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. ALLEN Quadratic Equation
QUADRATIC EQUATION

1. INTRODUCTION :

The algebraic expression of the form ax® + bx + ¢, a# 0 is called a quadratic expression, because
the highest order term in it is of second degree. Quadratic equation means, ax® + bx + ¢ = 0. In
general whenever one says zeroes of the expression ax?+ bx + c, it implies roots of the equation
ax? + bx + ¢ = 0, unless specified otherwise.

A quadratic equation has exactly two roots which may be real (equal or unequal) or imaginary.

2. SOLUTION OF QUADRATIC EQUATION & RELATION BETWEEN ROOTS &
CO-EFFICIENTS :

(@) The general form of quadratic equation is ax>+ bx + ¢ =0, a = 0.

The roots can be found in following manner :

2 2
», b e LR I
a(x +EX+QJ =0 = (X 24 a 432

This expression can be directly used to find the two roots of a quadratic equation.

(b) The expression b?—4 ac =D is called the discriminant of the quadratic equation.
(¢) If a&p are the roots of the quadratic equation ax*>+ bx + ¢ =0, then :

(i) o+p =—bla (i) ap=c/a (iii) |o—p|=+D/|a|
(d) A quadratic equation whose roots are o & is(x—a ) (x—p)=01.e.

x*—(a+B)x+ ap=0 i.e. x*— (sum of roots) x + product of roots = 0.

Hlustration 1 :  1f a, P are the roots of a quadratic equation x*>— 3x + 5 =0, then the equation whose roots
are (0> —3o+7) and (B> =3B +7) is -
(A)x*+4x+1=0 B)x*-4x+4=0 (O)x*-4x-1=0 DO)x*+2x+3=0

Solution : Since a., B are the roots of equation x* —3x +5=0
So o*-3a+5=0
B*-3B+5=0
o*—30 =-5
B'-3p =-5
Putting in (o> - 30+ 7) & (B*-3B+7) ... (1)
-5+7,-5+7

2 and 2 are the roots.
The required equation is
x* —4x+4=0. Ans. (B)

m
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Hllustration 2 :  If o and B are the roots of ax? + bx + ¢ =0, find the value of (ao + b)2 + (a3 + b)~2.

c
Solution : We know that o + 3 =—B & ap =7
a

1 1
~ (ao+b)? " (ap+b)’

(ac +b) 2+ (app + b)?

_ a’B’+b’ +2abB+a’a’ +b’ +2aba  a’(a’ +P)+2ab(a+B) +2b
= (a’ap+bap+bac+b>)’  (a’aP+ab(o+B)+b’)

(o> + B? can always be written as (o + )*>—2a3)

b’ —2ac b
- - 2 b 2
a’| (a+B)” —2ap |+2ab(a +P)+2b° a { a’ }L2ab( aj+2b b’ —2ac

(a’ap+ab(a+p)+b*)’ [azc+ab(—bj+b2j2 a’c’

[SS]

Alternatively :
If o & B are roots of ax> + bx +c=0
then, ac2 +ba +c =0

c
- ao+b=——
o

c
same as af+b=——

(a+b)” =(af+b)” =a—22+B—z
c

C

_(0+P)’ 20
=

_ (-b/a)* —2(c/a)

2
C

b* —2ac

a’c?

Do yourself - 1 :
@i Find the roots of following equations :
(@ x*+3x+2=0 (b) x*-8x+16=0 (c) x2-2x-1=0
(i) Find the roots of the equation a(x* + 1) — (a> + 1)x = 0, where a = 0.
@iii) Solve: I g
x’ -4 X+2
(iv) If the roots of 4x* + 5k = (5k + 1)x differ by unity, then find the values of k.
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ALLEN

Quadratic Equation

3. NATURE OF ROOTS:

(@) Consider the quadratic equation ax> + bx + ¢ =0 wherea,b,c € R& a # 0 then;

@)

(ii)
(i)
(iv)

__—btVD

2a

D > 0 < roots are real & distinct (unequal).
D =0 « roots are real & coincident (equal)

D <0 < roots are imaginary.

If p+1iq is one root of a quadratic equation, then the other root must be the conjugate

p—-iq&viceversa. (p,q e R & i=v-1).

(b) Consider the quadratic equation ax> + bx + ¢ =0 where a,b,c € Q & a = 0 then;

(1) If Disaperfect square, then roots are rational.
i) Ifo=p+ \/a is one root in this case, ( where p is rational & \/a is a surd) then other root
will be p—+/q .
Hlustration 3 :  1If the coefficient of the quadratic equation are rational & the coefficient of x? is 1, then
. T
find the equation one of whose roots is tang .
Solution : We know that tang =J2-1
Irrational roots always occur in conjugational pairs.
Hence if one root is (-1 + J2 ), the other root will be (-1 2 ). Equation is
(x ~(=1+~/2)) (x=(=1=+/2)) =0 = x2+2x-1=0
Hlustration 4:  Find all the integral values of a for which the quadratic equation (x —a)(x —10) + 1 =0

Solution :

has integral roots.

Here the equation is x> — (a + 10)x + 10a + 1 = 0. Since integral roots will always be
rational it means D should be a perfect square.

From (i) D = a®> — 20a + 96.
= D=@-102-4= 4=(a-102-D

If D is a perfect square it means we want difference of two perfect square as 4 which is
possible only when (a —10)*=4 and D = 0.

= (a-10)=x2 = a=12,8 Ans.
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@
(i)

(iii)

Do yourself - 2 :

If 2+ \/5 is a root of the equation x> + bx + ¢ =0, where b, ¢ € Q, find b, c.

For the following equations, find the nature of the roots (real & distinct, real & coincident or
imaginary).

(@ x*-6x+10=0

)  x—(T7+3)x+6(1+/3)=0

() 4x*+28x+49=0

If ¢, m are real and ¢ # m, then show that the roots of (/ —m)x>—5(¢ + m)x —2(/ —m) =0 are
real and unequal.

4. ROOTS UNDER PARTICULAR CASES :

Let the quadratic equation ax® + bx + ¢ = 0 has real roots and

@ Ifb=0 = roots are equal in magnitude but opposite in sign
(b)) Ifc=0 = one root is zero other is — b/a
(¢ Ifa=c = roots are reciprocal to each other

a>0c<0 o
da If = roots are of opposite signs

a<0c>0
e) If >0, b>0,c>0 = both roots are negative.

a<0, b<0,c<0

a>0, b<0,c>0 ..
® If both roots are positive.

a<0, b>0,c<0
(g) Ifsignofa=signofb=#signofc = Greater root in magnitude is negative.
(h) Ifsignofb=signofc#signofa = Greater root in magnitude is positive.
@i Ifa+b+c=0= onerootis 1 and second root is c/a or (-b—a)/a.

: o x’-bx k-1 . : L
Illustration 5:  If equation = il has roots equal in magnitude & opposite in sign, then the
ax—c
value of k 1s -
A a+b B a-b c a_ D a_
A B) © 5 D) |
Solution : Let the roots are a & —o. .

given equation is

(x>=bx)(k+ 1)=(k—1)(ax—c) {Considering, x # c/a & k #—1}
= xX((k+1)-bx(k+1)=ax(k-1)—-c(k-1)

= xX((k+1)-bx(tk+1)—ax(k-1)+ck-1) =0

Now sum of roots = 0 (v a—a=0)

a—-b
a+b

bkk+1)+ak-1)=0= k= Ans. (B)
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*Iustration 6 : 1If roots of the equation (a — b)x*+ (c—a)x +(b—c)=0are equal, then a, b, ¢ are in
(A) A.P. (B) H.P. (C) G.P. (D) none of these
Solution : (a-b)x*+(c—a)x+(b-c)=0

As roots are equal so

B°-4AC=0 = (c—a)’—4(a—-b)(b—c)=0 = (c—a)’—4ab+4b>+4ac—4bc=0
= (c—a)+4ac—4b(c+a)+4b°=0= (c+a)’—2.(2b)c+a)+(2b)’=0

= [c+a-2b’=0 = c+a-2b=0 = c+a=2b

Hence a, b, c are in A. P.

