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. ALLEN Sequence & Series
SEQUENCE & SERIES

1. DEFINITION :

Sequence :

A succession of terms a,8,8,8,.. ... formed according to some rule or law.
Examplesare: 1,4,9, 16,25

-1,1,-1,1,........

x x x x

1172173174177

A finite sequence has a finite (i.e. limited) number of terms, as in the first example above. An infinite
sequence has an unlimited number of terms, i.e. there is no last term, as in the second and third
examples.

Series :

The indicated sum of the terms of a sequence. In the case of a finite sequence a, a,, a ,................ ,
a_the corresponding series is a +a, +a, + ....... +a = kz_:,ak- This series has a finite or limited

number of terms and is called a finite series.

2.  ARITHMETIC PROGRESSION (A.P.) :

A.P. is a sequence whose terms differ by a fixed number. This fixed number is called the common
difference. If a is the first term & d the common difference, then A.P. can be written as

a,a+d,a+2d,.............. ,a+(mn-D)d, .........

(@ n"termof AP T,=a+(n-1)d, whered=t —t |

(b) The sum of the first n terms : S, = g[a+£] zg[2a+(n—1)d]

where 7 is n™ term.
Note :

(i) n™ term of an A.P. is of the form An + B i.e. a linear expression in 'n', in such a case the
coefficient of n is the common difference of the A.P.i.e. A.
(i)  Sum of first 'n' terms of an A.P. is of the form An*+ Bn i.e. a quadratic expression in 'n', in such

case the common difference is twice the coefficient of n2. i.e. 2A

(iii) Alson™term T =S -S_,

Hlustration 1 :

If (x + 1), 3x and (4x + 2) are first three terms of an A.P. then its 5" term is -
(A) 14 (B) 19 (C)24 (D) 28

m
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Solution :

(x+1),3x, (4x + 2) are in AP

= 3xX-x+1)=0@4x+2)-3x = x=3
a=4,d=9-4=5 = T.=4+@#)5=24 Ans. (C)
Hlustration 2 :

The sum of first four terms of an A.P. is 56 and the sum of it's last four terms is 112. If its first term is

11 then find the number of terms in the A.P.

Solution :
a+a+d+a+2d+a+3d=56
4a + 6d =56
44 + 6d = 56 (asa=11)
6d=12 henced =2

Let total number of terms =n
Now sum of last four terms.
a+(n—-1)d+a+(n-2)d+a+(n-3)d+a+(n-4)d=112

= 4a+@n-10)d=112 = 44+ (4n-10)2=112
= 4n-10=34
— n= 11 AHS.
Hllustration 3 :
Tn+1

The sum of first n terms of two A.Ps. are in ratio . Find the ratio of their 11® terms.

4n+27
Solution :
Leta and a, be the first terms and d, and d, be the common differences of two A.P.s respectively then

) 1)d A =1y
5[ a; +(n—1d,] ~ Tn+1 4 2 ' Tn+1
4n+27 (n—lj 4n+27

a,+|—|d,

g[2a2 +(n-1yd,]

For ratio of 11™ terms

n-1

=10 = n=21

7QD+1 148 4
420 +27 111 3

so ratio of 11™ terms is Ans.

Do yourself - 1 :

2" 3+(=D)"
@i  Write down the sequence whose n" termsis: (a) —  (b) ;—n)
n

(i) Foran A.P, show thatt +t _ =2t
(iii) If the sum of p terms of an A.P. is q and the sum of its q terms is p, then find the sum of its

m+n

(p +q) term.
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3. PROPERTIES OF A.P.:
(a) If each term of an A.P. is increased, decreased, multiplied or divided by the some nonzero
number, then the resulting sequence is also an A.P.

(b) Three numbersin A.P. : a—d,a,a+d
Four numbersin A.P. : a-3d,a-d,a+d,a+3d
Five numbersin A.P. : a-2d,a-d,a,a+d,a+2d
Six numbers in A.P. : a-5d,a-3d,a—-d,a+d,a+3d,a+5d etc.

(¢) The common difference can be zero, positive or negative.
(d) k™ term from the last = (n — k +1)™ term from the beginning (If total number of terms =n).
(¢)  The sum of the two terms of an AP equidistant from the beginning & end is constant and equal

to the sum of first & lastterms. = T, + T _, = constant=a + /.
(f)  Any term of an AP (except the first ) is equal to half the sum of terms which are equidistant

fromit. a_=(1/2)(a, , +a,,,), k<n
For k=1, a, =(1/2)(a, ,+a,,,); For k=2, a =(1/2)(a, ,+a,,,) andsoon.
(gp Ifa,b,carein AP, then2b=a+c.

Hlustration 4 :

Four numbers are in A.P. If their sum is 20 and the sum of their squares is 120, then the middle terms

are -

(A)2,4 B)4,6 (©)6,8 (D)8, 10
Solution :

Let the numbers area—3d,a—d,a+d,a+ 3d

given, a—3d+a—-d+a+d+a+3d=20 = 4a=20 = a=5

and (a-3d)*+(a-d’+((@a+d)?+(@+3d)?*=120 = 4a>+20d>°=120

= 4 x5+20d>=120 = d=1=>d==x1

Hence numbers are 2, 4, 6, 8 or 8,6,4,2 Ans. (B)
Hlustration 5 :

If I T IO ,a_ are in A.P. where a > O for all 1, show that :

1 N 1 N N 1 _ (n-D

Ja, +4fa,  a, +4fay Ja, . +fa, o +ifa,

Solution :
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Let 'd' is the common difference of this A.P.

then a —a =a,—a =..... =a —a =d
Now L.H.S.
1
T N R YO O NN A O
a, —a, a,+(n-Dd—a, 1 (n-1d

RNy R R ey B TN e e v

Do yourself - 2 :
(i) Find the sum of first 24 terms of the A.P. Ao B Bgoocons , if it is know that
a +a +a +a,+a, +a, =225
(i) Find the number of terms common to the two A.P.'s 3,7, 11, ...... 407 and 2, 9, 16, ...... , 709

GEOMETRIC PROGRESSION (G.P.) :

G.P. is a sequence of non zero numbers each of the succeeding term is equal to the preceeding term
multiplied by a constant. Thus in a GP the ratio of successive terms is constant. This constant factor is
called the COMMON RATIO of the sequence & is obtained by dividing any term by the immediately
previous term. Therefore a, ar, ar?, ar?, ar*, .......... is a GP with 'a’ as the first term & 'r' as common
ratio.

