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PROBABILITY

INTRODUCTION :
The theory of probability has been originated from the game of chance and gambling. In old days,

gamblers used to gamble in a gambling house with a die to win the amount fixed among themselves.
They were always desirous to get the prescribed number on the upper face of a die when it was thrown
on a board. Shakuni of Mahabharat was perhaps one of them. People started to study the subject of
probability from the middle of seventeenth century. The mathematicians Huygens, Pascal Fermat and
Bernoulli contributed a lot to this branch of Mathematics. A.N. Kolmogorow proposed the set theoretic

model to the theory of probability.

Probability gives us a measure of likelihood that something will happen. However
probability can never predict the number of times that an occurrence actually happens.
But being able to quantify the likely occurrence of an event is important because most of the decisions

that affect our daily lives are based on likelihoods and not on absolute certainties.
DEFINITIONS :

(a) Experiment : An action or operation resulting in two or more well defined outcomes. e.g.

tossing a coin, throwing a die, drawing a card from a pack of well shuffled playing cards etc.

(b) Sample space : A set S that consists of all possible outcomes of a random experiment is called
a sample space and each outcome is called a sample point. Often, there will be more than one
sample space that can describe outcomes of an experiment, but there is usually only one that

will provide the most information.

e.g. in an experiment of "throwing a die", following sample spaces are possible :
(1) {even number, odd number}

(i1) {a number less than 3, a number equal to 3, a number greater than 3}

(ii1) {1,2,3,4,5,6}

Here 3" sample space is the one which provides most information.

If a sample space has a finite number of points it is called finite sample space and if it has an
infinite number of points, it is called infinite sample space. e.g. (1) "in a toss of coin" either a
head (H) or tail (T) comes up, therefore sample space of this experiment is S = {H, T} which is
a finite sample space. (i1) "Selecting a number from the set of natural numbers", sample space

of this experiment is S = {1,2,3.,4,......} which is an infinite sample space.
(c) Event : Anevent is defined as an occurrence or situation, for example

(i) inatoss of a coin, it shows head,

(i)  scoring a six on the throw of a die,

(ii)) winning the first prize in a raftle,

(iv) being dealt a hand of four cards which are all clubs.

Probability
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(@)

(e)
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(h)

Note

In every case it is set of some or all possible outcomes of the experiment. Therefore event (A)
is subset of sample space (S). If outcome of an experiment is an element of A we say that event

A has occurred.

o An event consisting of a single point of S is called a simple or elementary event.
. ¢ is called impossible event and S (sample space) is called sure event.

Note : Probability of occurrence of an event A is denoted by P(A).

Compound Event : If an event has more than one sample points it is called Compound
Event. If A & B are two given events then AnB is called compound event and is denoted by
AnB or AB or A & B.

Complement of an event : The set of all outcomes which are in S but not in A is called the
complement of the event A & denoted by A, A¢, A' or ‘not A”’.

Mutually Exclusive Events : Two events are said to be Mutually Exclusive (or disjoint or
incompatible) if the occurrence of one precludes (rules out) the simultaneous occurrence of the

other. If A & B are two mutually exclusive events then P(A n B)=0.
Consider, for example, choosing numbers at random from the set {3,4,5,6,7,8,9,10, 11, 12}
If,  Event A is the selection of a prime number,

Event B is the selection of an odd number,

Event C is the selection of an even number,

then A and C are mutually exclusive as none of the numbers in this set is both prime and even.
But A and B are not mutually exclusive as some numbers are both prime and odd (viz. 3, 5, 7,

11).

Equally Likely Events : Events are said to be Equally Likely when each event is as likely to
occur as any other event. Note that the term 'at random' or 'randomly' means that all possibilities

are equally likely.

Exhaustive Events : Events A,B.C........ N are said to be Exhaustive Events if no event
outside this set can result as an outcome of an experiment. For example, if A & B are two

events defined on a sample space S and A & B are exhaustive > AuUB=S=P(AuUB)=1.

: Playing cards : A pack of playing cards consists of 52 cards of 4 suits, 13 in each, as shown

in figure.
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ALLEN Probability
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Comparative study of Equally likely, Mutually Exclusive and Exhaustive events :

Experiment Events E/L | M/E | Exhaustive

1. Throwing of a die A: throwing an odd face {1,3,5} | No | Yes | No
B : throwing a composite {4,6}

2. Aballis drawn from E, : getting a White ball

an urn containing 2White, E, : getting a Red ball No | Yes | Yes

3Red and 4Green balls E, : getting a Green ball
3. Throwing a pair of A : throwing a doublet

dice {11, 22, 33, 44, 55, 66}

B : throwing a total of 10 ormore | Yes | No No
{ 46, 64, 55, 56, 65, 66 }

4.  From awell shuffled E, : getting a heart
pack of cards a card is E,: getting a spade Yes | Yes | Yes
drawn E, : getting a diamond
E, : getting a club
S.  From a well shuffled A = getting a heart
pack of cards a card is B = getting a face card No | No No

drawn
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Hllustration 1: A coin is tossed. If it shows head, we draw a ball from a bag consisting of 3 blue and 4

Solution :

white balls; if it shows tail we throw a die. Describe the sample space of this experiment.
Let us denote blue balls by B, B,, B, and the white balls by W, W, W, W,. Then a
sample space of the experiment is

S={HB, HB,, HB,, HW , HW , HW , HW,, T1, T2, T3, T4, T5, T6}.

Here HB, means head on the coin and ball B, is drawn, HW, means head on the coin and

ball W_ is drawn. Similarly, Ti means tail on the coin and the number i on the die.

Hlustration 2:  Consider the experiment in which a coin is tossed repeatedly until a head comes up.

Solution :

Describe the sample space.
In the experiment head may come up on the first toss, or the 2nd toss, or the 3rd toss and
so on. Hence, the desired sample space is S = {H, TH, TTH, TTTH, TTTTH,...}

Hllustration 3: A coin is tossed three times, consider the following events.

Solution :

A : 'no head appears'

B : 'exactly one head appears'

C : 'at least two heads appear’

Do they form a set of mutually exclusive and exhaustive events ?

The sample space of the experiment is

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

Events A, B and C are given by

A= {TTT}

B = {HTT, THT, TTH}

C = {HHT, HTH, THH, HHH}

Now,

AuBuUC={TTT, HTT,THT,TTH,HHT,HTH,THH,HHH} = S

Therefore A,B and C are exhaustive events. Also, ANB=¢, AnC=pand BN C=
¢. Therefore, the events are pair-wise disjoint, i.e., they are mutually exclusive. Hence,

A,B and C form a set of mutually exclusive and exhaustive events.

@

(ii)

(iii)

(iv)

Do yourself -1 :

Two balls are drawn from a bag containing 2 Red and 3 Black balls, write sample space of this
experiment.

Out of 2 men and 3 women a team of two persons is to be formed such that there is exactly one
man and one woman. Write the sample space of this experiment.

A coin in tossed and if head comes up, a die is thrown. But if tail comes up, the coin is tossed
again. Write the sample space of this experiment.

In a toss of a die, consider following events :

A : An even number turns up. B : A prime number turns up.