Alternative method :

Sum of the coefficients =0

Hence one root is 1 and other root is b-c .
a—-b

Given that both roots are equal, so

b-c
1= = a-b=b-¢c = 2b=a+c
a—-b

Hence a, b, c are in A.P. Ans. (A)

Do yourself - 3 :
@i Consider f (x) =x*+bx +c.
(@ Findcifx=0isarootof f (x)=0.

1
(b) Find cif a, — are roots of f (x) =0.
o

(c) Commentonsignofbé&c,if a<0<p & IB1>1al, where a, B are roots of f (x) =0.

5. IDENTITY :
An equation which is true for every value of the variable within the domain is called an identity , for
example : 5 (a—3)=5a—-15, (a+b)>=a’>+b*+2abforalla,b € R.
Note : A quadratic equation cannot have three or more roots & if it has , it becomes an identity.

If ax> + bx + c=0is an identity <> a=b=c=0

Hlustration 7 :  1f the equation (A = 5% + 6)x* + (W2 = 3L + 2)x + (A* — 4) = 0 has more than two roots,
then find the value of A ?

Solution : As the equation has more than two roots so it becomes an identity. Hence
A =5L+6=0 = A=23
and A°-3L+2=0 = A=1,2
and 2*-4=0 = A=2,-2
So A=2 Ans. A =2

m
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6. COMMON ROOTS OF TWO QUADRATIC EQUATIONS :

(a)

(b)

Only one common root.

Let o be the common rootof ax>+bx+c=0& a'x>+b'x +¢c' =0 then

ao’+bo +c=0 & a'a?+b'o+c'=0.ByCramer’s Rule @ - =
bc'-b'c a'c—ac' ab'- a'b

ca'-c'a bc'—- b'c
Therefore, o = =
ab'- a'b a'c—ac'

So the condition for a common root is (ca' - c'a)?> = (ab' - a'b) (bc'- b'c).

If both roots are same then & — 3 _°.

a' b' ¢’

Hllustration 8:  Find p and q such that px® + 5x + 2 =0 and 3x? + 10 x +q = 0 have both roots in common.

Solution :

a,=p,b,=5,¢,=2
a,=3,b,=10,¢c,=q

We know that :
4 _b_e¢ p_5_2 3
a2 b2 C2 = 3 10 q = p:E’q:4

*[llustration 9 : Find the possible value(s) of a for which the equations xX*+ax+1=0andx’+x+a=0

Solution :

have atleast one common root.
Let o is a common root

then o’ +aa+1=0

& dod’+a+a=0

by cramer's rule

= (l-a’=(@-1)(1-a)

= a=1,-2

@
(i)
(iii)

Do yourself - 4 :

If X2+ bx+¢c=0& 2x*> + 9x + 10 = 0 have both roots in common, find b & c.
Ifx>—7x+10=0 & x> - 5x + ¢ =0 have a common root, find c.

Show that x* + (a> — 2)x — 2a*> = 0 and x* — 3x + 2 = 0 have exactly one common root

for all a € R.
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7.

REMAINDER THEOREM :

If we divide a polynomial f(x) by (x — o) the remainder obtained is f(a). If f(a) is O then (x — o) is a
factor of f(x).

Consider f(x) = x* — 9x* + 23x — 15

If f(1)=0 = (x-1)isafactor of f(x).

If f(x)=(x—2)(x’—7x +9) + 3. Hence f(2) = 3 is remainder when f(x) is divided by (x — 2).

Hllustrations10: A polynomial in x of degree greater than three, leaves remainders 2, 1 and —1 when

divided, respectively, by (x — 1), (x +2) and (x + 1). What will be the remainder when it
isdividedby (x—1) (x+2) (x+ 1).

Solution : Let required polynomial be f(x) =p(x) x—-1) x+2) (x+ 1)+ a0x2 +ax+a,

By remainder theorem, f(1) = 2, f(-2) = 1, f(-1) = -1.
= a,+ta +ta =2

da, —2a +a,=1

a,—a +a =-I

. 7 3 2
Solving we get, a, :g, al:E’ a, :g
Remainder when f(x) is divided by (x — 1) (x + 2) (x + 1)
will be sz +§x + z
6 2 3

SOLUTION OF RATIONAL INEQUALITIES :

f
Let y= % be an expression in x where f(x) & g(x) are polynomials in x. Now, if it is given that
g(x

y >0 (or <0or>0or<0), this calls for all the values of x for which y satisfies the constraint. This
solution set can be found by following steps :

Step1: Factorize f(x) & g(x) and generate the form :

_ (x—a)"(x—a,)"........ (x—a,)
(x=b)"(x=b)™.....(x=b,)™

y

where nn,.......n;, m;,m,......m_ are natural numbers and a,a,.....a,, b;,b,......b are real
numbers. Clearly, here a, ,a,......a, areroots of f(x) =0 & bl,bz,....bp areroots of g(x) =0.
StepII:  Here y vanishes (becomes zero) for a, ,a,,.......... a,. These points are marked on the number

line with a black dot. They are solution of y = 0.

Ifg(x)=0, y= f(—X; attains an undefined form, hence b,, b,......b, are excluded from the
g(x

solution. These points are marked with white dots.

(x—-1) (x+2)" (x=3)" (x +6)

x? (x —7)3

e.g f(x)= 6 -2 0 1 3 7

Quadratic Equation
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Step-I11 :

Step-1V :

Step-V :

Note :

Check the value of y for any real number greater than the right most marked number on
the number line. If it is positive, then y is positive for all the real numbers greater than the
right most marked number and vice versa.

If the exponent of a factor is odd, then the point is called simple point and if the exponent
of a factor is even, then the point is called double point

(x-1)° (x+2)" (x=3) (x+6)
x? (x—7)3

Here 1,3,—6 and 7 are simple points and —2 & 0 are double points.

From right to left, beginning above the number line (if y is positive in step 3 otherwise
from below the line), a wavy curve should be drawn which passes through all the marked
points so that when passing through a simple point, the curve intersects the number line
and when passing through a double point, the curve remains on the same side of number

line.

C(x-D’(x+2)'(x-3)’(x+6)
)= C(x—T) I DA N S

As exponents of (x + 2) and x are even, the curve does not cross the number line. This

method is called wavy curve method.

The intervals where the curve is above number line, y will be positive and the intervals
where the curve is below the number line, y will be negative. The appropriate intervals
are chosen in accordance with the sign of inequality & their union represents the solution

of inequality.

(1)  Points where denominator is zero will never be included in the answer.

(i) If you are asked to find the intervals where f(x) is non-negative or non-positive then make the

intervals closed corresponding to the roots of the numerator and let it remain open corresponding

to the roots of denominator.

(111) Normally we cannot cross-multiply in inequalities. But we cross multiply if we are sure that

quantity in denominator is always positive.

(iv) Normally we cannot square in inequalities. But we can square if we are sure that both sides are

non negative.

(v)  We can multiply both sides with a negative number by changing the sign of inequality.