(@ n®term; T=ar™'

a(r" —1)

r—

(b)  Sum of the first n terms; S, = , ifr#1

a
(©  Sumofinfinite G.P., S, =—: 0<|r|<l

PROPERTIES OF GP :

(a) Ifeachterm of a G.P. be multiplied or divided by the some non-zero quantity, then the resulting
sequence is also a G.P.

(b) Three consecutive terms of a GP : a/r, a, ar;
Four consecutive terms of aGP:  a/r?, a/r, ar, ar’ & so on.

(¢) Ifa,b,carein G.P. then b =ac.

(d) Ifina G.P, the product of two terms which are equidistant from the first and the last term, is
constant and is equal to the product of first and last term. = T,. T ,  =constant=a./

(e) If each term of a G.P. be raised to the same power, then resulting sequence is also a G.P.

® InaGP,T>=T .T ,k<rr=#l

r+k’
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(g) Ifthe terms of a given G.P. are chosen at regular intervals, then the new sequence is alsoa G.P.

(h) TIfa,a,a,...a_ isa G.P.of positive terms, then log a , log a,,....log a_is an A.P. and

vice-versa.
: ' a, a2, a4 :
1) Ifa,a,a.... andb, b, b,..... are two G.P.'sthenab,ab,,ab..... & b—,—,— .......... is
1 2 3
also in G.P.
Hllustration 6 :
If a, b, ¢, d and p are distinct real numbers such that
(a2 +b +c2)p2 —2p(ab+bc+cd)+(b2 +c? +d2)£ 0 thena, b, c, d are in
(A) A.P. (B) G.P. (C) H.P. (D) none of these
Solution :
Here, the given condition (a2 +b’+c’ )p2 —2p(ab+bc+ca)+b* +c*+d* <0
= (ap—b)2 +(bp—c)2 +(cp—d)2 <0
" asquare can not be negative
b ¢ d .
ap—b=0,bp—c=0,cp—d=0 = p :_:E:_: a, b, c,darein G.P.
a c
Ans. (B)

Hllustration 7 :
If a, b, c are in G.P., then the equations ax” +2bx +c = 0 and dx” +2ex +f = 0 have acommon root

~de f ]

if E,B,;are in-

(A) A.P. (B) G.P. (C) H.P. (D) none of these
Solution :

a, b, carein G.P = b’ =ac

Now the equation ax” +2bx +c =0 can be rewritten as ax’ +2+vacx+c=0

:(ﬁx%)z:ojh_@,_\g

c
If the two given equations have a common root, then this root must be —\/: .
a

d f 2¢ _ d
a

Thus d< 2\/;+f0:> f_2efe_ 2e - f
us d=—2e,|—+f= —t—=— === -
a Jac c

e
,—,— arein A.P. Ans. (A)
a a ¢ c\Va b b

Hllustration 8 :

A number consists of three digits which are in G.P. the sum of the right hand and left hand digits
exceeds twice the middle digit by 1 and the sum of the left hand and middle digits is two third of the
sum of the middle and right hand digits. Find the numbers.

*
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Solution :

Let the three digits be a, ar and ar? then number is

100a + 10ar + ar? (i)
Given, a+ ar’=2ar +1
or ar’-2r+1)=1
or ar-1Y%=1 ....(ii)

Also given a + ar = 3 (ar + ar?)

= 3+43r =2r+2r? = 2P-r-3=0 = @+D)Q2r-3)=0
r=-1,3/2

for r=-1, —¢el snr#—1

)

3 9
From (i), number is 400 + 10.4. 5 + 4.Z =469 Ans.

for r=3/72, a=

=4 {from (ii) }

Hlustration 9 :

Find the value of 0.32§3
Solution :

LetR = 0.3258 = R =0.32585858.... ... 1
Here number of figures which are not recurring is 2 and number of figures which are recurring is also
2

then 100 R =32.585858.... ... (i1)
and 10000 R =3258.5858..... ... (iii)
Subtracting (ii) from (iii) , we get

1613

4950
Aliter Method : R = .32 +.0058 + .0058 + .000058 +...........

9900 R =3226 =

=32+ 5% 1+ 12+ 14+ ......... 0
10 10© 10

e B[
10

-
100

32 58 _3168+58 3226 _ 1613
100 9900 9900 9900 4950
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Do yourself - 3 :

(i) Find a three digit number whose consecutive digits form a G.P. If we subtract 792 from this
number, we get a number consisting of the same digits written in the reverse order. Now, if
we increase the second digit of the required number by 2, then the resulting digits will form an
A.P.

(i) If the third term of G.P. is 4, then find the product of first five terms.

@iii) If a, b, c are respectively the p™, g™ and r" terms of the given G.P., then show that
(q—1)loga+(r—p)logb+ (p-q)logc=0, where a, b, c>0.

(iv) Find three numbers in G.P., whose sum is 52 and the sum of whose products in pairs is 624.

(v)  The rational number which equals the number 2.357 with recurring decimal is -

HARMONIC PROGRESSION (H.P.) :

A sequence is said to be in H.P. if the reciprocal of its terms are in AP.
If the sequence a, a, a,, ....... ,a isanHP then1/a , l/a,,......... , 1/a_is an AP . Here we do not have
the formula for the sum of the n terms of an HP. The general form of a harmonic progression is

l 1 1 1
a a+d a+2d’ a+(n-1)d

Note : No term of any H.P. can be zero.

2ac a_a-b

(@) Ifa,b,careinHP, then b=
a+c ¢ b-c

Solution :

Hlustration 10 :
The sum of three numbers are in H.P. is 37 and the sum of their reciprocals is 1/4. Find the numbers.
Three numbers are in H.P. can be taken as
11 1
a—d a a+d
then ! +l+ ! =37 ... (1)
a—-d a a+d
d d d 1 a_i
an a—-d+a+a+d = 4 = 2
12 12 12 12
i +12+ =37 + =25
from@@). 7774 1+12d 7 1-12d  1+12d
24 24 1
— =25 1-144d* ==— 2
= 1-144d> = 25 &= o5 14a
d=+L
60
Caedae L L L1
-G aardac 1910 0 10 120 15
Hence, three numbers in H.P. are 15, 12, 10 or 10, 12, 15 Ans.