These events are -

(A) Equally likely events (B) Mutually exclusive events

(C) Exhaustive events (D) None of these
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CLASSICAL DEFINITION OF PROBABILITY :
If n represents the total number of equally likely, mutually exclusive and exhaustive outcomes of an
experiment and m of them are favourable to the happening of the event A, then the probability of

happening of the event A is given by P(A) = m/n. There are (n—m) outcomes which are favourable to

the event that A does not happen. 'The event A does not happen' is denoted by A (and is read as 'not A")

—, h—-m m
Thus P(A)=——=1-—
n n

ie. P(A)=1-P(A)
Note :
i 0<PA)<I
(i) P(A)+P(A)=1,
X
(x+y)

and

(iti) If x cases are favourable to A & y cases are favourable toA then P(A) =

P(A)= . We say that Odds In Favour Of A are x: y & Odds Against A arey : x

(x+y)

OTHER DEFINITIONS OF PROBABILITY :

(@) Axiomatic probability : Axiomatic approach is another way of describing probability of an
event. In this approach some axioms or rules are depicted to assign probabilities.

Let S be the sample space of a random experiment. The probability P is a real valued function
whose domain is the power set of S and range is the interval [0, 1] satisfying the following
axioms :

(i) ForanyeventE, P(E)>0 @) PS)=1

(i) IfE and F are mutually exclusive events, then P(E U F) =P(E) + P(F).

It follows from (iii) that P(E N F) = P(¢) = 0.

Let S be a sample space containing outcomes ® , ,,....., ® , 1.€., S = {® ,0,,......0_}

It follows from the axiomatic definition of probability that :

(i) O0<P(w)<1foreachw €S

(i) P(w)+P(o)+...+P®)=1

(i) For any event A, P(A) = ZP(0), o, € A.

(b) Empirical probability : The probability that you would hit the bull's-eye on a dartboard with
one throw of a dart would depend on how much you had practised, how much natural talent for
playing darts you had, how tired you were, how good a dart you were using etc. all of which
are impossible to quantify. A method which can be adopted in the example given above is to
throw the dart several times (each throw is a trial) and count the number of times you hit the
bull's-eye (a success) and the number of times you miss (a failure). Then an empirical value of
the probability that you hit the bull's-eye with any one throw is

number of successes

number of successes + number of failures

Probability
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If the number of throws is small, this does not give a particular good estimate but for a large

number of throws the result is more reliable.

When the probability of the occurrence of an event A cannot be worked out exactly, an empirical

value can be found by adopting the approach described above, that is :

(1  making a large number of trials (i.e. set up an experiment in which the event may, or may
not, occur and note the outcome),

(i)  counting the number of times the event does occur, i.e. the number of successes,

number of successes

(itf) - calculating the value of number of trials (i.c. successes + failures) " n

The probability of event A occurring is defined as P(A) = lim (Lj

n—oo n

n — oo means that the number of trials is large (but what should be taken as 'large' depends on
the problem).

Hllustration 4:  Ifthe letters of INTERMEDIATE are arranged, then the odds in favour of the event that

Solution :

no two 'E's occur together, are-

6 5 2
(A) 5 (B) 3 © 9 (D) none of these

[52,N>1,T>2,E>3R—>1,M—>1,D—> 1A — 1 (3'E's,Rest 9 letters)

. 9!
First arrange rest of the letters = X

21’

x1°C, =3x10!

Now 3'E's can be placed by 10C3 ways, so favourable cases = 2 '2'

12! 11 11 5
Total cases = = —x10!; Non-favourable cases = | — -3 |x10!==x10!
212131 2 2 2

3 6
Odds in favour of the event = 50 = 5 Ans. (A)

Hllustration 5:  From a group of 10 persons consisting of 5 lawyers, 3 doctors and 2 engineers, four

Solution :

persons are selected at random. The probability that the selection contains at least one of
each category is-

(A) % (B) % ©) % (D) none of these

n(S) =""C, = 210.
n(E)="C, x °C, x °C, +°C, x °C, x °C, +°C, x °C, x °C, =105

P(E)y=0"——7=7. Ans. (A)
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Illustration 6 :  If four cards are drawn at random from a pack of fifty-two playing cards, find the probability

that at least one of them is an ace.
Solution : If A is a combination of four cards containing at least one ace (i.e. either one ace, or two

aces, or three aces or four aces) then A is a combination of four cards containing no aces.

Now P (K) _ Number of combinations of four cards with no aces

— =48C4/52C4= 0.72
Total number of combinations of four cards
Using P(A)+P(A)=1 we have P(A)=1-P(A)=1-0.72=0.28

Hllustration 7: A bag contains n white and n red balls. Pairs of balls are drawn without replacement
until the bag is empty. Show that the probability that each pair consists of one white and
one red ball is 2"/(**C).

Solution : Let S be the sample space & E be the event that each of the n pairs of balls drawn
consists of one white and one red ball.

n(S) = (*C)) ("2C) ("C)...("CHCC,)

_ {(2n)§.22n—l)wﬁ{(2n—21);2n—3)]5{(2n—41)‘(22n—5)]ﬁ ..... {4.3}_{2.1}

1234..(2n-12n _2n!
2" 2"

and n(E) = ("C "C)) (*'C,."IC ) (*2C,»*C))...(C,C)) (IC,.'C,)

= 2 (=12 (n-2)...2%1% =[1.2.3....(n—D)n]’ = (n!)?

n(E) ()’ e
= —= =5 Ans.
n(S) (2n)/2" 2n! C,

(n!)’

Required Probability, P(E) =

Do yourself - 2 :

(i) A coinistossed successively three times. Find the probability of getting exactly one head or
two heads.

(ii) A bagcontains 5 red and 4 green balls. Four balls are drawn at random then find the probability
that two balls are of red and two balls are of green colour.

(iii) Two natural numbers are selected at random, find the probability that their sum is divisible by
10.

(iv) Five card are drawn successively from a pack of 52 cards with replacement. Find the probability
that there is at least one Ace.

4. VENN DIAGRAMS :

A diagram used to illustrate relationships between sets. Commonly, a rectangle represents the universal set
and a circle within it represents a given set (all members of the given set are represented by points within the
circle). A subset is represented by a circle within a circle and intersection is indicated by overlapping

circles.

4
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Let S is the sample space of an experiment and A, B are two events corresponding to it :
AUB ANB ANB=¢ A-B or A\B or ANB
@DS @DS < > < )S GDS
A B A B A B
B-A, B\A A'A or A (ANB) (AUB) (ACB)
S S S S S
(O ONCD|(ICD
A B

Example : Let us conduct an experiment of tossing a pair of dice.
Two events defined on the experiment are

A : getting a doublet {11, 22, 33, 44, 55, 66}

B : getting total score of 10 or more {64, 46, 55, 56, 65, 66}

5.  ADDITION THEOREM : U
A U B=A+B = A or B denotes occurrence of at least A or B.
For2 events A& B :

P(AUB) = P(A) + P(B) - P(ANB)

ANB

@) P(AUB) 7 P(A)+P(B)—P(ANB) (This is known as generallised addition theorem)
PA+B) P(A) + P(BNA)
P(A or B) ~ B
P(occurence of atleast A or B) = P(B)+P(ANB)
P(ANB)+P(ANB)+P(BNA)
- 1-P(ANB)
1-P(A UB)

Note :
() If A & B are mutually exclusive then P(AUB) = P(A) + P(B).
(i) If A & B are mutually exclusive and exhaustive, then P(AUB) =P(A) + P(B) =1