(vi) We can add or subtract equal quantity to both sides of inequalities without changing the sign of

inequality.
Hlustration 11: Find x such that 3x2-7x+6<0
Solution : D=49-72<0
As D <0, 3x%> - 7x + 6 will always be positive. Hence x € ¢.
2
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Tllustration 12: (x> -x—-6) (x2+6x) >0
Solution : (x=3) (x+2) (x) (x+6) >0
Consider E = x(x-3)(x+2)(x+6), E= 0= x =0, 3, -2, —6 (all are simple points)
+—o—o—o—o—>
-6 -2 0 3
Forx >3 E=x (x-3) (x+2) (x+6)
+ve +ve +ve +ve
= positive
-6 :—2 0 — 3
Hence for x(x-3) (x+2) (x+6) >0
X € (—0,—6] U [-2,0] U [3,0)
3 4 5
Illustration 13:  Letf(x) = (XD (x+2) (X3 (x+6) g1y the following inequality
X (x-7)
1 fx)>0 @ f(x)=0 Gi) fx)<0 (@Gv) f(x)<0
Solution : We mark on the number line zeros of the function : 1, -2, 3 and —6 (with black circles)
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and the points of discontinuity 0 and 7 (with white circles), isolate the double points : —2

and 0 and draw the wavy curve :

From graph, we get

1 xe(-0,-6)U(l,3)U (7, )

i) x e (-oo,-6]U {2} U[l,3]uU (7, )
@) xe(-6,-2)u (2,000, 1Hu@E,7)
iv) xe[-6,0)U(0,1]UI[3,7)

Do yourself - 5 :

(i) Find range of x such that

(a)

(©

©)

X

x-2)x+3)=0 (b) >2
x+1
3x -1 2x —D)(x +3)(2 - x)(1-x)?
X7 <0 @ (4 X _)( 2)( ) <o
4x +1 X (x+6)(x—9)(2x" +4x+9)
Tx—17
xz)—(3x+421 6 x*+2<3x<2x*-5
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9. QUADRATIC EXPRESSION AND IT'S GRAPHS :

Consider the quadratic expression, y = ax*>+bx+c, a = 0&a,b,c e R then;
(@) The graph between x, y is always a parabola. If a > 0 then the shape of the parabola is concave
upwards & if a < 0 then the shape of the parabola is concave downwards.

(b) The graph of y = ax? + bx + ¢ can be divided in 6 broad categories which are as follows :
(Let the real roots of quadratic equation ax? + bx + ¢ =0 be o & p where a < ).

Fig. 1 Fig. 2 Fig.3
Y 4 NY

a>0 a>0

D>0 D<O0

)

a) S X

a

oc\_(yﬁ 5 (—b,;D) > X (;*2,,

(TE’TAD) 2a 4a 0
Roots are real & distinct Roots are coincident Roots are complex conjugate
ax2+bx+c>OVxe(—oo,0c)u(B,oo) ax2+bx+c>OVxeR—{0c} ax’+bx+c>0VxeR
ax’+bx+c<0Vxe(ap) ax’+bx+c=0forx=a=
Fig. 4 Fig. 5 Fig.6
b o AY
0 g
a<0
D>0
a<0 a<0
D=0 D<0
o B Sx
[° \’
Roots are real & distinct Roots are coincident Roots are complex conjugate
ax2+bx+c>0Vxe(0c,B) ax’+bx +c <0V x € R—{a} ax’+bx+c<0VxeR
ax’+bx +¢ <0 Vx e (w0, o) U(B, 0) ax’+bx+c=0forx=o=p
Important Note :

(1  The quadratic expression ax’+bx+c>0foreachx e R=a>0,D <0 & vice-versa (Fig. 3)
(i) The quadratic expression ax’+bx+c<0foreachx e R=a<0,D <0 & vice-versa (Fig. 6)

10. MAXIMUM & MINIMUM VALUES OF QUADRATIC EXPRESSIONS : y=ax?>+bx +c:

2 2
We know that y = ax? + bx + ¢ takes following form : y = al:(x n LJ b - 4ac)} ,

When a <0, y will take a maximum value at vertex; x = 3 Voax = 10
a a

If quadratic expression ax’>+bx +c is a perfect square, then a>0and D=0

2a 4a’ i

which is a parabola. - vertex=[ b -D 2
] £

2a 4a 2

3

. .. -b -D 2

When a >0, y will take a minimum value at vertex ; X =—; ¥, =—— |
2a 4a 2

=

-b -D s

3

i

4
m
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Hllustration 14 : The value of the expression x* +2bx +c¢ will be positive for all real x if -
(A) b2—4c¢>0 (B) b* —4c <0 (C)c’<b (D) b’ <c¢
Solution : As a >0, so this expression will be positive if D <0
s0 4b* —4c <0 \\_/
b’<c - Ans. (D)
Hllustration 15 : The minimum value of the expression 4x* + 2x + 1 is -
(A) 1/4 B) 12 (C)3/4 D)1
Solution : Sincea=4>0
therefore its minimum value = _D_440- ©)] = 16-4 = 12 = 3 Ans. (C)
4a 4(4) 16 16
*Mlustrationl6: Ify = x>—2x — 3, then find the range of y when :
i xeR @i xe[0,3] (i) x e [-2,0]
Solution : We know that minimum value of y will occur at Ay
2. \d, /
2a 2xl { 1 >x
Y. = D — —(4+3x4) _ 4 "(1I’_4)
4a 4
i) xeR;
y € [-4,0) Ans.
@i x e][0, 3]
f(0)=-3,f(1)=-4, f3)=0
f(3) > f(0)
y will take all the values from minimum to f(3).
y € [-4, 0] AY Ans.
(i) x e [-2, 0] >
This interval does not contain the minimum o| 1 / N
value of y for x € R. - \U/
y will take values from f(0) to f(-2) 0=
f(0)=-3
f(-2)=5
y € [-3, 5] Ans.
Hlustration 17 :  1f ax? + bx + 10 = 0 does not have real & distinct roots, find the minimum value of 5a-b.
Solution : Either f(x) >0V x e R or f(x)<0 V xeR
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f0)=10>0=>f(x)>20V xR
f(-5)=25a-5b+10>0
Sa—-b>-2

=

=

Ans.
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Do yourself - 6

(i) Find the minimum value of :

(@ y=x>+2x+2 b) y=4x>-16x+15
(i) For following graphs of y = ax? + bx + ¢ with a,b,c € R, comment on the sign of :
(ia (i) b (iii) c (iv)D v)a+p (vi) of
/] /ANy
) > 2 3) .
/0, B\ | Xr /10l B\ §( / \

(i) Given the roots of equation ax*> + bx + ¢ = 0 are real & distinct, where a,b,c € R*, then the
vertex of the graph will lie in which quadrant.

*(iv) Find the range of 'a' for which :

(@ ax’+3x+4>0 VxeR (b) ax’+4x-2<0 VxeR

11. MAXIMUM & MINIMUM VALUES OF RATIONAL ALGEBRAIC EXPRESSIONS :

2 2
_ax tbx+g 1 a,x+b, ax tbhx+tce,

y_
a,x’ +b,x+c, ax’+bx+c a,x*+b,x+¢,  a,x+b,

a, x> +b,x+c,

Sometime we have to find range of expression of form 5 .
a,x +b,x+c,

The following procedure is used :

ax’+b,x+c

Step1:  Equate the given expressiontoy i.e. y=——
a,x” +b,x+c,

Step2: By cross multiplying and simplifying, obtain a quadratic equation in x.

(al - azy)XZ + (bl - sz)X + (C1 - CzY) =0

Step3:  Put Discriminant > 0 and solve the inequality for possible set of values of y.
. ) . x? —3x +4
Hlustration 18 :  For x € R, find the set of values attainable by —————.
X" +3x+4
otution : ety x* +3x+4
X2(y—-1)+3x(y+1)+4(y-1)=0
Case-1:y#1

For y # 1 above equation is a quadratic equation.
Soforx e R,D>0
= 9y+12-16(y-12>0 = 7Ty>*-50y+7<0

1
= (Iy-D(y-7)<0 = y{;ﬂ}—{l}
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ALLEN

Quadratic Equation

Hlustration 19 :

Solution :

CaseIl: wheny =1

B x> —3x+4

x> +3x+4

= x*+3x+4=x>-3x+4
= x=0

Hence y = 1 for real value of x.

= 1

sorange of y is [%,7}

. . . ax’+3x-4
Find the values of a for which the expression A’ 1a assumes all real values for
X —4x" +a

real values of x.

ax’+3x—4

x*(a+4y)+3(1-y)x—(4+ay)=0

IfxeR D>0

= 9 -y)Y+4a+4dy)d+ay)>0 = (9+16a)y>+ (4a>+46)y+(9+16a)>0
forally e R,(9+16a)>0 & D<0

= (4a>+46)>-4(9+16a)(9+16a)<0 = 4(a>-8a+7)a>+8a+16)<0

= a?-82+7 <0 = 1<a<7

9+16a>0 &1<a<7
Taking intersection, a € [1, 7]
Now,checking the boundary values of a
For a=1

X’ +3x—4 x-D(x+4)
YA+l (x—D(dx+1)

xzl=>y#-1

= a=11snot possible.
a=7

Tx*+3x—4  (Tx—4)(x+1)
Y —ax+7  (T—4x)(x+1)
So y will assume all real values for some real values of x.