Sequence & Series
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Hlustration 11 :

a—X a-y a-z
Suppose a is a fixed real number such that = =
px qy V7

If p, g, r are in A.P., then prove that x, y, z are in H.P.

Solution :
p, q,rarein A.P.
q-p=r-q e (1)
= p—-q=q-r=k(et)
a—-xX a-y a-z LS|
given . = = - = x _Y _z
P qy p q r

(5] (b
= X y y z (by law of proportion)
P—q q-r

= X y_Y 2z {from (i)}
k k
(1 1} (1 1j 1 1 1 1
- aj———|=a|——— — ———=——-
Xy y z X y y z
2_1.1
y X Z
111
—» >~ arein A.P.
XYy z

Hence x, y, z are in H.P.

Do yourself - 4 :
(i)  If the 7% term of a H.P. is 8 and the 8" term is 7. Then find the 28™ term.

(@) InaH.P.,if 5 term is 6 and 3" term is 10. Find the 2" term.

q—f+f—P+P—q:O
b c

(@ii) If the p™, g™ and r' terms of a H.P. are a,b,c respectively, then prove that

7. MEANS

(a) ARITHMETIC MEAN :
If three terms are in A.P. then the middle term is called the A.M. between the other two, so if
atc
a,b,carein AP,bisAM.ofa&c.SoAM.ofaandc= T:b'
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(b)

(©)

Sequence & Series _

n-ARITHMETIC MEANS BETWEEN TWO NUMBERS :
If a,b be any two given numbers & a, A, A, .......... ,A,barein AP, then A, A ,........ A are
the n" A.M’s betweena & bthen. A =a+d,A =a+2d,.... ,A=a+ndorb-d, where
d= b-a

n+1
= Alza+B, A,=a+ 2(b-2a) yereens

n+1 n+1

Note : Sum of n A.M's inserted between a & b is equal to n times the single A.M. between a &
b

ie. D,A, =nA where A is the single A.M. between a & b.

r=1

GEOMETRIC MEAN :

If a, b, c are in G.P., then b is the G.M. betweena & ¢, b>=ac. So G.M. of aand ¢ = \/E =Db
n-GEOMETRIC MEANS BETWEEN TWO NUMBERS :

If a, b are two given positive numbers & a, G, G, ........ ,G,, b areinG.P. Then G, G,, G,
e G are'n' G.Msbetween a & b. where b= ar™' = r = (b/a)""!
G,=a(b/a)'™", G, =a(b/a)*"™" e , G, =a(b/a)""™"

= ar, ) =ar"=b/r

Note : The product of n G.Ms between a & b is equal to n™ power of the single G.M. between

a&bi.e. I%IIGr =(G) " where G is the single G.M. between a & b

HARMONIC MEAN :

If a, b, c are in H.P., then b is H.M. between a & ¢c. So H.M. of aand ¢ = ﬁ =b.

a+cC

Insertion of 'n' HM's between aand b :

a, H, H,, H ... ,H, b>HP
1 1 1 1 1 1
T T T T s —,— > AP.
a H1 H2 H3 Hn b
1 1
1 1 o=
—=—+m+1)D=> D=Db a
b a n+1
1
! =—+n b a
a n+1
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Important note :
(1 IfA, G, H, are respectively A.M., G.M., H.M. between two positive number a & b then
(a) G* =AH (A, G, HconstituteaGP) (b) A>G>H (c)A=G=H<a=b

(i) Leta,a,... ,a_ben positive real numbers, then we define their arithmetic mean (A), geometric

mean (G) and harmonic mean (H) as A =

1 1 1 1
R T
a, a, a; a,

It can be shown that A > G > H. Moreover equality holds at either place if and only if

G=(aa,..... a)’ and H=

Hlustration 12 :
If 2x3 + ax* + bx + 4 = 0 (a and b are positive real numbers) has 3 real roots,
then prove that a + b > 6(2'7 + 4'7).
Solution :
Let a, B, y be the roots of 2x*® + ax® + bx + 4 =0. Given that all the coefficients are positive, so all the
roots will be negative.

a
Leta, =-a, a,=-f, o, =~y = 0c1+0c2+a3:5
b
o0, + 0Ly + 00, =
a,0,0,= 2
Applying AM > GM, we have
o, +o, +a
=2 S > (a,0,0,) = a26x2"’
3
o0, + 0,0, + 0,0
Also ——2 "‘3 1> (o 0,05) =  bx6x41"
Therefore a + b > 6(2'7 + 4173),

Hllustration 13 :

i=1
Solution :
Using A M. > G.M.

1+a,>2fa

1+a222 a,

l+a 22fa, = (I+a)(l+a)....(l+a)22"axa,...a)"
As aaa....a =

Hence (1 +a)(1+a).......... (I+a)=2"
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Hlustration 14 :

X y

If a, b, X, y are positive natural numbers such that X + ; =1 then prove that o +? >ab
Solution :

Consider the positive numbers a*, a%,....... y times and b*, bY,......x times

For all these numbers,

{a*+a* +....y time}+{b’ + b’ +.....x times} ya*+xa’
AM = =
X+y (x+y)

1_1 x+y_1 ‘
—=1 =llie,x+y=x
y Xy y=Xy

1
As — Tt
X

a* +xa’ %
So using AM > GM 2T > (ab)™
X+y

a* a’
>ab or —+—=>ab.
Xy Xy

ya* +xa’

Do yourself - 5 :

a"+b"
@ If b is the G.M. between a & b then find the value of 'n".
a

1 1 1 1
4 =—+—
b-a b-c a c

@ii) If b is the harmonic mean between a and ¢, then prove that

8. ARITHMETICO - GEOMETRIC SERIES :

A series, each term of which is formed by multiplying the corresponding term of an A.P. & G.P. is
called the Arithmetico-Geometric Series, e.g. 1+ 3x+5x*+7x*+ .........