(b) P(only A occurs) =P(A\B) = P(A —B) = P(A N B) =P(A) — P(A N B)
(¢c) P(either A or B) =1 — P(neither A nor B)

ie. P(AUB)=1-P(ANB)
(d) Foranytwoevents A & B

P(exactly one of A, B occurs) = P(ANB) + P (B N K)

n0de06\BOBO-BA\Kota\JEE(Advanced)] \Leader\Maths\Sheef\Probability \Eng\01_Theory.p65
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= P(exactly one of A, B occurs) =P(A) + P(B) - 2P(ANB)
=P(AUB) - P(ANB)=P(A°UB‘) - P(A*NB")

(e P(ANnB)<P(A),P(B)<P(AuUB)<P(A)+P(B)

6. DE MORGAN'S LAW :

If A & B are two subsets of a universal set U, then

i) (AUBYr=ANnB° & (i) (ANnB)Y=A°uUB*

Note :

(a) (AUBUC)C =A°"B°NC‘ & (AmBr\C)C =A“UB“UC"

b)) AuBNO=(AUBINAUO)&ANBUO)=(ANnB)UANCO)

Illustration 8 :  Given two events A and B. If odds against A are as 2 : 1 and those in favour of
A U B are as 3 : 1, then find the range of P(B).

Solution : Clearly P(A) = 1/3, P(A U B) = 3/4.
Now,P(B) < P(A U B)
= PB)<3/4
Also, P(B) = P(A U B) — P(A) + P(A N B)
= PB)>PAAuB)-PA) (~P(ANnB)>0)

= PB)>3/4-1/3 = PB)> %

5 3
—<P(B)<—
= B (B) 4 Ans.

1 o 2
Hllustration 9 :  1f A and B are two events such that P(A U B) = % ,P(ANB)= 1 and P(A") = 3 Then

find -
() P(A) (ii) P(B) (iii) P(A N B%) (iv) P(A° N B)
! Solution : P(A)=1-P(A%) =1 —§ =§

P(B) = P(A U B) + P(A N B) — P(A) = %%_%:%

c 11 1
P(A~B)=P(A)-P(ANB) =———=—
ANB)=PA)-PANE) =371 =1

c 2 1
P(A"nB)=P(B)-P(ANnB)= §—Z=E Ans.

node06\BOBO-BA \Kota\JEE(Advanced) \Leader\Maths\Sheef\Probability \Eng\O1
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Do yourself - 3 :
@ Draw Venn diagram of (a) (A° n B U (A n B) (b) B U (A° n B)
@ii) If A and B are two mutually exclusive events, then-
(A) P(A)<P(B) (B) P(AnB)=P(A)-P(B) (C) P(AUB)=0 (D) P(ANB)=P(B)
(iii) A bag contains 6 white, 5 black and 4 red balls. Find the probability of getting either a white
or a black ball in a single draw.
(iv) Inaclass of 125 students, 70 passed in English, 55 in mathematics and 30 in both. Find the

probability that a student selected at random from the class has passed in

(a) at least one subject (b) only one subject.
7. CONDITIONAL PROBABILITY AND MULTIPLICATION THEOREM :

(a) Conditional Probability : Let A and B be two events such that P (A) >0. Then P(B|A) denote
the conditional probability of B given that A has occurred. Since A is known to have occurred,

it becomes the new sample space replacing the original S. From this we led to the definition

P(ANnB

PBIA) =— 50—

= which is called conditional probability of B given A

(b) Multiplication Theorem : P(A " B)=P(A) P (B|A) which is called compound probability
or multiplication theorem. It says the probability that both A and B occur is equal to the probability
that A occur times the probability that B occurs given that A has occurred.

Note : For any three events A , A, A, we have

P(A,NA,NA,) =P(A)PAJA) P(A, (A NA,))

Hllustration 10 : Two dice are thrown. Find the probability that the numbers appeared have a sum of 8 if
it is known that the second die always exhibits 4

Solution : Let A be the event of occurrence of 4 always on the second die
={(1,4).(2.4).(3.4).(4.4).(5.4).(6.4)} ; .. n(A)=6

and B be the event of occurrence of such numbers on both dice whose sum 1is
8=1{(6,2),(5,3), (4,4), (3,5), (2,6)}.

Thus, ANB=An{(4,4)} ={(4.4)}

n(AnB)=1

n(AnB) 1 P(ANB) 1/36 1
nA) 6 ° P 6/36 6

P(B/A)=

Illustration 11 : A bag contains 3 red, 6 white and 7 blue balls. Two balls are drawn one by one. What is
the probability that first ball is white and second ball is blue when first drawn ball is not

n0de06\BOBO-BA\Kota\JEE(Advanced)] \Leader\Maths\Sheef\Probability \Eng\01_Theory.p65
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Solution :

Hllustration 12 :

Solution :

Hllustration 13 :

Solution :

Hlustration 14 :

Solution :

Hllustration 15 :

Let A be the event of drawing first ball white and B be the event of drawing second ball
blue.
Here A and B are dependent events.

6
P(A) :E,

7
P(B|A)=B

6 7 7
P(AB)=P(A).P(B|A)=—x—=—
( ) ()(‘)16x15 40

A bag contains 4 red and 4 blue balls. Four balls are drawn one by one from the bag, then
find the probability that the drawn balls are in alternate colour.
E, : Event that first drawn ball is red, second is blue and so on.
E, : Event that first drawn ball is blue, second is red and so on.

4 4 33
P(EI)Z§X7X6Xg and P( 2):

4 4
P(E)=P(El)+P(E2)=2x§.7 Ans.

If two events A and B are such that
P(B|(A UB)) equals -
(A)1/2 (B) 1/3 ) 1/4 (D) 1/5

P[BA(AUB)] _ P[(BnA)U(BNB)]
P(AUB) P(A)+P(B)-P(ANB)

We have P(B|(AUB)) =

P(AB) P(A)-P(AB) 0.7-05 02 1
“P(A)+P(B)-P(AB) P(A)+P(B)_P(AB) 07+06-05 08 42080
Three coins are tossed. Two of them are fair and one is biased so that a head is three
times as likely as a tail. Find the probability of getting two heads and a tail.

E, : Event that head occurs on fair coin

E, : Event that, head occurs on baised coin

1 3
—, P(E,)=—
27 ( 2) 4

E : HHT or HTH or THH

. P(E,))=

16
In a multiple choice test of three questions there are five alternative answers given to
the first two questions each and four alternative answers given to the last question. If a
candidate guesses answers at random, what is the probability that he will get-
(a) Exactly one right answer ? (b) At least one right answer ?
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Solution : E, : Event that, candidate guesses a correct answer for I question
E, : Event that, candidate guesses a correct answer for II question
E, : Event that, candidate guesses a correct answer for I1I question

1 1 1
—, P(E,)==, P(E,)=—
L P(E)-1 P(E) -

(a) E : Event that candidate get exactly one correct answer.

B P(El):

P(E)=P(E,)P(E,)P(E,)+P(E,).P(E,)P(E,)+P(E,)P(E,)P(E,)
143,413 441 2
T3545547 554
(b) E : Event that candidate gets atleast one correct answer
- - - 4 43 13
. P(E):1—P(El)P(Ez)P(E3)=1—§.§.Z=E

Hllustration 16 : A speaks truth in 75% cases and B in 80% cases. What is the probability that they
contradict each other in stating the same fact?