So ae(,7)

=X

TxE-1l=>y#-1

Do yourself - 7 :

(i) Prove that the expression M cannot have values between 2 and 4, in its domain.

(i) Find the range of —————, where x is real
X

x> +2x -1
x> +2x+1
+2x+7
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12.

LOCATION OF ROOTS :

This article deals with an elegant approach of solving problems on quadratic equations when the
roots are located / specified on the number line with variety of constraints :

Consider the quadratic equation ax* + bx + ¢ = 0 with a > 0 and let f(x) = ax> + bx + ¢
Type-1 : Both roots of the quadratic equation are greater than a specific number (say d).
The necessary and sufficient condition for this are :

(H)D=>0; (1) f(d)>0; (iii)—zi>d f& /
a \(.f\—/ » X @ » X

d
Note : When both roots of the quadratic equation are less than a specific number d than the necessary
and sufficient condition will be :

i()D>20; (i) f(d)>0; (iii)—zL <d
a
Type-2:

Both roots lie on either side of a fixed number say (d). Alternatively one root is greater than 'd' and

The necessary and sufficient condition for this are : f(d) <0 . / R
Note : Consideration of discriminant is not needed. ‘*\dl/ B
Type-3:

other root less than 'd' or 'd' lies between the roots of the given equation. \

Exactly one root lies in the interval (d, e).

[\ ]/

The necessary and sufficient condition for this are : \

t :e > d :e >
f@.f)<0 \\/
Note : The extremes of the intervals found by given
conditions give 'd' or 'e' as the root of the equation. / — :\ / b

d\/ ) d \_/e

Hence in this case also check for end points. f(d)=0 fle)=0
Type-4:
When both roots are confined between the number d and e (d < e). \ /
The necessary and sufficient condition for this are : , ‘s
(i) D=0; @Gi)f(d)>0 ; (i) f(e)>0 d\\_/e
(iv) d< b <e

2a
Type-5: : : / >
One root is greater than e and the other roots is less than d (d <e). U

The necessary and sufficient condition for this are : f(d) <0 and f(e) <0
Note : If a < 0 in the quadratic equation ax* + bx + ¢ = 0 then we divide the whole equation by 'a'.

b c . .. o
Now assume x°+—x+— as f(x). This makes the coefficient of x* positive and hence above cases
a a

are applicable.
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Quadratic Equation

Hlustration 20 :  Find the values of the parameter 'a' for which the roots of the quadratic equation

Solution :

x>+2a-1)x+a+5=0are

(1) real and distinct (i) equal

(i) opposite in sign (iv) equal in magnitude but opposite in sign
(v) positive (vi) negative

(vii) greater than 3 (viii) smaller than 3

(ix) such that both the roots lie in the interval (1, 3)

Let f(x) =x>+2(a— 1)x + a+ 5 = Ax? + Bx + C (say)

= A=1,B=2(a-1),C=a+35.
AlsoD=B?>-4AC=4(a-1-4(a+5)=4(a+ 1)(a—-4)

1 D>0
= (a+1)(a-4)>0=> ae(—w0,-1)u4,x).
i D=0

= (a+1)a-4)=0=> a=-1,4.
(iii) This means that O lies between the roots of the given equation.
= f(0)<0andD>0i.e.a e (—o0,-1) U (4, )
= a+5<0=a<-5 = ae(-0,-5).
(iv) This means that the sum of the roots is zero
= 2(a-1)=0andD>0ie.ae—(—0,-1)Uu4,0) = a=1
which does not belong to (—oo, —1)\(4, o0)
= ae€d.

(v)  This implies that both the roots are greater than zero

B C
= _X >O’X>O’DZO = —(a-1)>0,a+5>0,a € (—oo, —-1]U[4, 0)

= a<l,-5<aae (-, -1lU4,0)= ae (-5, -1].

(vi) This implies that both the roots are less than zero

= —§<0,%>0,D20 = —(a-1)<0,a+5>0,a e (—o,-1]U[4, )
= a>1l,a>-5ae (-0, -1]JU[4,0) = aec[4, o).

(vii) In this case

- £>3,A.f(3)>0andD20.
2a
= —(a-1)>3,7a+8>0anda € (-, -1]U[4, )
= a<-2,a>-8/7anda e (-, —1]U[4, 0)
Since no value of 'a' can satisfy these conditions simultaneously, there can be no

value of a for which both the roots will be greater than 3.

*
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(viii) In this case

_2§<3,A.f(3)>0andDzo.
a

= a>-2,a>-8/7anda e (-, -1]U[4,0) = ae (-8/7,-1]U[4, )
(ix) Inthis case

1 <—%< 3, Af(1)>0,A.f(3)>0,D >0.

= 1<-1(a-1)<3,32a+4>0,7a+8>0,a € (—0, -1]U[4, )

8
= -2<a<0,a>-4/3,a>-8/7,a e (~x0,-1]U[4, ©) :ae(—;,—l}

Hlustration 21 :  Find value of k for which one root of equation x? — (k+1)x + k> + k — 8 = 0 exceeds 2 &

Solution :

other is less than 2.
4-2 (k+1) + k> +k-8<0 = kX-k-6<0
(k-3) (k+2)< 0 = 2<k<3

Taking intersection, k € (-2, 3).

Hllustration 22 :  Find all possible values of a for which exactly one root of x> —(a+1)x + 2a = 0 lies in

Solution :

interval (0,3).
f(0).£f(3) <0
= 2a(9-3@+1)+2a)<0 = 2a(-a+6)<0
= a(a-6)>0 = a<Oora>6
Checking the extremes.
Ifa=0, x*-x=0

x=0,1

1 €(0,3)
Ifa=6, x>*-7x+12=0

x=3,4 But 4 ¢ (0, 3)
Hence solution set is
a € (—0,0] U (6,0)

@

(i)

(iii)

(iv)
(v)

Do yourself - 8 :

If o, B are roots of 7x* + 9x — 2 = 0, find their position with respect to following (a < ) :
(@ -3 ® 0 © 1

If a> 1, roots of the equation (1 —a)x* + 3ax — 1 =0 are -

(A) one positive one negative (B) both negative

(C) both positive (D) both non-real

Find the set of value of a for which the roots of the equation x> —2ax + a> + a—3 =0 are less
than 3.

If o, B are the roots of x> —3x+a=0,a € Rand a <1 <, then find the values of a.

If o, B are roots of 4x? — 16x + A =0, A € Rsuch that 1 <a <2 and 2 < 3 < 3, then find the

range of A.
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13. GENERAL QUADRATIC EXPRESSION IN TWO VARIABLES :

f( X,y ) =ax’ + 2 hxy + by’ + 2gx + 2 fy + ¢ may be resolved into two linear factors if ;
g
f1=0

- o =

a
A = abc + 2fgh —af’ —bg’—ch’=0 OR |h
g C

Illustration 23 : If x* + 2xy + 2x + my — 3 have two linear factor then m is equal to -

(A)6,2 (B)-6,2 ©)6,-2 (D) -6, 2
Solution : Herea=1,h=1,b=0,g=1,f=m/2,c=-3

1 1 1

So A=0= 0 m/2=0
1 m/2 -3

m> m?>
= —T—(—3—m/2)+m/2:0 = —T+m+3=0
= m-4m-12=0 = m=-2,6 Ans. (C)

Do yourself -9 :

(i)  Find the value of k for which the expression x> + 2xy + ky? + 2x + k = 0 can be resolved

into two linear factors.