Here 1, 3,5, ........ areinAP. &1, X, X, X e are in G.P.
(a) SUM OF N TERMS OF AN ARITHMETICO-GEOMETRIC SERIES :
Let S, =a+(a+d)r+(a+2d)r’ +.......... +[a+(n-Dd]r™"
a dr(1-r"") [a+(n-Dd] r"
S, = + - , T#1
then = = T Ty -1
(b) SUM TO INFINITY :
Lim r" =0,S,, = — dr
If 0<|rf<1 & n—oo, then 0T =950 —:+(1_r)2
Hlustration 15 :
Find the sum of series 4 — 9x + 16x> —25x> + 36x*—49x> + ......... 0,
Solution :
LetS=4-9x + 16x>—-25x> +36x*—49x° + ......... o
—SX=—4x +9x%> - 16x> + 25x* = 36X° + .......... )

m
*
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On subtraction, we get
SA+x)=4-5x+7x>-9x3 + 11x* - 13x° +........ o0
-S(1 +x)x = 4x +5x> = 7x> + 9x* - 11x° +........ o0
On subtraction, we get
S +x)?=4 —x 42x2 - 2x3 + 2x* = 2x° +........ o0
=4 -x+2x2(1 =x+x>—.......... w)=4-x+ 2¢° =4+3X+X2
1+ I+x
4+3x+x°
S = —(1+x)3 Ans.
Hlustration 16 :
oan+1) (20+1)  _(2n+1Y
Find the sum of series upto n terms ( j + 3( j + 5( j e .
2n—1 2n-1 2n-1
Solution :

Forx #1, let

S=x+3x2+53 +....... +2n-3)x"'+2n-x> L. (1)
= xS=x*+3x+.... +2n-5x""1"+2n-3)x"+ 2n- DHx™' ... (ii)
Subtracting (ii) from (i), we get

(1=x)S=x+2x>+2x> + ......... +2x" 14 2x"— (2n— Dx™' = x + @—(ZH ~x™

= lfx [1-x+2x-2x"—(2n - 1)x"+ (2n — 1)x™*]
S= —[@n-D)x™ - 2n+ D)x"+ 1 +x]
(1-x)

2 n
Thus (2n+1j+3(2n”j M +(2n—1)(2n+1j
2n-1 2n-—1 2n -1
2 n+l n
:(2n+1j(2n—1) {(2n_1)(2n+1j _(Zn”)(anj +1+2n+1}
2n-1 2 2n-1 2n -1 2n-1

_4n2—1 4n
T4 2n-1

=n(2n+ 1) Ans.

Do yourself - 6 :

(i) Find sum to n terms of the series 3+ 5x i + 7 x 4—12 +oen.
.. s : . 44 .
(@) If the sum to the infinity of the series 3 + 51+ 7r% + .......... is ? , then find the value of r.

44
(iii)  If the sum to infinity of the series 3+(3+d) i +(3+2d) % F oo 1s ry then find d.
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9. SIGMA NOTATIONS (X))
THEOREMS :

(a) Z(ar +b,)= Zar J—’Zbr (b) Zkar = kzar (c) Zk =nk ; where k is a constant.
r=1 r=1 r=1 r=1 r=1 r=1

10. RESULTS

> n(n+l) )
(a) Z r= > (sum of the first n natural numbers)
r=1
o o n(n+D)(2n+1) )
(b) Z r = 6 (sum of the squares of the first n natural numbers)
r=I1

o, n*(n+1)° P
(© Z r= 1 = Z Il (sum of the cubes of the first n natural numbers)
r=1

r=1

n

@ D= %(n +1)(2n+1)(3n> +3n-1)

r=1

(e) Z (2r—1)=n’ (sum of first n odd natural numbers)

r=1

® Z 2r=n(n+1) (sum of first n even natural numbers)

r=1

Note :
If n™ term of a sequence is given by T = an’® + bn” + cn + d where a, b, ¢, d are constants,
then sum of nterms S =XT = axn®+bXn’>+ cZn+xd

This can be evaluated using the above results.

Hlustration 17 :
S 016t fthe series 4 L2 L2 +3
um up to erms of the series 1 143 1+325 T is
(A) 450 (B) 456 (C) 446 (D) none of these
Solution :

CP+243 + 40’ { 2

_ a4 (s won 1
n_1+3+5+....(2n—1)_n{2+2(n_1)}_ T 4 a2ty
2
SnzZtnlen2+lZn+lZI :l'n(n+1)(2n+l)+l.n(n+1)+l'n
4 2 4 4 6 2 2 4
16.17.33 16.17 16
Sw=—0 +- =446 Ans. (C)
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11.

METHOD OF DIFFERENCE :

Some times the n™ term of a sequence or a series can not be determined by the method, we have
discussed earlier. So we compute the difference between the successive terms of given sequence for
obtained the n™ terms.
If T,T,T,..... ,T_are the terms of a sequence then some times the terms T~ T, T~T,,.........
constitute an AP/GP. n" term of the series is determined & the sum to n terms of the sequence can
easily be obtained.
Casel:
(a) If difference series are in A.P., then

LetT = an’ + bn + ¢, where a, b, ¢ are constant
(b) If difference of difference series are in A.P.

Let T =an’+bn’+cn+d, where a, b, ¢, d are constant
Case?2:
(a) If difference are in G.P., then

Let T =ar"+ b, where r is common ratio & a, b are constant
(b) If difference of difference are in G.P., then

Let T =ar"+ bn + ¢, where r is common ratio & a, b, ¢ are constant

Determine constant by puttingn=1,2,3 ....... n and putting the value of T, T, T, ......

and sum of series (S ) =>"T,

Do yourself - 7 :

1+2 1+2+3 1+2+3+4
+ + +

2 3 4
(i) Find the sum of 'n' terms of the series whose n™ term is t_= 3n? + 2n.

(i)  Find the sum of the series upto n terms 1+

Miscellaneous Illustration :

Hlustration 18 :

n n n 1
ir DT = 5 (DM +2)(0+3) then find Z? .
r=1

r=1 r

Solution : v T =S -S|
_ n T HZ_iTr _ n(n + 1)(n8+ 2)(n+3) 3 (n— 1)n(n8+ D(n+2) _ n(n + lé(n +2) [(h+3)—(n—1)]
T = n(n+1)(n+2) 4) = n(n+1)(n+2)
8 2
i 3 2 _ (n+2)-n 1 B 1 '
= T am+Dm+2) nm+Dm+2) nm+l) (n+hn+2) o @)
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Let V, = !
n(n+1)
1
= Vn - Vn+l
T

1 1 1 1 LS| 2
Y —t—t— ... +—=(VI—VH+1):>Z—=n—+3n
T T, T, T, “ZT  2n+1)n+2)
Hlustration 19 :

Find the sum of nterms of the series 1.3.5+3.5.7+5.7.9+.......