(A) 7/20 (B) 13/20 (C)3/20 (D) 1/5
Solution : There are two mutually exclusive cases in which they contradict each other i.e. AB and
AB. Hence required probability = P(AB+ AB) =P(AB) + P(AB)
— — 31 14 7
= =——+——-=—
P(A)P(B)+P(A)P(B) = -5+, -5 =7 Ans. (A)

Do yourself - 4 :
(i A bagcontains 2 black, 4 white and 3 red balls. One ball is drawn at random from the bag and
kept aside. From the remaining balls another ball is drawn and kept aside the first. This process

is repeated till all the balls are drawn. Then probability that the balls drawn are in sequence of
2 black, 4 white and 3 red is-

(A) Heo B) —sco © 375 (D) None of these

(ii) Three cards are drawn successively, without replacement from a pack of 52 well shuffled
cards. What is the probability that the drawn cards are face cards of same suit ?

8. INDEPENDENT EVENTS :

Two events A & B are said to be independent if occurrence or non occurrence of one does not affect

the probability of the occurrence or non occurrence of other.

(a) Ifthe occurrence of one event affects the probability of the occurrence of the other event then
the events are said to be Dependent or Contingent. For two independent events A and B :
P(AnB)=P(A) . P(B). Often this is taken as the definition of independent events.

Note : If A and B are independent events, then

(i) P(A N B)=P(A).P(B) (i) P(A N B)=P(A).P(B)
(b) Three events A, B & C are independent if & only if all the following conditions hold ;
P(AnB)=P(A).P(B) ; PBNC)=P@B).PC)
P(CnA)=P(C).P(A)and PANB N C)=P(A).PB).PC)
i.e. they must be pairwise as well as mutually independent.
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(¢c) Ifthree events A, B and C are pair wise mutually exclusive then they must be mutually exclusive.
.. P(ANB)=PBNC)=P(CnA)=0 = P(AnBnC)=0. However the converse
of'this is not true.

Note :

Independent events are not in general mutually exclusive & vice versa. Mutually exclusiveness

can be used when the events are taken from the same experiment & independence can be used

when the events are taken from different experiments.

. — 11
Hlustration17 : 1f A & B are independent events such that P(AmB):% & P(AUB)=E,
then P(A m B) is equal to
A 1 B el C 2 D 7
() 5 B) © 75 )
. 1 11
Solution : P(A)-P(ANnB)= 3 & P(AuUB)=PA)+P(B)-P(ANnB) = T
6
P(B)=—=—
= P(B)=1573
1 5
P(A)-P(A)P(B) = 3 =PA)= 9
P(A nB)=P(A PB—gxé—z
= P(ANB)=P(A) PB)= X7 =
Illustration 18: A lot contains 50 defective and 50 non-defective bulbs. Two bulbs are drawn at random,
one at a time, with replacement. The events A, B, C are defined as : [IIT 1992]
A = {The first bulb is defective}
B = {The second bulb is non-defective}
C = {The two bulbs are both defective or both non-defective}
Determine whether
(1) A, B, C are pairwise independent, (i1) A, B, C are independent.
50 1 50 1 50 50 50 50 1
Solution : We have P(A)= —.1=—; PB)=1.—=—; P(O)= ) + ) =—
(A) 100 2 (B) 100 2 © 100 100 100 100 2
A N B is the event that first bulb is defective and second is non-defective.
11 1
PANB)= —.—=—
22 4
A N C is the event that both bulbs are defective.
N A
22 4
. 1
Similarly P(B N C) = 1
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Thus we have P(A N B)=P(A) . P(B) ; P(AnC)=P(A).P(C); P(BNC)=P(B).P(C)
A, B and C are pairwise independent.

There is no element in A "B N C
PANBNC)=0
P(ANBNC)=PA).PB).PCOC)

Hence A, B and C are not mutually independent.

Do yourself - 5 :

(i For two independent events A and B, the probability that both A & B occur is 1/8 and the
probability that neither of them occur is 3/8. The probability of occurrence of A may be -
(A)1/2 (B)1/4 (©)1/8 (D) 3/4

(ii) A die marked with numbers 1,2,2,3,3,3 is rolled three times. Find the probability of occurrence
of 1,2 and 3 respectively.

9. TOTAL PROBABILITY THEOREM :

Let an event A of an experiment occurs with its n mutually exclusive
& exhaustive events B,B,,B......... B

then total probability of occurence of even A is

P(A) =P(AB)) + P(AB)) +......+ P(AB ) = Zn:P (AB))

i=1

P(A)=P(B,) P(AB,) + P(B,) P(A|B)) + ............ +P(B) P(AB)
= SP(B) P(A]B)

Hlustration 19 :

Solution :

IHllustration 20 :

A purse contains 4 copper and 3 silver coins and another purse contains 6 copper and 2 silver
coins. One coin is drawn from any one of these two purses. The probability that it is a copper
coinis -

4 3 2 37
() = B) 5 © = (D) o
Let A =eventofselecting first purse
B = event of selecting second purse

C = event of drawing a copper coin
Then given event has two disjoint cases: AC and BC

..P(C) =P(AC+BC)=P(AC)+P(BC) =P(A)P(C|A)+P(B)P(C|B)

1416 37 Ans. (D)
277728 56 ns. (

Three groups A, B, C are contesting for positions on the Board of Directors of a Company.
The probabilities of their winning are 0.5, 0.3, 0.2 respectively. If the group A wins, the
probability of introducing a new product is 0.7 and the corresponding probabilities for
group B and C are 0.6 and 0.5 respectively. Find the probability that the new product will

be introduced.
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Solution : Given P(A)=0.5, P(B) = 0.3 and P(C) =0.2
- P(A) +P(B) +P(C) =1
then events A, B, C are exhaustive.
If P(E) = Probability of introducing a new product, then as given
P(E|A) =0.7, P(E|B) =0.6 and P(E|C) = 0.5
-. P(E)=P(A). P(E|JA) + P(B). P(EB) + P(C). P(E|C)
=0.5%x0.7+03x0.6+02x%x0.5=0.35+0.18+0.10=0.63
Hllustration21 : A pair of dice is rolled together till a sum of either 5 or 7 is obtained. Find the probability
that 5 comes before 7.
Solution : Let E, = the event of getting 5 in a roll of two dice = {(1, 4), (2, 3), (3, 2), (4, 1)}

node06\BOBO-BA \Kota\JEE(Advanced) \Leader\Maths \Sheef\Probability \Eng\O1_Theory.p65

nE)__4 _1

P(El) =

n(S) 6x6 9
Let E, = the event of getting either 5 or 7
={(1,4),(2,3),(3,2), (4, 1), (1,6),(2,5), (3, 4), (4, 3), (5, 2), (6, 1)}

n(E,) 10 _5

PEI="S) “6x6 18

the probability of getting neither 5 nor 7 = P(Ez) =1-P(E,)=1- % — %

The event of getting 5 before 7= E, U(E,E,)U(E,E,E,)U...... too
the probability of getting 5 before 7

=P(E,)+P(E,E,)+P(E,E,E,) +.... to = P(E,)+P(E,)P(E,) + P(E,)P(E,)P(E,) +.... to o

13

1 1 1
—t =t
9 189 18 18 9

1{1 13 (13)2 } 1 1 118 2
= l+—=+|=| 4to0 |3 30 "<
o 18 \18 9 137975 5

13 13

Do yourself - 6 :

(i) Anurn contains 6 white & 4 black balls. A die is rolled and the number of balls equal to the
number obtained on the die are drawn from the urn. Find the probability that the balls drawn
are all black.