14. THEORY OF EQUATIONS :

Let a,, o), O, ...... a, are roots of the equation, f (x) =ax"+ax"!'+ax"2+...a _, x+a =0,
wherea, a, ......... a_ are constants and a,# 0.
fX)=a(x—a)X-0)(X—-0y) ......... x—a)

aX"+a x4+ a_Xx+a =aX-o)X-0a) ... (x-o)

Comparing the coefficients of like powers of x, we get

Zai __A S, (say)

a

n-1

coefficient of x

or 1= .
coefficient of x"

S, = Yo =(-1722

i ap

343
S3 = z oyo0y = (-1)° =
i#j=k ap

constant term

S =a,a a _(_l)nﬁ_ b
g =% Oy eeene n a, =D coefficient of x"

where S, denotes the sum of the product of root taken k at a time.
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Quadratic equation : If a, B are the roots of the quadratic equation ax”> + bx + ¢ =0,

o

then OL+B=—E and gf==
a a

Cubic equation : If a, B, y are roots of a cubic equation ax? + bx> + ¢cx + d = 0, then

a+B+y:—E, a[3+[3y+ya:§ and aBy:—g

Note :

@

(ii)

(i)

(iv)

V)

(vi)

If o is a root of the equation f (x) =0, then the polynomial f(x) is exactly divisible by (x—a.)
or (x—a) is a factor of f(x)and conversely.

Every equation of nth degree (n > 1) has exactly n root & if the equation has more than n roots,
itis an identity.

If the coefficients of the equation f (x) =0 are all real and o +ip is its root, then o —ip is also a

root. i.e. imaginary roots occur in conjugate pairs.

If the coefficients in the equation are all rational & o + \/E is one of its roots, then o — \/_ is
also aroot where o,3 € Q &3 is not a perfect square.

If there be any two real numbers ‘a’ & ‘b’ such that f(a) & f(b) are of opposite signs, then
f(x) = 0 must have atleast one real root between ‘a’ and ‘b’.

Every equation f(x) = 0 of degree odd has atleast one real root of a sign opposite to that of its last
term.

Hllustration 24 : 1f two roots are equal, find the roots of 4x*+ 20x* —23x + 6 =0.

Solution :

Let roots be a, oo and 3

a+a+B:—2740 = 20+B=-5 )
6
a.a+aB+aB:—§ = 0c2+20LB:—2743& OLZB:—Z

from equation (i)

0c2+20L(—5—20c):—2743 = 0L2—100L—40c2:—2743 = 1202 + 400 —23=0

oc:1/2,—2
6

b 1
when o0 =7

1 3
W (5 _1y=_—
0P=y(=5-1)=-3

23x23 23 3
Whena:—ézazﬁz x [—5—2){(——)}&—— = a:l B=-6
6 36 6 2 2
: 11

Hence roots of equation = 25 -6 Ans
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Hllustration 25 : 1f o, B, v are the roots of x> — px?> + qx —r =0, find :
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o Do () o*B+y)+By+a)+y’(a+p)

Solution : Weknowthat a+B+y=p

af + By +ya=q
afy=r

M) o’ +B 1’ = 3apy+(a+B+y){(a+B+y)’ —3(aB+Py+yo)}
=3r+p{p>-3q} =3r+p’-3pq

(i) B+ +pia+y)+ 7o +P)= af(p—a) +BE(p—PB) + v (P —7)

=p(a’ +B* +v*)=3r—p’ +3pq = p(p> — 2q) — 3r — p> + 3pq = pq — 3r

Hllustration 26 : 1fb> <2ac and a, b, ¢, d €R, then prove that ax® + bx? + cx + d = 0 has exactly one real

root.

Solution : Let a, B, vy be the roots of ax® + bx> +cx +d =0

Then0c+[3+y:—E
a

aB+Bv+va=£
a

afy =—
a

b’ 2c b’-2
0(2+B2+Y2:(OL+B+y)2_2(OLB+B'y+y(x):¥—;C= azac

= o?+p?+79% <0, which is not possible if all a, B, y are real. So atleast one root is
non-real, but complex roots occurs in pair. Hence given cubic equation has two non-real

and one real roots.

Do yourself - 10 :

@i Leta, B be two of the roots of the equation x3 — px? + gx —r=0. If a + = 0, then show that
pq=r

@) If two roots of x3 + 3x% — 9x + ¢ = 0 are equal, then find the value of c.

(i) If o, B, ¥ be the roots of ax® + bx? + cx + d = 0, then find the value of

1
@ 2o b 2—  © X'+

15.

TRANSFORMATION OF THE EQUATION :
Let ax+ bx + ¢ = 0 be a quadratic equation with two roots a and f. If we have to find an equation
whose roots are f(o) and f(p3), i.e. some expression in o & 3, then this equation can be found by
finding a in terms of y. Now as a satisfies given equation, put this a in terms of y directly in the
equation.

y=1(o)
By transformation, o = g(y)

a(g(y))* +b(g(y) +¢=0
This is the required equation in y.
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Hllustration 27 : 1f the roots of ax? + bx + ¢ = 0 are o and B, then find the equation whose roots are :

Solution :

Illustration 28 :

Solution :

(@)

(@)

(b)

©

22 o B ) @2
o B ®) a+1 B+l © o p
22
a’ B
) _
put,y="—" = oa=—
y
2Y (=2
——| +b|—|+c=0 = cy?-2by+4a=0
y y
Required equation is cx?—2bx+4a=0
o B
a+l p+1
o _y
put, Y= = a_l—y
2
= a( Y j+b[ J J+c:0 = (a+c-b)y>’+(-2c+b)y+c=0
-y -y
Required equationis (a+c—-b) x>+ (b-2¢c)x+c=0
o2, B2
put y=o? :>0c:\/§
ay+b\/§+c:0

b%y = a’y? + ¢? + 2acy
= a’%y?+QRac-b)y+c*=0
Required equation is a’x? + (2ac —b?) x +c?=0

If the roots of ax® + bx? + c¢x + d = 0 are a, B, y then find equation whose roots are

I 1 1
af By yo
1 d
Put y=— =L =3 (. ogpy=-2)
aff  apy d a
PutX:—ﬂ
a
3 2
= a(—gj +b(—ﬂJ +c(—ﬂJ+d:0
a a a

Required equation is d*x* — bdx* + acx —a>=0

(@)

Do yourself - 11 :
@ If a, B are the roots of ax> + bx + ¢ = 0, then find the equation whose roots are

1
T o

o

(i) If o, B are roots of x> — px + q = 0, then find the quadratic equation whose root are
(O(,Z _BZ)((X3 _BS) and 06253 +a3BZ .

1 1 1 1 1
b b 1 B—
B’ ® aoc+b’a[3+b © OH_B B+0L
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Miscellaneous Illustrations :

Hlustrations 29: 1f a, P are the roots of x* + px + q = 0, and y, J are the roots of x> + rx + s = 0,
evaluate (o — y) (@ —98) (B —7v) (B — 9) in terms of p, g, r and s. Deduce the
condition that the equations have a common root.

Solution : a, B are the roots of x> + px + q =0

a+pB=-pafp=q ... (1)
and vy, O are the roots of x> + rx + s =0
Yy+0=-r, ¥d=s ... 2)
Now,(a —7) (. =08) (B-7) (B-90)
= [0 — oy + &) + v3] [B* — B(y + &) + vd]
= (> +ra+5s) B>+ 1P +5)
= o’PB? +raf(a + B) + rPoaf + s(a? + B?) +sr(a + P) + 2
= o’PB? +raP(a + B) + rPap + s((a + B)* — 2aP)) + sr(a + B) + s?
=@’ - pqr + r’q + s(p> = 2q) + sr (-p) + &’
=(q - s)’ - rpq + r’q + sp> — prs
=(q-9’-rq(p-1)+sp(p-1
=(q-s)’+ (-1 (sp-rq)
For a common root (Let o =yor B =0) ... 3)
then (a-7y) (-3 PB-yP-8=0 ... 4)
from (3) and (4), we get
Q-9+ (-1 (sp-rq) =0
= (q-15)*=(p-r) (rq — sp), which is the required condition.
Hlustrations30: 1f (y> — 5y + 3) (x* + x + 1) < 2x for all x € R, then find the interval in which y lies.
Solution : Y’ -5y+3) xX*+x+1)<2x, Vx € R
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= y2—5y+3<2—X
x2+x+1
© x2+x+1