Solution :
The n® term is (2n — 1)(2n + 1)(2n + 3)
T =@2n-1)2n+1)2n+3)

T = %(2n—1) Cn+1)(2n+3) {(2n+5)—(2n-3)}
=%(V,, -Vi.) [Let V. =(2n—1) 2n+ 1) 20+ 3) (2n + 5)]

1
Sn :ZTH :g[vn _VO]

_ 2n-1D2n+1)(2n+3)2n+5) +E

S 2 =n (20’ + 8n* + 7n - 2) Ans.
Hlustration 20 :
Find the sum of n terms of the series 3+ 7 + 14 + 24 + 37 + ..........
Solution :
Clearly here the differences between the successive terms are
7-3,14-7,24-14, ........ re.4,7,10,13,......... , which are in A.P.
Let S=3+7+14+24+........ +T
S= 3+7+14+ ... +T +T
Subtracting, we get
0=3+[4+7+10+ 13 +........ (n—1) terms] - T
T =3+S _ ofan A.P. whosea=4andd = 3.
T =3+ (HT_IJ(2.4+(n—2)3) _Stn-h@éntd) :%(3n2 Cn+d)
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Now puttingn=1, 2, 3,........ , n and adding

3 n(n+ 1)6(2n +1) B n(n2+ 1) dn

1 ) 1 n, ,
Sn=5[32n —Zn+4n]=5[ }=E(n +n+4)
Aliter Method :

LetT =an*+bn+c
Now, T, =3=a+b+c .. 1)

T,=7=4a+2b+c¢ .. (i1)

T,=14=8+3b+c .. (1i1)
Solving (1), (i1) & (iii) we get

3
a=—,b=—= =
> 2&c 2

T, :%(3n2 -n+4)

nn+1)(2n+1) 3 n(n+1) N

= s =2T =%[3Zn2—2n+4n]=%[3 4n}=%(n2+n+4)

n 6 2
Hlustration 21 :
Find the sum of n-terms of the series 1 +4 + 10+ 22 + .....
Solution :
Let S=1+4+10+22+....... +T 1)

S= 1+4+10+....... +T +T ... (i1)
O-{)=>T =1+C+6+12+....... +T -T )

T =1 3(2.11_1}
=1+
n 2-1

T =3.2071-2
So S =T =332+ -32

:3(2 _IJ—Zn:3.2“—2n—3

2-1
Aliter Method :
Let T =ar"+b, wherer=2
Now T =1=ar+b (i)
T,=4=ar’+b ....(ii)

Solving (1) & (ii), we get

Ans.

Ans.

Ans.
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azé,b:—Z
2

T =32v1-2
= S =3IT =332 -32

= 3(2 _IJ—Zn:3.2“—2n—3 Ans.
2-1

Hllustration 22 :
The series of natural numbers is divided into groups (1), (2,3,4),(5,6,7,8,9) ....... and so on. Show
that the sum of the numbersin n® group is n’* + (n — 1)*
Solution :
The groups are (1), (2, 3,4),(5,6,7,8,9) .......
The number of terms in the groups are 1, 3, 5......
The number of terms in the n™ group = (2n — 1)

the last term of the n™ group is n?
If we count from last term common difference should be —1

So the sum of numbers in the n™ group = (%j {2n2 +(2n-— 2)(—1)}

=2n-1DmM-n+1)=2n-3n>+3n-1=n*+(-1)>

Hlustration 23 :

Find the natural number 'a' for which Zn: f(a+k)=16(2" —1), where the function f satisfied
f(x+y) = f(x). f(y) for all natural number X,y and further f(1) =2.
Solution :
Itis given that
fx+y)=Ff ) f(y)and f (1)=2
fA+D=f M f1) = fQ=2%fU+2)=f (D f2) =fB)=2, f2+)=fDf2) =>Ff
(4)=2¢
Similarly f (k) =2%and f (a) =22

Hence, 3 fa+k) = f@)f(k) = f@) Y f(k)=2* Y 25 20021 422 ... 427}

a —z(zn_l)}_ a+ n
:2{ T =2
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N *
But Y f(a+k)=16(2" —1)

k=1

2a+1(20-1) = 16 (2"-1)

Da+l — 24

atl=4 = a=3 Ans.

ANSWERS FOR DO YOURSELF

1: () (a)z,iﬁ,ﬁ, ....... , (b) g,i,i,i, ....... (iii) —(p +q)
1’2’37 4 379727781

2: (@i 900 @ 14

3: (@) 931 (i) 4° (iv) 4,12,36  (v) C

4: (@ 2 () 15

5: () 1

2

6: G 4+§(1— flj—(znﬂj ) ~ (i) 2

9 4 3x4 4
. nmn+3)  nn+1)(2n+3)
7: (@ T ii )
2
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Sequence & Series
EXERCISE (O-1)
Ifa,a,a,..,a,... are in A.P. such that a,— a, + a,/ = m, then the sum of first 13
terms of this A.P,, is : [JEE-MAINS Online 2013]
(A) I5m (B) 10 m (©) 12m (D) 13 m SS0001
a, +a, +..+a, P’ a, .
Leta,a,a, ... be an A.P. such that =— ; p #q. Then —* is equal to :
s a, +a,+a;+..+a, q "

[JEE-MAINS Online 2013]
A) B) — 0k D) 4 550003
( )1861 ( )41 ( )1681 (D) 11
If a, b, c are in AP, then (a — c)? equals
(A) 4(b2 —ac) (B) 4(b2 +ac) (C) 4b% — ac (D) b2 — 4ac

SS0002

If the sum of the first 11 terms of an arithmetical progression equals that of the first 19 terms, then the
sum of its first 30 terms, is

(A)equalto O (B)equalto—1 (C)equalto 1 (D) non unique
SS0022

The first term of an infinite G.P. is 1 and every term is equals to the sum of the successive terms,

then its fourth term will be-

1 1 1 1

(A) 5 (B) ry © 1 (D) 1 SS0006
1 1
If G be the GM between x and y, then the value of G’ —x? + G’y is equal to
2 1
(A) G? (B) 57 ©) 52 (D) 3G? SS0011
If a, b, ¢ are in HP, then b:c is equal to
A) = B) 2 c) = D) - 550012
) ¢ ®) - (©) - D) |
If a= an,b = Zyn,c = Z(XY)H where |x , y| <1: then-
n=0 n=0 n=0

(A)abc=a+b+c (Byab+bc=ac+b
(C) ac + bc =ab + ¢ (D) ab+ac=bc +a SS0007

*
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9.