(i) There are n bags such that i bag (1 <i <n) contains i black and 2 white balls. Two balls are
drawn from a randomly selected bag out of given n bags. Find the probability that the both

drawn balls are white.
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10. PROBABILITY OF THREE EVENTS :
For any three events A,B and C we have
(a) P(atleast one of A, B and C occures)
=P(A or B or C) =P(A) + P(B) + P(C)-P(A N B)
-PBNC)—- PICNnA)+P(ANBNC)

Note : P(E, UE, .....UE)=1-P(E NE,....nE))

(b) P(atleast two of A,B,C occur)

=P(B N C)+P(CNA)+PANB)-2P(ANBNC)

(¢) P(exactly two of A,B,C occur)

=PBNC)+P(CNnA)+P(ANnB)-3P(AnBNC)

(d) P(exactly one of A,B,C occurs)

= P(A)+ P(B) + P(C) — 2P(B N C) — 2P(C N A) — 2P(A N B) + 3P(A N B 1 C)

Illustration 22 :

Solution :

Let A,B,C be three events. If the probability of occurring exactly one event out of A and
Bis1—a,outof Band Cis 1 —2a, out of C and A is 1 — a and that of occurring three
events simultaneously is a?, then prove that the probability that at least one out of A,B,C
will occur is greater than 1/2.

P(A)+P(B)-2PANB)=1-a .. (1)
and P(B)+P(C)-2PBNC)=1-2a .. )

and P(C)+P(A)-2P(CAA)=1-a .. 3)
and PAnNnBnC)=22 . 4)

-+ P(AUBUC)=P(A) +PB)+ P(C)~P(A " B)~PB N C)-P(CNA)+PA~BNC)
= %{P(A)+ P(B)-2P(A N B) + P(B) + P(C)~2P(BN C) + P(C) + P(A) ~2P(C N A)} + P(AN BN C)

1

=5{1—a+1—2a1+1—a}+a2 {from (1), (2),(3) & (4)}
3
:E—2e1+a2 =(a—1)2+%>% Ans.

(@)

Do yourself - 7 :

@i Inaclass, there are 100 students out of which 45 study mathematics, 48 study physics, 40
study chemistry, 12 study both mathematics & physics, 11 study both physics & chemistry,
15 study both mathematics & chemistry and 5 study all three subjects. A student is selected at
random, then find the probability that the selected student studies

only one subject (b) neither physics nor chemistry
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BINOMIAL PROBABILITY DISTRIBUTION :

Suppose that we have an experiment such as tossing a coin or die repeatedly or choosing a marble
from an urn repeatedly. Each toss or selection is called a trial. In any single trial there will be a
probability associated with a particular event such as head on the coin, 4 on the die, or selection of a
red marble. In some cases this probability will not change from one trial to the next (as in tossing a
coin or die). Such trials are then said to be independent and are often called Bernoulli trials after
James Bernoulli who investigated them at the end of the seventeenth century.

Let p be the probability that an event will happen in any single Bernoulli trial (called the probability
of success). Then q =1 —p is the probability that the event will fail to happen in any single trial (called
the probability of failure). The probability that the event will happen exactly x times in n trials (i.e., x
successes and n —x failures will occur) is given by the probability function.

n X _ n—Xx n! X . n-x .
fx)=PX=x)= pPq =—DpPqQ (1)
X x!(n—x)!
where the random variable X denotes the number of successes inn trialsand x =0, 1,......... , .

Example : The probability of getting exactly 2 heads in 6 tosses of a fair coin is

6 2 6-2 ' 2 6-2
P(X=2)= (1) (1] _ 6_(1j (1) 15
2)0\2)\2 2141\ 2 ) \2 64
The discrete probability function (i) is often called the binomial distribution since forx =0, 1, 2,...,n, it
corresponds to successive terms in the binomial expansion

n n n n-— n n-— n C n X  Nn—X
(q+p)" =q +(Jq lp{z]q P A tD =Z(ijq

x=0

Hllustration 23 :  If a fair coin is tossed 10 times, find the probability of getting

(1) exactly six heads (i1) atleast six heads (ii1) atmost six heads
Solution : The repeated tosses of a coin are Bernoulli trials. Let X denotes the number of heads in an
experiment of 10 trials.

1
Clearly, X has the binomial distribution withn=10and p = 5

Therefore P(X=x)="C,q" *p*, x=0,1,2,....,n

1 1
n=10,p=—,q=1-p=—
Here p > q p 5

1 10—x 1 X 1 10

Therefore P(sz)zloCx(—j (—j :IOCX(—)

2 2 2

1\° 10! 105

: P(X =6)=""C (_j = M
Now (i) P(X=0)="Co 3] =730 =512

Probability
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Illustration 24 :

Solution :

Illustration 25 :

Solution :

(i)  P(atleast six heads)
=P(X>26)=P(X=6)+PX=7)+P(X=8)+P(X=9)+PX=10)

1 10 1 10 1 10 1 10 1 10

— 10C6 (Ej + lOC7 (Ej + 10C8 (Ej + l()(:9 (Ej + lOClo (Ej
_[[10r ), (1ot (1ot ) (10! +(&j 1193
6!x41 ) (71x31) \81x21 ) (9!1x11) \101) 2" 512

(i) P(at most six heads) = P(X < 6)
=PX=0)+P(X=1)+P(X=2)+P(X=3)+P(X=4)+P(X=5)+P(X=06)

1 10 1 10 1 10 1 10 1 10 1 10 1 10
z(—j +‘°C1(—) +1°C2(—) +‘°C3(—) +1°C, | =| +"C,|=| +"C,| =
2 2 2 2 2 2 2

_ 848 53
1024 64

India and Pakistan play a 5 match test series of hockey, the probability that India wins at
least three matches is -

A l B 3 C i D i
w5 B OF D)
India win atleast three matches

=s¢, (lj Lsc, [1) +Scs(1j - (lj (16) =1 Ans. (A)
2 2 2) 2 >

A coinis tossed 7 times. Each time a man calls head. The probability that he wins the toss
on more than three occasions is -

(A) % (B) % ©) % (D) none of these

The man has to win at least 4 times.
the required probability

OO0 ORIOER)

=(c,+'c,+'c,+'c)). %:-:-. Ans. (C)

Do yourself - 8 :

(i) Anexperiment succeeds twice as often as it fails. Find the probability that in next 6 trials, there
will be more than 3 successes.

(ii) Find the probability of getting 4 exactly thrice in 7 throws of a die.
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12. BAYE'S THEOREM :
Let an event A of an experiment occurs with its n mutually exclusive & exhaustive events
B.B,B,,........ B, & the probabilities P(A/B)), P(A/B,)....... P(A/B,) are known, then

P(B,).P(A/B,)

P(B/A)=—
> P(B,).P(A/B,)

Explanation :

A = event what we have ; B, = event what we want &

remaining are alternative events.
Now, P(AB,)=P(A). P(B/A)=P(B,). P(A/B)

P(B).P(A/B;) P(B).P(A/B,)
P&) > P(AB)

P(B,/A) =

P(B,).P(A/B))
ZH:P(Bi).P(A/Bi)

i=1

P(B,/A) =

Hlustration 26 : Given three identical boxes I, I and III, each containing two coins. In box I, both coins
are gold coins, in box II, both are silver coins and in the box III, there is one gold and one
silver coin. A person chooses a box at random and takes out a coin. If the coin is of gold,
what is the probability that the other coin in the box is also of gold ?