= px*+(pP-2)x+p=0
(1) Since x isreal, (p—-2)>-4p>>0

2
= 2<p< =
3

(2) The minimum value of 2x/(x> + x + 1) is 2.
So, y*-5y+3<-=2 = y-5y+5<0

[5—\/5 5+\/§J
= ye|—F—>

2 2
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ANSWERS FOR DO YOURSELF

1: 0 @ -L-2 b 4 © 1=42; G) a5 (i) g (iv) 3,—%
a

2: (i) b=-4,c=1; (i) (a) imaginary; (b) real & distinct; (¢) real & coincident

3: (@) (@ c=0; (b) c=1; (¢) b—negative, c— negative

4: G b:%,czs;(ii)c:0,6
5: ) @ xe(-wo -3]u[2,%); (b)  xe(=2,-1);() (_%,ﬂ;

(d) XE(—6, _3)U(%9 2J_{1}U(99 00)’ (e) [3a7]7 (f) (1)

6: () @1 (b) -1
@@ (1) ()a<0 (ii)b<0(il)c<0 (iv)yD>0 (v)a+B<0 (vi)ap>0
2) (1)a<0 ()b>0 (i1))c=0@Gv)D>0 V) a+p>0 (vi)ap=0
3) ()a<0 (ii)b=0 (iii)c=0@Gv) D=0 (v) a+B=0 (vi)ap=0
(iii) Third quadrant
@iv) (@)a>9/16 (b)a<-2
7: (ii) leastvalue =0, greatestvalue=1.
8 () 3<a<0<B<l; @ C; i) a<2; (@v) a<2; (v)12<A<16
9: (@ 0,2

10: G) 27.5: (i) (a) = (b>—2ac), (b) —2, © - (3ad—be)
a a

11: ) (@ c*y>+yRac—-b*)+a>=0;(®b) acx>—bx+1=0; (¢) acx’>+(a+c)bx+(a+c)>=0
(i) x* - p(p* - 5p’q + 5¢7)x + p’q*(p* - 49)(p? - q) = 0
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EXERCISE (O-1)
1. If the roots of the equation 6x* — 7x + k = 0 are rational, then k is equal to-
(A) -1 B) -1, =2 (C) =2 D) 1,2 QE0099
2.  If the equation x> — m (2x — 8) — 15 = 0 has equal roots, then m =
(A) 3, -5 B) -3,5 ©) 3,5 (D) -3, -5 QE0100
3. If o, B are roots of the equation ax>—bx — ¢ =0, then o — af + B’ is equal to-
b* +3ac b*> —3ac b* +2ac b*> —2ac
(A) — (B) — ©) — (D) ——— QE0101
a a a a
4.  The roots of the equation ax* + bx + ¢ = 0 will be imaginary if -
(A)a>0,b=0,c<0 B)a>0,b=0,c>0
©)a=0,b>0,c>0 D)a>0,b>0,c=0 QE0102
5. If a, B are roots of the equation x> + px + q =0, then the equation whose roots are ﬂ,ﬂ will be
o
A)x*-gx+p=0 @B xX+px+q=0 O x*-px-q=0 @DO)gx*+px+q=0
QE0103
6. If p, q are the roots of equation x> + px + q=0, then value of p must be equal to-
(A) O, 1 B) 1 ©) 2 (D) 0, -1 QE0104
7. If o, are the roots of the equation ax*+ bx +c¢ =0, then ¢ . B is equal to -
afp+b aa+b
A 2 B 2 C 2 D 2 E0105
(A) = B) ¢ (©) - ® - Q
8.  If the roots of the equation ax* + x + b = 0 be real and different, then the roots of the equation
x2— 4+Jabx + 1 = 0 will be-
(A) Rational (B) Irrational (C) Real (D) Imaginary
QE0106
3 — -1
2 9. Ifaand B are roots of x> — 2x + 3 = 0, then the equation whose roots are a—i and % will be-
H o+
% (A)3x*-2x-1=0 B)3x*+2x+1=0 O3x*-2x+1=0 DO)x*-3x+1=0
% QE0107
3 1
s 10. If o, B are the roots of the equation x*— 3x + 1 =0, then the equation with roots S ’ﬁ will be-
3

A x*-x-1=0 B)x*+x-1=0 C)x*+x+2=0 (D) None of these
QE0108
L 4
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11.

12.

13.

14.

15.

16.

17.

18.

19.

2logk _1 =0 is7, then the roots of the equation

If the product of the roots of the equation x* — 3kx + 2e
are real if k equals -
(A) 1 (B) 2 (C) =2 (D) 2

QE0109
If o and B are roots of the equation x>+ px + %Tp =0, such that la. — Bl = /10, then p belongs to

the set :-
(A) {2, -5} B) {-3,2} ©) {3, -5} (D) {-2, 5}

QE0110
If p and q are non-zero real numbers and o + 3> = —p, aff = q, then a quadratic equation whose

2 2
roots are F’; is -
A) gl +px+q*=0 @B)px*+gx+p’=0 (O gx’-px+q¢*=0 D)px*-gx+p?’=0
QE0111

x> —bx _m—l

If the equation has roots equal in magnitude but opposite in sign, then m is equal

ax —c¢C m +

to -

Ay 22D B) 220 ) 22 D) None of th

( )a—b ( )a+b ( )b+a (D) None of these
QE0112

For what value of a the curve y = x? + ax + 25 touches the x-axis -

(A)O (B) £5 (©) £10 (D) none QE0113

The expression a’x? + bx + 1 will be positive for all x € R if-

(A) b? > 4a? (B) b* < 4a? (C) 4b* > a? (D) 4b? < a?
QE0114

The adjoining figure shows the graph of y = ax” + bx + c. Then -

v
x I Xz ;x

(A) a>0 B) b>0,c>0 (€) ¢c>0,b<0 (D) b® < 4ac

QEO0115

If both the roots of the equations k(6x> + 3) + rx + 2x> —1 = 0 and 6k(2x” + 1) + px + 4x'— 2 =0
are common, then 2r — p is equal to-

(A) 1 B) -1 ©) 2 D)o QE(116

All possible values of a, so that 6 lies between the roots of the equation x2 + 2@-3)x+9=0

(A) (—0, =2) U (2, ©) (B) (—, —3/4) (©) (2, ©) (D) none of these
QEO0117
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. ALLEN Quadratic Equation
EXERCISE (0O-2)
1. The graph of curve x> =3x — y — 2 is strictly below the line y =k, then -
(A)2<k<4 (B)k>i (C)k:i D)k<-lork>0
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QE0118
Ramesh and Mahesh solve a quadratic equation. Ramesh reads its constant term wrongly and finds
its roots as 8 and 2 where as Mahesh reads the coefficientof x wrongly and finds its roots as
—11 and 1. The correct roots of the equation are
(A) 11, 1 B)-11, 1 <O 11, -1 (D) None of these

QE0119
The set of values of K for which both the roots of the equation 4x*> — 20Kx + (25K*+ 15K — 66) =0,
are less than 2, is given by-

(A) (2, ) (B) 4/5, 2) (C) (= o, -1) (D) None of these
QE0120
Let P (x) = kx3 + 2k2x2 + k3. Find the sum of all real numbers k for which x — 2 is a factor of P(x).
(A4 B)8 ©)-4 (D)-8
QE0121

More than one correct :

S.

If f(x)=x>+bx +cand f (2 +t)=f (2-t) for all real numbers t, then which of the following
is true ?