10.

11.

12.

13.

14.

15.

16.

a a b b _ c ¢ Xy _
Ifr>1and X=a+—+—+..10 o, y:b——+—2—...to oo and Z—C+_2+r—4+---t0°0,then——

r r r r r z

) 2 B) = © X (D) None of these

c b a

SS0008

In a GP, first term is 1. If 4T, + 5T3 1s minimum, then its common ratio is
(A) 2 (B) 2 ©) & (D) 3 SS0009

5 5 5 5
If abcd = 1 where a, b, c, d are positive reals then the minimum value of
a2+b>+c?+d>+ab+ac+ad+bc+bd+cd is
(A)6 (B) 10 ©) 12 (D) 20 SS0033

If a;, a,, a3 .... a, € R" and a,.a,.a5....a, = 1, then minimum value of (1+a; + a;)(1+a,+ aj)

(1+a;+ aj) ... (L +a + a’)is equal to :-

(A) 30+ (B) 3" (C) 301 (D) none of these
SS0014

If a, b, c are positive real numbers such that ab%c® = 64 then minimum value of (;+%+%j is

equal to:-

(A) 6 B) 2 <3 (D) None of these
SS0015

2+4+7+11+16+ ........... to n terms =

1 n 1 n
(A) g(nz +3n+8) (B) g(nz +3n+8) (O g(nz ~3n+8) (D) g(nz —3n + 8)

SS0018

Leta ,n € NisanA.P. withcommon difference 'd' and all whose terms are non-zero. If n approaches

1

infinity, then the sum + + oo + will approach
a,4a, ad,a, aa
R 2 1
(A) ad ®) % d ©) 2ad (D) a,d $S0027

Let o and B be the roots of equation px2+gqx +r=0, p=0. If p, g, r are in A.P. and l+%= 4,

o
then the value of lo. — I is: [JEE(Main)-2014]
) @ @ @ 3) @ @) @ $50109
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17. Three positive numbers form an increasing G.P. If the middle term in this G.P. is doubled, the new
numbers are in A.P. Then the common ratio of the G.P. is : [JEE(Main)-2014]
(1) 243 (2) 3++2 (3) 2-3 4) 2++/3 SS0110

18. If (10)° + 2(11)! (10)® + 3(11)%2 (10)7 + ......+ 10 (11)° = k (10)? , then k is equal to :
[JEE(Main)-2014]

1 121 2 A 3) 100 4) 110 SS0111
M) 5 ® 10 3) 4)
EXERCISE (0-2)

MULTIPLE CORRECT :
1. If sin(x —y), sin x and sin (x + y) are in H.P., then sin x. sec% =

(A)2 (B) V2 ©) 2 (D)-2 SS0112
2. IfS=12+432+52+..... + (99)? then the value of the sum 22+ 42+ 6%+ ....... +(100)? is

(A) S + 2550 (B) 172700

(C) 171700 (D) S +5050 SS0113

3. Digits contained by arithmetic mean (N) of the nine distinct numbers in the given set
{9, 99,999, ....... 9999999991 is

(A)2 B)3 ©)5 D)0 SS0114
4. a,,a,,a,,...,a areinA.Psuchthata +a;+a;=-12 and a, a, a, =8 then
(A)a, +a,+a,=-21 (B)a, a,a;a, a;=-20
O a<0Vix>2,ieN (D)a,>0Vix>2,ieN SS0115
1+3+5+.....upto n terms 20 L : !
5. If = andn =1 1 2 41 441 8 +.... ,
4+7+10+....upto n terms 7log;,x OB1g X T I0B10 X" 0810 X"+ 10810 X7 F--n- X
then
(A)x=10° (B)n=10 (C) x =10° D)n=12 SS0116

6. If the sum of n terms of an AP is Pn + an, where P, Q are constants, then-
(AT, =P+ (2n+1)Q B)T, =P+ (2n-1)Q
(C) common difference = 2Q (D) common difference = 2P SS0117
7. If a, b and c are positive real numbers then i+E+E is always greater than
c a

(A) 3 B)1 ©) 2 D)5 SS0118

*
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8.

10.

In an A.P. with first term 'a' and the common difference d (a, d # 0), the ratio ' p ' of the sum of the first
n terms to sum of n terms succeeding them does not depend on n. Then

(A) %% (B) p=% (©) %:% (D) p:% SS0119
EXERCISE (S-1)

The sum of n terms of two arithmetic series are in the ratio of (7n + 1) : (4n + 27). Find the ratio of
their n term.
SS0058

In an AP of which 'a' is the Ist term, if the sum of the Ist p terms is equal to zero, show that the sum of

Mj $S0039

th t 1S —
e next g terms 1s [ p—1

There are nAM's between 1 & 31 such that 7th mean : (n—1)" mean =5 : 9, then find the value of n.

SS0043
The first term of an arithmetic progression is 1 and the sum of the first nine terms equal to 369. The
first and the ninth term of a geometric progression coincide with the first and the ninth term of the

arithmetic progression. Find the seventh term of the geometric progression.

SS0044
The sequence a,, a,, gy weeenes agg satisfies the relation a_,, =a +1forn=1,2,3, ........ 97 and has
49
the sum equal to 4949. Evaluate Z a,, - SS0042
k=1
For an increasing G.P. a;,a,,a;......... , a,, if ag = 4a,, ag — a; = 192, then the value of zi is
i-1 &;
SS0045

In a set of four numbers, the first three are in GP & the last three are in A.P. with common difference
6. If the first number is the same as the fourth, find the four numbers.

SS0064
If the 10™ term of an HP is 21 and 21* term of the same HP is 10, then find the 210" term.

SS0047
The p™ term T of H.P. is q(p + q) and q" term T, is p(p + q) when p > 2, q > 2. Prove that
(a) T . =pg: (b) T . =p+q () T ..>T, SS0048
(@ The harmonic mean of two numbers is 4. The arithmetic mean A & the geometric mean G

satisfy the relation 2A + G? = 27. Find the two numbers. SS0049

(b) The AM of two numbers exceeds their GM by 15 & HM by 27. Find the numbers.