Solution : LetE , E, and E, be the events that boxes I, IT and IIT are chosen, respectively.

Then P(E,) = P(E,) = P(E,) %

Also, let A be the event that 'the coin drawn is of gold'
2
Then P(A|E,) = P(a gold coin from box I) = ) =1

P(A|E,) = P(a gold coin from box II) = 0

1
P(A|E,) = P(a gold coin from box III) = )

Now, the probability that the other coin in the box is of gold
= the probability that gold coin is drawn from the box .
=P(E||A)
By Baye's theorem, we know that
! 1
_ P(E,)P(A|E,) _ 3"
P(E)P(A|E,))+P(E,)P(A|E,)+P(E,)P(A|E;) 1 1 11

—x1+=x0+—x—
3 3 3 2

2
P(E, | A) 3
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Hllustration27 : A bag A contains 2 white and 3 red balls and a bag B contains 4 white and 5 red balls.

Solution :

One ball is drawn at random from one of the bags and it is found to be red. Find the
probability that it was drawn from the bag B.
Let E, = The event of ball being drawn from bag A
E, = The event of ball being drawn from bag B.
E = The event of ball being red.
Since, both the bags are equally likely to be selected, therefore

1
P(E,)=P(E,)=7 and P(E|E1)=% and P(E|E2):§
Required probability
1.5

_ P(E,)P(E|E,) %y 25

P(E. [E)= T1.3.1.5 5

P(E,).P(E|E)+P(E,)P(E|E,) 1 3 1 5 52

2

Do yourself -9 :

(@

(i)

A pack of cards was found to contain only 51 cards. If first 13 cards, which are examined, are
all red, then find the probability that the missing card is black.

A man has 3 coins A, B & C. A is fair coin. B is biased such that the probability of occurring
head on it is 2/3. C is also biased with the probability of occurring head as 1/3. If one coin is
selected and tossed three times, giving two heads and one tail, find the probability that the

chosen coin was A.

13.

PROBABILITY THROUGH STATISTICAL (STOCHATIC) TREE DIAGRAM :

These tree diagrams are generally drawn by economist and give a simple approach to solve a problem.

Hllustration 28 : A bag initially contains 1 red ball and 2 blue balls. A trial consists of selecting a ball at

Solution :

random, noting its colour and replacing it together with an additional ball of the same
colour. Given that three trials are made, draw a tree diagram illustrating the various
probabilities. Hence, or otherwise, find the probability that

(a) atleast one blue ball is drawn

(b) exactly one blue ball is drawn

(¢)  Given that all three balls drawn are of the same colour find the probability that they are

all red.
22 R
N4
9/5 B
R .
z 2/2-R
™\B-[2R[3B]
D B
92 R
R
A S B

B-[1R]3B]

3 4/ R
= B—q
Z3NB
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Calculations :
P(A):l—P(RRR):1—1.1.§=1—L=i
37275 1010
Plexactl Blugy= L 241 12,212 1,1 1 3 1
(exactly one Blue) = 3.5 0% 35 0 3 0 S T 5 5715 15 3
113 1
P(C)=P RRR _ P(RRR) _ 3°2°5 __10 _l
(RRRUBBB)) P(RRR)+P(BBB) 113 234 1 4 5
325 345 10 10

14. PROBABILITY DISTRIBUTION (Not in JEE) :

(@) A Probability Distribution spells out how a total probability of 1 is distributed over several
values of a random variable.
(b) Mean of any probability distribution of a random variable is given by :
. X.
:%:Z p; X; (SinceXp,=1)
P;
() Variance of a random variable is given by, 6> =2 ( x,— n) p,
o? =2 p, x>, — u? (Note that Standard Deviation (SD) = ++/ c’)
(d) The probability distribution for a binomial variate ‘X is given by ; P (X=r)="C_p’ q"" where:
p = probability of success in a single trial, q = probability of failure in a single trialand p + q=1.
(e) Mean of Binomial Probability Distribution (BPD) =np ; variance of BPD = npq.
(H Ifprepresentsaperson’s chance of success in any venture and ‘M’ the sum of money which he
will receive in case of success, then his expectations or probable value = pM
Hllustration29 : A random variable X has the probability distribution:
X: 1 2 3 4 5 6 7 8
p(X):10.15(0.23 {0.12 { 0.10 | 0.20 | 0.08 | 0.07 | 0.05
For the events E = {X is a prime number} and F = {X <4}, the probability P(E U F) is -
(1)0.35 (2) 0.77 (3) 0.87 (4) 0.50
Solution : E =x is a prime number

P(E) = P(2) + P(3) + P(5) + P(7) = 0.62

F = (x<4), P(F) =P(1) + P(2) + P(3) = 0.50
P (E U F) = P(E) + P(F) — P(E N F)
=0.62+0.50 - 0.35=0.77
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Hllustration 30 :  The mean and the variance of a binomial distribution are 4 and 2 respectively. Then the

probability of 2 successes is-

128 ) 219 N1 o 28
()256 ()256 ()256 ()256
np=4| 1
Solution : P }:>q=—,p=l,n=8
npq=2 2 2

2 6

1Y(1 1 28
P(X=2)=%C,|=||=| =28.——=—
X=2) 2(2) (2} 2 256

15. GEOMETRICAL PROBABILITY :
The following statements are axiomatic :

(@) Ifapointistaken at random on a given straight line AB, the chance that it falls on a particular
segment PQ of the line is PQ/AB.

(b) Ifapointistaken at random on the area S which includes an area o, the chance that the point

fallson o is 6/S.

Hllustration 31: A wire of length / is cut into three pieces. Find the probability that the three pieces form
atriangle.

Solution : Let the lengths of three parts of the wire be x,y and / <(x +y), thenx>0,y>0, /- (x+y)>0
Le.xty</

Since in a triangle, the sum of any two sides is greater than third side, so

1
xty>/—(x+Yy) = X+y>5
1
xtl-(xty)>y = y<3
1
y+l-(x+y)>x = X<E
F bl . + >£. <£. <£
= avourable cases : Xty >73y<gix<y
&  Total cases: X+y</l;x>0;y>0

Favourable Area /8 B l
Total Area 0?72 4

P(E) =

Do yourself - 10 :