(A) f(D < f(D)<f(4) (B) f(2) < f(1) <f(4)
O fO<f@<fD) D) f2.1) < f(1.5)<f(3) QE0122
For x € [1, 5], y=x*-5x+ 3 has -
(A) least value =-1.5 (B) greatest value =3
5+4/13
(C) least value =-3.25 (D) greatest value = QE0123

2
Graph of y = ax” + bx + c is given adjacently. What conclusions can be drawn from this graph -

\,/

N }
Vertex
(A) a>0 (B) b<0 (©) ¢<0 (D) b?—4ac>0
QE0124
The graph of quadratic polynomial f(x) = ax” + bx + ¢ is shown below. Which of the following are
correct ?
YI’\
o . LA
/-l |0 1 N\
c
(A) N <-1 B)IB-al>2 ©) fx)>0Vxe(,p) (D)abc<0 QEO0125

*
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9. IfS is the set of all real x such that (2x —1)/(2x3 +3x%+x) is positive, then S contains
(A) (=00, —3/2) (B) (-3/2,-1/4) (C)(-1/4,1/2) (D) (+1/2,3)
QE0126

Comprehension Type :
Graph of f (x) = ax? + bx + ¢ is shown adjacently, for which /(AB) =2, /(AC) = 3 and b? — 4ac = 4.

On the basis of above informations, answer the following questions :

10. The value of a + b + c is equal to -
(A)7 (B)8 ©9 (D) 10 QE0127

11. The quadratic equation with rational coefficients whose one of the rootsisb + ~/a+c¢ , is -
(A)x2-6x+2=0 B)x2-6x-1=0 (C)x2+6x+2=0 D)x2+6x-1=0

QE0127
1 1
12. Range of g(x) = (a +EJ x2+ (b+2)x — (C —Ej when x € [4, 0] is -
Y 10 P 6 [_ﬁ ooj
(A) [-10, ~6] B) |- © |7 (D) |~
QE0127
EXERCISE (S-1)
1.  If o, are roots of the equation x* — px + q = 0, then find the value of
() o (@p' - P) + p(Plo’ —a) (i) (a-p*+PB-p™ QE0128
2. Find the value of a for which one root of the equation x* + (2a — 1)x + a*> + 2 =0 is twice as large as
the other. QE0129
3.  Find a such that one of the roots of the equation x* — % x +a =0 1s the square of the other.
QE0130
4.  Findkin the equation 5x* — kx + 1 =0 such that the difference between the roots of the equation is unity.
QE0131
5. Find bin the equation 5x*+bx —28 =0 if the roots x and x, of the equation are related as 5x, +2x, =1 and
b is an integer. QE0132
6.  Find the values of the coefficient a for which the curve y = x* + ax + 25 touches the x-axis.
QE0133
7.  For what values of p does the vertex of the parabola y = x* + 2px + 13 lie at a distance of 5 from the
origin ? QE0134
8. If x,x, are the roots of ax’ + bx + ¢ =0, then find the value of
(i) (ax, + b)? + (ax, + b)?, (i) (ax, + b)” + (ax, + b)~. QE0135

9. Ifa, P are theroots of ax> + bx + ¢ =0, (a # 0) and o + 5,  + & are the roots of Ax> + Bx + C =0, (A # 0)

b? —4ac _ B> —4AC

. = QE0057
a

for some constant J, then prove that,
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10. If a, B are the roots of the quadratic equation ax> + bx + ¢ = 0 then which of the following expressions
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11.

12.

13.

14.

15.

16.

17.

in a,  will denote the symmetric functions of roots. Give proper reasoning.

(i) f(a, B)=0a>-p (i) f (a, B) = 0B + afp?
(04
(iii) f (o, B) = In E (iv) f (o, B) = cos (o — PB) QE0136
Solve following Inequalities over the set of real numbers -
242x-3 —D(x+2)*
H —=c0 QE0137 @ DR QE0138
X" +1 -1-x
X +1
Gii) x*—2x2—63 <0 QE0139 V) QE0140
W XoTxH2 g QE0141 oy XL g QE0142
Y 1 ax+5 W ax -5
i 2%, E0143 apy X2, E0144
o) 5572 Q o)~ ax+s Q
x> +2 2-x*)(x-3)°
(ix) <2 E0145 (x) > E0146
x2 -1 Q (x +1)(x* =3x —4) Q
y -y E0147 ) GHA=2xHD E0148
™) 4 Q R W Q
o xPe3xt 4 2x? . 1 1 1
(xiii) ————— >0 QE0149 (xiv) > QE0150
X" —x-30 x—-2 x-1 x
20

+ 0 +1>0
(xv) (x-3)(x—-4) x-4 QE0151

Find integral values of k for which the quadratic equation (k — 12)x* + 2(k — 12)x + 2 = 0 possess no
real roots ?

QE0152
For what values of k is the inequality x* — (k — 3)x — k + 6 > 0 valid for all real x?

QE0153
Find all values of p for which the roots of the equation (p — 3)x* — 2px + 5p = 0 are real and positive.

QE0065
Find all values of a for which the inequality (a + 4)x* — 2ax + 2a — 6 < 0 is satisfied for all x € R.

QE0154
For what values of a do the graphs of the functions y = 2ax + 1 and y = (a — 6)x* — 2 not intersect?

QEO0155

Let the quadratic equation x* + 3x —k =0 hasroots a, b and x* + 3x — 10 =0 has roots c, d such that
modulus of difference of the roots of the first equation is equal to twice the modulus of the difference
of the roots of the second equation. If the value of 'k' can be expressed as rational number in the
lowest form as m/ n, then find the value of (m + n).

QE0056

*
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18.

19.

20.

21.

22,

23.

Find the value of m for which the quadratic equations x> — 11x + m = 0 and x> — 14x + 2m = 0 may
have common root.

QE0059
If the quadratic equations x*>+bx+ca=0& x>+ cx+ab=0 (where a=0) have a common root,
prove that the equation containing their other root is x>+ ax+ bc =0.

QE0156
: : : «o B
Let o, B and y are the roots of the cubic x* —3x? + 1 =0. Find a cubic whose roots are _2" B—z
and LZ . Hence or otherwise find the value of (o —2)(B —2)(y —2).
’Y J—

QE0072

Find th lue of = for real values of
ind the greatest value o 7%’ + 3% 1 6 [orreal values of x.
QE0157

For what values of m will the expression y* + 2xy + 2x + my — 3 be capable of resolution into two
rational factors ?

QE0158
Find all the values of the parameter 'a' for which both roots of the quadratic equation
x% — ax + 2 = 0 belong to the interval (0, 3).

QE0066

EXERCISE (S-2)

If the quadratic equations, x> + bx + ¢ =0 and bx? + cx + 1 = 0 have a common root then prove that
either b+c+1=0 or b2+c>+1=bc+b+c.

QE0058
Let P(x) = 4x% + 6x + 4 and Q(y) = 4y? — 12y + 25. Find the unique pair of real numbers (x, y) that
satisfy P(x) - Q(y) =28.

QE0077
Find the values of ‘a’ for which -3 < [(x?+ax—2)/(x2+x+1)] <2 is valid for all real x.

QE0079
When y? + my + 2 is divided by (y — 1) then the quotient is f (y) and the remainder is R,. When
y? + my + 2 is divided by (y + 1) then quotient is g (y) and the remainder is R,. If R, =R, then find
the value of m.

QE0069
If the roots of x>—ax+b=0 are real & differ by a quantity which is less than ¢ (c > 0), prove that
b lies between (1/4) (a2 — c?) & (1/4)a>. QE0159
At what values of 'a' do all the zeroes of the function,

f(x) = (a—2)x? + 2ax + a + 3 lie on the interval (- 2, 1)? QE0067
Let a, B, y be distinct real numbers such that

ao? + ba + ¢ = (sinf)o + (cosO)a

ap?+ bp + ¢ = (sinO)B2 + (cosO)B

ay? + by + ¢ = (sinB)y? + (cosO)y
(where a, b, c € R)
Find the value of a + b? + ¢? QE0160
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Find the minimum value of 3 for x>0. QE(161
[x + lj +X°+ —
X X
o O 2x7+2x+3 o _
We call 'p' a good number if the inequality m < p is satisfied for any real x. Find the
smallest integral good number.
QE0163
EXERCISE (JM)
Let for a # a; # 0, f(x) = ax? + bx + ¢, g(x) = a;x? + b;x + ¢, and p(x) = f(x) — g(x).
If p(x) = 0 only for x = -1 and p(-2) = 2, then the value of p(2) is: [AIEEE-2011]
(1) 18 2)3 3)9 4)6 QE0081

