... + (2ICy, — 1°C,
is :- [JEE(Main)-2017]
(1) 220 — 210 (2) 221 — 211 (3) 221 — 210 (4) 220 — 29 BT0082
9.  The sum of'the co-efficients of all odd degree terms in the expansion of (X 531 )5+ (X _Jx3 - 1)5 ,
x>1)is - [JEE(Main)-2018]
(Ho 2)1 3)2 4)-1 BT0083
403
10. Ifthe fractional part of the number T 1S 5’ then k is equal to : [JEE(Main)- 2019]
(1) 14 2)6 3)4 (4)8 BT0084
3
I-t
11. The coefficient of t* in the expansion of (:J 1S [JEE(Main)- 2019]
(112 (2) 15 (3) 10 (4) 14 BT0085
25
12. If Y {*C,-""C, }=K(*C,), thenKis equal to : [JEE(Main)- 2019]
r=0
(1)2%5-1 (2) (25)2 (3) 2% (4)2%4 BT0086
3 3 8
13. The sum ofthe real values of x for which the middle term in the binomial expansion of (X? + —j equals
X
5670 s : [JEE(Main)- 2019]
(16 2)8 3)0 (4)4 BT0087
\ 4
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14.

15.

16.

17.

18.

19.

20.

21.

The value of r for which 20C, 20C, + 20C_, 20C, + 20C_, 20C, + .... 20C,, 20C, is maximum, is
[JEE(Main)- 2019]
(1) 20 )15 3) 11 (4) 10 BT0088

a
Let (x + 10)%0 + (x — 10)30 = a, + a;x + a,x% + ..... + a5, x50, for all xeR, then a_2 is equal to:-
0

[JEE(Main)- 2019]

(1) 12.50 (2) 12.00 (3) 12.75 (4) 12.25 BT0089
1 1)’ "
LetS,=1+q+q*+....... +qrand T, =1+ [%} + [%} F o + [%) , where q is a real number
and q = 1. If 101C, + 101C.S, +...... +101C,11-S 100 = 0T 49 then a is equal to :-[JEE(Main)- 2019]
(1) 2100 (2) 200 (3) 2% (4) 202 BT0090

. . . . . . 60 .
The total number of irrational terms in the binomial expansion of (7” >3V 10) 1S :

[JEE(Main)- 2019]

(1)55 (2) 49 (3) 48 (4) 54 BT0091
If some three consecutive in the binomial expansion of (x + 1) is powers of x are in the ratio
2 :15: 70, then the average of these three coefficient is :- [JEE(Main)- 2019]
(1) 964 (2) 625 (3) 227 (4) 232 BT0092
The coefficient of x!8 in the product (1+x)(1-x)10(1 +x +x2)% is : [JEE(Main)- 2019]
(1)-84 (2) 84 (3) 126 (4)-126 BT0093

If 20C, + (22) 20C, + (3%) 20C; + ....... + (202)20C,,, = A(2P), then the ordered pair (A, B) is equal to:
[JEE(Main)- 2019]

(1) (420, 18) (2) (380, 19) (3) (380, 18) (4) (420, 19) BT0094
. . . 1 x* , 3) .
The term independent ofx in the expansion of 0 81l 2x" —— | isequalto:
X
[JEE(Main)- 2019]
(1) 36 (2)—108 3)-72 (4)-36 BT0095
EXERCISE (JA)
Forr =0, 1,...,10, let A, B_and C_denote, respectively, the coefficient of X' in the expansions
10
of (1 +x)", (1 +x)* and (1 + x)*". Then ZAr(BIOBr -C,,A,) is equal to - BT0101
r=1
(A) BlO - ClO (B)AIO (B120 _CIOAIO) (C) 0 (D) Clo - Blo

[JEE 2010, 5]
The coefficients of three consecutive terms of (1 +x)"" are in the ratio 5 : 10 : 14. Thenn=  BT0102

[JEE (Advanced) 2013, 4M, -1M]

ALLEN .
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3.

Coefficient of x'' in the expansion of (1 + x*)*(1 + x¥)’(1 + x*)"? is -

(A) 1051 (B) 1106 (C) 1113 (D) 1120 BT0103
[JEE(Advanced)-2014, 3(-1)]

The coefficient of x” in the expansion of (1 +x) (1 +x°) (1 +x))... (1 +x'*) is [JEE 2015, 4M, -0M]

BT0104
Let m be the smallest positive integer such that the coefficient of x in the expansion of
A+x)°+(1+x)°+ ... + 1+ + 1 +mx)”is Gn+ 1) 51C3 for some positive integer n.
Then the value of n is [JEE(Advanced)-2016, 3(0)]
BT0105

Let X=(""C,) +2("C,) +3("C,) +..410("°C,, )", where °C, 1 € {1,2,..., 10} denote binomial

coefficients. Then, the value of 4130 X is . [JEE(Advanced)-2018, 3(0)]
BT0106
k Z an k2 n n
Suppose det| k=0 kzo =0, holds for some positive integer n. Then Zk_+k1 equals
ek e, 3¢ 0
k=0 k=0
BT0107

[JEE(Advanced)-2019, 3(0)]

Binomial Theorem
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ANSWER KEY

EXERCISE (O-1)
1. C 2. B 3. A 4. B 5. C 6. A 7. B
8. D 9. B 10. A 11. B

EXERCISE (0-2)
1. B 2. B 3. D 4. ACD 5 AB 6 BCD 7. AB

EXERCISE (S-1)

L @r=6 Mr=5Sor9 2. () (@T,=7 4 -
. @r r or . () D (1) Ty = © 2 -hHe™
) 7.3% . 17
5. ) T, = (i) 455x312 6. — 7. n=2or3o0r4 8. 816

2 54

10. (a) —1260 . a?b’c* ; (b) —12600 11. (a) 990 (b) 3660 12. "C (3" " -2"7)
13. (i) 3" (i) 1

EXERCISE (S-2)

30
2. 210 3. 0 4. 500 5. —22100 6. (a) (15}
EXERCISE (JM)
1. 3 2. 1 3. 2 4. 3 5. 4 6. 3
7. Bonus

Note : In the problem 'number of terms should be 13 instead of 28', then (1) will be the answer

8 1 9. 3 10. 4 11. 2 12. 3 13. 3 14. 1
15. 4 16. 1 17. 4 18. 4 19. 2 20. 1 21. 4
EXERCISE (JA)

1. D 2. 6 3. C 4. 8 5.5 6. 646 7. 620
g

4
m



node06\BOBO-BA \Kota\JEE(Advanced)\Leader\Maths\Sheet\SOT + Binomial\Eng\02 Binomial. p65

. ALLEN

Binomial Theorem

Important Notes