(i Iftwo points are selected at random on the circumference of a circle, find the probability that
their distance apart is less than the radius of the circle.
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Miscellaneous Illustrations :
Hllustration 32: Three persons A, B, C in order cut a pack of cards, replacing them after each cut, on the
condition that the first who cuts a spade shall win a prize; find their respective chances.
[REE 1992]
Solution : Let p be the chance of cutting a spade and q the chance of not cutting a spade from a pack
of 52 cards.
13 C 1 3
Then p=5—=—andq=1- —==
P=%5 C, 4 q 12
Now A will win a prize if he cuts spade at 1st, 4th, 7th, 10th turns, etc. Note that A will
get a second chance if A, B, C all fail to cut a spade once and then A cuts a spade at the
4th turn. Similarly he will cut a spade at the 7th turn when A, B, C fail to cut spade twice,
etc.
1
. . p 4 16
Hence A's chance of winning the prize=p+¢’p+¢p+¢’p+......= —q = 3y = 37
1 _| =
5
.. 316 12
Similarly B's chance=(qp+q*p+q’p+........ )=q(ptp+qpt .. )= 137 37
£ Ci chance= > of s change = 21222
and C's chance = 7 of B's chance = 7.5 =
Hlustration 33: (a) If p and q are chosen randomly from the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, with
replacement, determine the probability that the roots of the equation x> + px + q=0
arereal. [IIT 1997]
(b) Each coefficient in the equation ax*> + bx + ¢ = 0 is determined by throwing an
ordinary die. Find the probability that the equation will have equal roots. [REE 1998]
5 Solution : (a) Ifrootsof x>+ px+q=0arereal,then p°-4q=>0 ... 6))
i
2 Both p, gbelongstosetS=1{1,2,3, ....... 10} when p =1, no value of q from S will
3 satisfy (1)
% p=2 q =1 will satisfy 1 value
;if p=3 q=1,2 2 value
g p=4 q=1,2,3,4 4 value
p=5  q=1,2,3,4,56 6 value
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p=6 q=1,2,3,4,5,6,7,8,9 9 value

Forp=7,8,9, 10 all the ten values of q will satisfy.
Sum of these selectionsis 1 +2+4+6+9+10+10+10+10=62

But the total number of selections of p and q without any order is 10 x 10 =100

62
Hence the required probability is = 100 0.62

(b) Roots equal = b*>—-4ac=0

(g) —ac (i)

Each coefficient is an integer, so we consider the following cases :

1
—=ac
4

No integral values of a and ¢
b=2 1l =ac S (LD
b=3 9/2 = ac

No integral values of a and ¢
b=4 4 =ac S (L,4),2,2),4, 1D
b=5 25/2 = ac

No integral values of a and ¢
b=6 9=ac S (3,3)
Thus we have 5 favourable ways for b =2, 4, 6

Total number of equations is 6.6.6 =216

: e
Required probability is 16
Hllustration 34: A set A has n elements. A subset P of A is selected at random. Returning the element
of P, the set Q is formed again and then a subset Q is selected from it. Find the probability
that P and Q have no common elements. [IIT 1990]
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ALLEN

Probability

Solution :

Illustration 35 :

Solution :

Let P be the empty set, or one element set or two elements set ....... or n elements set.
Then the set Q will be chosen from amongst the remaining n elements or n— 1 elements
or n— 2 elements ....... or no elements. The probability of P being an empty set is "C /
2", the probability of P being one element set is "C /2"and in general, the probability of

P being an r element set is "C /2"

When the set P consisting of r elements is chosen from A, then the probability of choosing
the set Q from amongst the remaining n — r elements is 2"~ /2". Hence the probability

that P and Q have no common elements is given by

n nC 2n—r 1 n 1 n 3 n
)y . - n C .211—1‘ —| = 1 + 2 n . . .
Z on on  gn ; r ( 4j (1+2) ( 4j [By binomial theorem]

r=0

The probabilities of three events A, B and C are P(A) = 0.6, P(B) = 0.4 and P(C) = 0.5.
IfP(AUB)=08,PANC)=03,PANnBNC)=0.2and P(A UB U C)>0.85,
find P(B n C). [REE 1996]

P(A U B) = P(A) + P(B) — P(A N B)
0.8=0.6 + 0.4 — P(A N B)
P(A N B)=0.2

Now PA UBUC) =S —S,+8S,=(0.6+0.4+0.5) (0.2 +P(B N C)+0.3)+0.2
=15-03-PB QO

We know 0.85 <PAAuUuBuUC(C) <1
or 085<12-PBnNnC)<1

0.2 <P(B N C) < 0.35
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o ALLEN Probability
EXERCISE (O-1)
PART #1
1. 6 married couples are standing in a room. If 4 people are chosen at random, then the chance that exactly
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one married couple is among the 4 is-

16 8 17 24
(A) 33 (B) 33 ©) 33 (D) 33
PB0001
2. Theprobability that a positive two digit number selected at random has its tens digit at least three more than
its unit digit is -
(A) 14/45 (B)7/45 (C)36/45 (D) 1/6
PB0002
3.  AS5digitnumber is formed by using the digits 0,1,2,3,4 & 5 without repetition. The probability that the
number is divisible by 6 1s :
(A) 8% (B)17% (C) 18% (D) 36%
PB0003
4. A cardisdrawn at random from a well shuffled deck of cards. Find the probability that the card is a-
(i) kingoraredcard  (ii)cluboradiamond (iii) king or a queen (iv) king or an ace
(v) spade or a club (vi) neither a heart nor a king
PB0005
5. Abagcontain 5 white, 7 black, and 4 red balls, find the chance that three balls drawn at random are all
white.
PB0006
6. Iffourcoins are tossed, Two events A and B are defined as
A : No two consecutive heads occur
B : Atleast two consecutive heads occur.
Find P(A) and P(B). State whether the events are equally likely, mutually exclusive and exhaustive.
PB0007
7.  Thirteen persons take their places at a round table, Find the odds against two particular persons sitting
together.
PB0008
8.  Mr. A forgot to write down a very important phone number. All he remembers is that it started with 713
and that the next set of 4 digit involved are 1,7 and 9 with one of these numbers appearing twice. He
guesses a phone number and dials randomly. The odds in favour of dialing the correct telephone number,
is -
(A)1:35 B)1:71 (C)1:23 (D)1:36
PB0010
9. (a)Afairdieistossed. If the number is odd, find the probability that it is prime.
(b) Three fair coins are tossed. If both heads and tails appear, determine the probability that exactly one
head appears.
PB0012
10. Mr. Alives at origin on the cartesian plane and has his office at (4,5). His friend lives at (2,3) on the same
plane. Mr. A can go to his office travelling one block at a time either in the +y or +x direction. Ifall possible
paths are equally likely then the probability that Mr. A passed his friends house is -
(A)1/2 (B) 10/21 (C)1/4 (D) 11/21
PB0013
PART #2
1.  Inthrowing 3 dice, the probability that atleast 2 of the three numbers obtained are same is -
(A)1/2 (B)1/3 (C)4/9 (D)none
PB0016
L4
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10.

11.

12.

From a pack of 52 playing cards, face cards and tens are removed and kept aside then a card is drawn at
random from the remaining cards. If
A: The event that the card drawn is an ace
H: The event that the card drawn is a heart
S : The event that the card drawn is a spade
then which of the following holds ?
(A)9P(A)=4P(H) (B) P(S)=4P(AnH)
(C)3P(H)=4P(ALS) (D) P(H)=12P(ANS)

PB0018
Iftwo of the 64 squares are chosen at random on a chess board, the probability that they have a side in
common is -
(A)1/9 (B)1/18 (C)2/7 (D) none

PB0019
Two red counters, three green counters and 4 blue counters are placed in a row in random order. The
probability that no two blue counters are adjacent is -

7 5
() 55 B) o © (D)none
PB0020
South African cricket captain lost the toss of'a coin 13 times out of 14. The chance of this happening was
7 13 13
(A) o5 ®) T3 213 © S D) 55
PB0021

A coin is tossed and a die is thrown. Find the probability that the outcome will be a head or a number

greater than 4.
PB0023

A coin is biased so that heads is three times as likely to appear as tails. Find P(H) and P(T). If such a coin
is tossed twice find the probability that head occurs at least once.