SS0050
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11. TfALALA,.... A, are arithmetic means inserted between the numbers a and b, then find the value

b+A; | [A+a
of b-A,, A-a) SS0061
12. If a > 0, then minimum value of a + 2a2 + a3 + 15+ a!l+ a3 +a*is
SS0041
a2b4c3d 1/10
13. Ifa, b, c,d> 0 such that a + 2b + 3¢ + 4d = 50, then find the maximum value of [ T j
SS0051

14. Find the n™ term and the sum to n terms of the sequence :

1 1+5+13+29+61+..... SS0053
(i) 6+4+13+22+33+....... SS0054
15.  Sum the following series to n terms and to infinity :
i ! + ! + ! + SS0055
O 47 %700 700
(i) Drr+DE+2)r+3) SS0056
r=1
EXERCISE (S-2)

1.  Given that the cubic ax® — ax? + 9bx — b = 0 (a # 0) has all three positive roots. Find the harmonic
mean of the roots independent of a and b, hence deduce that the root are all equal. Find also the
minimum value of (a + b) if aandb € N.

SS0065

2. Ifthe roots of 10x3 — cx? — 54x — 27 = 0 are in harmonic progression, then find ¢ and all the roots.

SS0066

3. If a,b,c,d,e be 5 numbers such that a,b,c are in AP ; b,c,d are in GP & c.,d,e are in HP then :

(i) Prove that a,c,e are in GP.
3 (ii) Prove thate = (2b—a)*/a
/:, (i) Ifa=2 & e =18, find all possible values of b,c,d. SS0063
;i; 4. If one AM 'a' and two GM's p and q be inserted between any two given numbers then show that
g‘; p*+ ¢* = 2apq.
i SS0062
3
> 3
3 5. Find the sum of the n terms of the sequence — —+ Tt
2 I+17+1" 1+2°4+2" 1+3°+3
g
: SS0067
L 4
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EXERCISE (JM)
If m is the A.M. of two distinct real numbers / and n(/, n > 1) and G,, G, and G; are three geometric
means between [ and n, then G} +2Gj +G; equals - [JEE(Main)-2015]
(1) 4 lmn? (2) 4 I2m?n? (3) 4 Pmn (4) 4 Im2n
SS0070

If the 2nd, 5th and 9th terms of a non-constant A.P. are in G.P., then the common ratio of this G.P. is:-
[JEE(Main)-2016]

7 8 4
(1) 1 (2) 3 (3) 3 @1 SS0071
If the sum of the first ten terms of the series (192 +(2§j2 +(3§j2 +42 +(4§J2 +.,18 ?m, then m is
equal to :- [JEE(Main)-2016]
(1) 99 (2) 102 (3) 101 (4) 100 SS0072

If, for a positive integer n, the quadratic equation,

XX+ D+x+1)xX+2)+... +(X+n-1)(x+n)=10n

has two consecutive integral solutions, then n is equal to : [JEE(Main)-2017]
()11 2) 12 39 @ 10 SS0073
For any three positive real numbers a, b and ¢, 9(25a% + b2) + 25(c% — 3ac) = 15b(3a + ¢).
Then : [JEE(Main)-2017]
(1) a, b and c are in G.P. (2) b, c and a are in G.P.
(3) b, c and a are in A.P. (4) a, b and c are in A.P. SS0074
Leta, b,c e R.Iff(x) =ax2 + bx + cis such thata+ b + ¢ = 3 and
10
f(x +y) =f(x) + f(y) + xy, V x, y € R, then Z f(n) 1s equal to : [JEE(Main)-2017]
n=1
(1) 255 (2) 330 (3) 165 4) 190 SS0120
12
Let a;, a,, a3, ..... , 449 be in A.P. such that Za4k+1 =416 and a, + a,3 = 66.
k=0
If a? +a3 +.....+a} = 140m, then m is equal to- [JEE(Main)-2018]
(1) 68 2) 34 (3)33 4) 66 SS0075
Let A be the sum of the first 20 terms and B be the sum of the first 40 terms of the series
1242224324242 4524262+ ... .If B —-2A = 100X, then A is equal to :
[JEE(Main)-2018]
(1) 248 (2) 464 (3) 496 (4) 232 SS0076

If a, b and c be three distinct real numbers in G. P. and a + b + ¢ = xb, then x cannot be :
[JEE(Main)-Jan 2019]
(1) 4 (2)-3 3)-=2 4)2 SS0077
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30 15
10. Let a, a,,......... 30 bean A. P, S = Zai and T = Z%H). If ay = 27 and S — 2T =75, then
i=1 i=l
a( 1s equal to : [JEE(Main)-Jan 2019]
(1) 57 (2) 47 (3)42 (4) 52 SS0078
11. The sum of the follwing series

12.

13.

14.

15.

16.

9(12+22+32) 12(12+22+32+42) 15(12+22+....+52) ,
1+6+ - + + +...up to 15 terms, is :

9 11
[JEE(Main)-Jan 2019]
(1) 7820 (2) 7830 (3) 7520 (4) 7510 SS0079

Let x, y be positive real numbers and m, n positive integers. The maximum value of the expression

men .
(1+X2m) (1+y2n) 18 -

[JEE(Main)-Jan 2019]

m+n

1 1
(1) ) 2) 1 3) p— 41 SS0080
If sin* o +4cos* B+2=4+/2sinocosP; a, Be[0,n] , then cos(a + B) — cos(a — PB) is equal to :

[JEE(Main)-Jan 2019]

(Ho (2) —2 3)-1 4 2 SS0121
The sum of all natural numbers 'n' such that 100 <n <200 and H.C.F. (91,n) > 1 is:
[JEE(Main)-Apr 2019]
(1)3221 (2)3121 (3) 3203 (4) 3303 SS0082
If three distinct numbers a,b,c are in G.P. and the equations ax® + 2bx + ¢ = 0 and dx? + 2ex + f=0
have a common root, then which one of the following statements is correct?
[JEE(Main)-Apr 2019]