Sachin and Rahul attempted to solve a quadratic equation. Sachin made a mistake in writing down
the constant term and ended up in roots (4, 3). Rahul made a mistake in writing down coefficient of

X to get roots (3, 2). The correct roots of equation are: [AIEEE-2011]
(1) 4, -3 2)6,1 3)4,3 4) -6, -1

QE0082
The equation esinx — e=sinx _ 4 = () has : [AIEEE-2012]
(1) exactly four real roots. (2) infinite number of real roots.
(3) no real roots. (4) exactly one real root. QE(0162
If the equations x2 + 2x + 3 = 0 and ax2 + bx + ¢ = 0, a, b, ¢ € R, have a common root, then
a:b:cis: [JEE-MAIN-2013]
(H1:2:3 2)3:2:1 3)1:3:2 4)3:1:2

QE0083
Let o and B be the roots of equation x2 — 6x — 2 = 0. If a, = a" — ", for n > 1, then the value of
a,, —2a,

2a, is equal to : [JEE-MAIN-2015]

()3 2)-3 3)6 4)-6 QE0084

X2 +4x-60 .
) =] 18 :-

The sum of all real values of x satisfying the equation (x2 -5x+5

[JEE-MAIN-2016]

(15 )3 (3) -4 4) 6 QE0085
Let o and B be two roots of the equation x2 + 2x + 2 = 0, then a5 + B13 is equal to :

[JEE(Main)-Jan 19]

(1)512 (2) =512 (3) 256 (4) 256 QE0086
The number of all possible positive integral values of a for which the roots of the quadratic equation,
6x2-11x+a = 0 are rational numbers is : [JEE(Main)-Jan 19]
(12 2)5 3)3 4) 4 QE0087
4

Quadratic Equation
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10.

11.

12.

13.

14.

15.

Consider the quadratic equation (c—5)x2-2cx + (c—4) =0, c#5. Let S be the set of all integral Values
of ¢ for which one root of the equation lies in the interval (0,2) and its other root lies in the interval

(2,3). Then the number of elements in S is : [JEE(Main)-Jan 19]

(1) 11 (2) 18 (3) 10 4) 12 QE0088

Let o and B be the roots of the quadratic equation x2 sin § — x (sin ® cos 8 + 1) + cos 6 =0
D" . .

(0 < 6 <45°, and a < B. Then ZLOL + B J is equal to :- [JEE(Main)-Jan 19]

1 1 1 1
+— (2) T
1-cos® 1+sin0 1+cos®O 1-sin0

oY)

1 1 1 1

&) 1—cos® 1+sind “) 1+cos® 1-sind QE0163
If A be the ratio of the roots of the quadratic equation in x, 3m2x2+m(m—-4)x+2 = 0, then the least
1
value of m for which A +x =1,is: [JEE(Main)-Jan 19]
(1)2-+3 (2) 4-32 3) 242 4) 4-23
QE0089

If o and B be the roots of the equation x2 — 2x + 2 = 0, then the least value of n for which (%J =1
is:
[JEE(Main)-Apr 19]
(12 23 (3)4 45
QE0164

The sum of the solutions of the equation ‘\/; - 2‘ ++/x (\/; - 4) +2=0,(x>0) isequal to :
[JEE(Main)-Apr 19]
(H4 29 3)10 4)12
QE0165

If m is chosen in the quadratic equation (m? + 1) x2 — 3x + (m? + 1)2 = 0 such that the sum of its
roots is greatest, then the absolute difference of the cubes of its roots is :- [JEE(Main)-Apr 19]

(1) 83 ) 43 (3) 1045 4) 85
QE0166

If o and B are the roots of the quadratic equation, x2 + xsinf —2sin6 = 0, 6 € (0,%), then

(o(” +“B1:f)l3(a B B)z4 is equal to : [JEE(Main)-Apr 19]
26 212 212 212
(D (sin9+8)12 2) (sinG—S)6 A) (sin9—4)12 ) (si119+8)12

QE0167
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EXERCISE (JA)
1.  Let p and q be real numbers such that p = 0, p’ # q and p’ # —q. If o and B are nonzero complex
numbers satisfying oo + p = — p and o’ + B’ = q, then a quadratic equation having % and % as
its roots is [JEE 2010, 3]
(A) (P +QX = (P +29x + (P +q =0 B) (P +9x - (p’ -29x + (' +q =0
©) (P -x" = 5p' - 2ax+ (P’ - =0 D) (P -x’ - (Sp' +2qx +(p'-q) =0
QE009%4
2. Let o and B be the roots of x* — 6x — 2 =0, with o> B. If a_= o" — B" for n > 1, then the value
a,—2ay
of 2a, is [JEE 2011]
A1 (B) 2 ©3 (D) 4
QE0095
3. A value of b for which the equations
X +bx-1=0
X+ X +b=0,
have one root in common is - [JEE 2011]
(A) ~2 (B) —iv3 (© W5 (D) V2
QE0096
4. Let S be the set of all non-zero numbers o such that the quadratic equation ax” — x + o = 0 has
two distinct real roots x, and x, satisfying the inequality Ix, — x| < 1. Which of the following intervals
is(are) a subset(s) of S ? [JEE 2015, 4M, —0M]
(A) (—l —LJ (B) (—i OJ © [0 o (L1
2 \/g \/g ’ ’ \/g \/g 4 2
QE0097
o o
S. Let 3 <6 <-—_ Suppose o, and B, are the roots of the equation x* — 2xsec® + 1 = 0 and o
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2

12

and B, are the roots of the equation x> + 2xtan® — 1 = 0. If a,>pB, and o, > B,, then o, + 3,
equals

[JEE(Advanced)-2016, 3(-1)]
(A) 2(secB — tanB) (B) 2secO (C) —2tan6 (D)0 QE0168
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10.
19.

EXERCISE (O-1)
D 2C 3 A 4B 5B 6A 17D 8D 9C
A 1L.B 12D 13.A  14.B 15.C  16.B 17.B 18.D

B

EXERCISE (0-2)
B 2C 3C 4D 5 BD 6 BC 7. ABCD 8. AB,C)D

9. AD 10.D 11. A 12. C

11.

12.

16.

20.

EXERCISE (S-1)

. p(P’ -4’ -q) .. p‘-4p’q+2q’ 125 27
(1) q , (i1) e 2. a=-4 3. a = —?, a, = Y
k=435 5. b=-13 6. a==10 7. {-4,-3,3,4)
_ b*—2ac . b(b*—3ac) . _
) s (1) T 10. (a) (i1) and (iv)
a‘c a’c
@ 3,1 (i) (—o0,-2) U (-2,-1) U (1, +x) (iii) [-3, 3] (iv) (—o0, 0) U (3, +0)

W) (—0,3) U @&, + o) (vi)(-1,5) (vii) [1, 3] U (5, +0) (viii) (172, 3)
(ix) (-1, 0) U (0, 1) X)) [—/2,-1) U(-1,42]U[3,4)
() (o0, =7 /2) (=1, /7 /2)U(4/3, +20) (i) (-0, —2]U(-1,4)

(xifi)  (—o0, =5) U (1, 2) U (6, +o0) &iv) (V2. 0)u(1V2)u(2, +x)
xv) (=00, -2) U (-1, 3) U (4, +0)
k=13 13. (-3, 5) 14. For all pe [3, IZS} 15. For all a € (—o0, —6)
Forall a e (-6, 3) 17. 191 18. 0 or 24
1
3y —9y>- 3y +1=0; (a—2)(B-2)(y-2)=3 21.3 22. 2 23. Z\ESa<%
EXERCISE (S-2)
( 3 3} 1
-, = 3. 2<axl1 4. 0 6. (—oo’——j {2} u (5, 6] 7. 1
4 2 4
Yo =6. 9. 4
EXERCISE (JM)
1 2. 2 3. 3 4. 1 5. 1 6. 2 7. 3 8. 3
1 10. 1 11. 2 12. 3 13. 3 14. 4 15. 4
EXERCISE (JA)
B 2. C 3. B 4. AD 5. C
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