1)d in AP » 3 eimGe
(1) d,e,f are in A.P. ()a’b’c are in G.P.
def . .
3) b e are in A.P. (4) d,e,f are in G.P. SS0083
. n(n—7)
Let the sum of the first n terms of a non-constant A.P., ap, Ay Ay, .. be 50n+ A,

where A is a constant. If d is the common difference of this A.P., then the ordered pair (d, a,) is equal

to [JEE(Main)-Apr 2019]
(1) (A, 50+46A) (2) (A, 50+45A) (3) (50, 50+46A) (4) (50, 50+45A)
SS0084
17. The sum 31 + 5X(13 +23) + 7 (13 2 +33) Foee upto 10t term, is :  [JEE(Main)-Apr 2019]
12 1 +2° 1P +27 +3 ’
(1) 660 (2) 620 (3) 680 (4) 600
SS0085
18. Ifaj, ay, as, ......... ,a,arein AP.anda; +a,+a;,+........ +a,,=114,thena, + a5 +a;; +a;41s
equal to : [JEE(Main)-Apr 2019]
(1) 38 (2) 98 (3)76 (4) 64 SS0086
L 4
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19.

20.

21.

1
Let a, b and c be in G. P. with common ratio r, where a = 0 and 0 <r < 7 If 3a, 7b and 15c are

the first three terms of an A. P, then the 4t term of this A. P. is : [JEE(Main)-Apr 2019]
7 2

(1) Ea 2)a 3) Ea (4) 5a SS0087

If o and B are the roots of the equation 375x2 — 25x — 2 = 0, then limZ:ar HimZ:Br is equal

to : [JEE(Main)-Apr 2019]
21 29 1 7

M 346 2 358 3 12 @) 116 550088

If o, and y are three consecutive terms of a non-constant G.P. such that the equations
ox?+2Bx +y=0and x2+x — 1 =0 have a common root, then a3 +y) is equal to :

[JEE(Main)-Apr 2019]

(1) By 2)0 (3) ay 4) af SS0081
EXERCISE (JA)
Let a;, a,, a5.......... a,, be real numbers satisfying a, = 15, 27 — 2a, > 0 and a, = 2a,_, — a,_, for
k=34....... 11
2 2 2
i At +11 """ 21 _ 90, then the value of <22 +11 "3 s equal to [JEE 2010, 3+3]
SS0098

The minimum value of the sum of real numbers a~, a ", 3a~, 1, a° and a'’ with a > 0 is
[JEE 2011, 4]

SS0099
p
Leta,a,a,......... ,a,,, be an arithmetic progression with a =3 and Sp = z a,,1<p<100. For any
i=1
integer n with 1 <n < 20, let m = 5n. If i—”‘ does not depend on n, then a, is [JEE 2011, 4]
SS0100
Leta,a,a, ... be in harmonic progression witha =5 and a, = 25. The least positive integer n for
whicha <0is [JEE 2012, 3 (-1)]
(A)22 (B)23 (C)24 (D) 25 SS0101
4n k(k+1)
Let S = Z(— 1) 2 k. Then S_can take value(s) [JEE-Advanced 2013, 4, (-1)]
k=1
(A) 1056 (B) 1088 (C) 1120 (D) 1332 SS0102
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6.

10.

Let a,b,c be positive integers such that — is an integer. If a,b,c are in geometric progression and
a

2
the arithmetic mean of a,b,c is b + 2, then the value of LaIM is [JEE(Advanced)-2014, 3]
a+

SS0104

Suppose that all the terms of an arithmetic progression (A.P.) are natural numbers. If the ratio of the
sum of the first seven terms to the sum of the first eleven terms is 6 : 11 and the seventh term lies in

between 130 and 140, then the common difference of this A.P. is [JEE 2015, 4M, -0M]
SS0105
The sides of the right angled triangle are in arithmetic progression. If the triangle has area 24, then
what is the length of its smallest side ? [JEE(Advanced)-2017, 3]
SS0107
Let X be the set consisting of the first 2018 terms of the arithmetic progression 1, 6, 11, ..... , and
Y be the set consisting of the first 2018 terms of the arithmetic progression 9, 16, 23, ..... Then,
the number of elements in the set X U Y is [JEE(Advanced)-2018, 3(0)]
SS0108

Let o and B be the roots of x> — x — 1 = 0, with a > B. For all positive integers n, define

a, = o =P , n>1
o—p
b=1landb =a +a ,n>2.
Then which of the following options is/are correct ? [JEE(Advanced)-2019, 4(-1)]

(1)a,+a,+a,+..+a =a —1foralln>1 (2)210“__

(3) Zlon =5 @) b =o +p foralln 1 $S0122

11. Let AP (a; d) denote the set of all the terms of an infinite arithmetic progression with first term
a and common difference d > 0. If AP(1; 3) N AP(2; 5) n AP(3; 7) = AP(a; d) then a + d
equals __ [JEE(Advanced)-2019, 3(0)]
SS0123
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17.

14.
15.

ALLEN .
ANSWER KEY
EXERCISE (O-1)
D 2 C 3 A 4 A 5B 6C 1C 8C
A 10.B 11. B 12. B 13.C 14 B 15.A 16 4

4 18. 3
EXERCISE (0-2)

BC 2. CD 3 ABC 4 AC 5 AB 6. BC 7. BC 8 AD
EXERCISE (S-1)

(14n—6)/(8n+23) 3. n=14 4. 27 5. 2499 6. 2 7. (8,-4,2,8)

1 10. (a) 6,3 (b) 120, 30 11. 102 12. 22 13. 5

(i) 2%1-3; 224 -3n (i) 2+4n+ 1; (1/6)n(n+ 1)(2n + 13) +n

() s, = (1/24) - [1/{6(3n+ 1) 3n +4) }]; s, = 1/24 (i) (1/5)n (n+ 1)(n+2)(n+3)(n+4)

EXERCISE (S-2)

28 2. C=9;(3,-3/2,-3/5) 3. (i)b=4,c=6,d=9 or b=-2,c=-6,d=-18
n(n+1)
2(n2 +n+1)
EXERCISE (JM)
4 2. 3 3. 3 4. 1 5. 3 6. 2 7. 2
9. 4 10. 4 11. 1 12. 2 13. 2 14. 2
3 16. 1 17. 1 18. 3 19. 2 20. 3 21. 1
EXERCISE (JA)
2. 8 3. 9or3 4. D 5. AD 6. 4 7. 9
6 9. 3748 10. 124 11. 157.00
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