PB0024
Given two independent events A, B such that P(A) = 0.3, P(B) = 0.6. Determine
(i) P(A and B) (i1) P(A and not B) (iii) P(not A and B) (iv) P(neither A nor B)
(v) P(A or B)

PB0025
In a single throw of three dice, determine the probability of getting
(i) atotal of 5 (i) atotal of atmost 5 (iii) atotal of at least 5.

PB0027

3 students A, B and C are in a swimming race. A and B have the same probability of winning and each is
twice as likely to win as C. Find the probability that B or C wins. Assume no two reach the winning point
simultaneously.

PB0029
5 different marbles are placed in 5 different boxes randomly. Find the probability that exactly two boxes
remain empty. Given each box can hold any number of marbles.

PB0032
Let A and B be events such that P(A) =4/5, P(B)=1/3, P(A/B)=1/6, then:
(a) P(AnB)
(b) P(AUB)
(c) P(B/A)
(d) AreAandB independent?
PB0033
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PART #3
1. LetA & Bbetwo events. Suppose P(A)=0.4, P(B)=p & P(A U B)=0.7. The value of p for which
A & B are independent is :
(A)1/3 (B) 1/4 ()12 (D) 1/5
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2

PB0034
A pair of numbers is picked up randomly (without replacement) from the set
{1,2,3,5,7,11,12,13, 17, 19}. The probability that the number 11 was picked given that the sum of the
numbers was even, is nearly :
(A) 0.1 (B) 0.125 (C) 0.24 (D) 0.18
PB0035
For a biased die the probabilities for the different faces to turn up are given below :
Faces:: 1 2 3 4 5 6
Probabilities : 0.10 0.32 0.21 0.15 0.05 0.17
The die is tossed & you are told that either face one or face two has turned up. Then the probability that it
isfaceoneis:
(A)1/6 (B) 1/10 (C)5/49 (D)5/21
PB0036
A determinant is chosen at random from the set of all determinants of order 2 with elements 0 or 1 only.
The probability that the determinant chosen has the value non negative is :
(A) 3/16 (B) 6/16 (C) 10/16 (D) 13/16
PB0037
A license plate is 3 capital letters (of English alphabets) followed by 3 digits. If all possible license plates are
equally likely, the probability that a plate has either a letter palindrome or a digit palindrome (or both), is

7 9 8

) o B) (©) (D)none

PB0039
A committee of three persons is to be randomly selected from a group of three men and two women and
the chair person will be randomly selected from the committee. The probability that the committee will
have exactly two women and one man, and that the chair person will be a woman, is/are
(A)1/5 (B)8/15 (C)2/3 (D)3/10

PB0042
The probability that an automobile will be stolen and found within one week is 0.0006. The probability that an
automobile will be stolen is 0.0015. The probability that a stolen automobile will be found in one week is
(A)0.3 (B)0.4 (©)0.5 (D)0.6

PB0044
Abox contains 100 tickets numbered 1, 2, 3,.... ,100. Two tickets are chosen at random. It is given that
the maximum number on the two chosen tickets is not more than 10. The minimum number on them is 5,
with probability

1 2 3
Ay B) 11 © 19 (D) none
PB0045
Two boys A and B find the jumble of n ropes lying on the floor. Each takes hold of one loose end randomly.

1
Ifthe probability that they are both holding the same rope is 1ol then the number of ropes is equal to

(A) 101 (B) 100 (C) 51 (D) 50
PB0046

Probability
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10.

[REASONING TYPE]
In one day test match between India and Australia the umpire continues tossing a fair coin until the two
consecutive throws either H T or T T are obtained for the first time. Ifit is H T, India wins and if itis T T,
Australia wins.
Statement-1: Both India and Australia have equal probability of winning the toss.
Statement-2: If a coin is tossed twice then the events HT or TT are equiprobable.
(A) Statement-1 is true, statement-2 is true and statement-2 is correct explanation for statement-1.
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1.
(C) Statement-1 is true, statement-2 is false.

(D) Statement-1 is false, statement-2 is true.
PB0048

PART #4

Events A and C are independent. If the probabilities relating A, B and C are P (A) = 1/5; P (B) = 1/6;
P(AnC)=1/20; P(B U C)=3/8 then
(A) events B and C are independent
(B) events B and C are mutually exclusive
(C) events B and C are neither independent nor mutually exclusive
(D) events A and C are equiprobable

PB0050
Anunbiased cubic die marked with 1,2, 2, 3, 3, 3 is rolled 3 times. The probability of getting a total score
of4 or 6is

16 50 60

) 316 ® 216 © 316 (D)none

PB0051
Abiased coin with probability P, 0 <P <1, of heads, is tossed until a head appears for the first time. If the
probability that the number of tosses required is even is 2/5, then the value of P is
(A)1/4 B)1/6 (C)1/3 (D)1/2

PB0053
Two numbers a and b are selected from the set of natural number then the probability that a® + b is
divisible by 5 is

9 7 11 17

(A) 25 (B) 18 © 36 (D) 81

PB0054
Anurn contains 10 balls coloured either black or red. When selecting two balls from the urn at random, the

probability that a ball of each colour is selected is 8/15 . Assuming that the urn contains more black balls
than red balls, the probability that at least one black ball is selected, when selecting two balls, is

18 30 39 41

(A) 45 (B) 45 © 45 (D) 45

PB0056
Anunbiased die with numbers 1, 2, 3, 4, 6 and 8 on its six faces is rolled. After this roll if an odd number
appears on the top face, all odd numbers on the die are doubled. If an even number appears on the top
face, all the even numbers are halved. Ifthe given die changes in this way then the probability that the face
2 will appear on the second roll is -
(A)2/18 (B)3/18 (C)2/9 (D)5/18

PB0057
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. ALLEN Probability
7.  Abutterfly randomly lands on one of the six squares of the T-shaped figure

shown and then randomly moves to an adjacent square. The probability that G

the butterfly ends up on the R square is vIwlr I8

(A)1/4 B)1/3 5

(©)2/3 (D) 1/6

PB0058
PART #5

>

o°

An examination consists of 8 questions in each of which one of the 5 alternatives is the correct one. On the
assumption that a candidate who has done no preparatory work chooses for each question any one of the
five alternatives with equal probability, the probability that he gets more than one correct answer is equal to
(A) (0.8)8 (B) 3(0.8)8 (C) 1-(0.8)3 (D) 1-3(0.8)8

PB0061
An ant is situated at the vertex A of the triangle ABC. Every movement of the ant consists of moving to one
of other two adjacent vertices from the vertex where it is situated. The probability of going to any of the
other two adjacent vertices of the triangle is equal. The probability that at the end of the fourth movement
the ant will be back to the vertex A, is :
(A)4/16 (B)6/16 (C)7/16 (D) 8&/16

PB0062
Akey to room number C; is dropped into a jar with five other keys, and the jar is throughly mixed. Ifkeys
are randomly drawn from the jar without replacement until the key to room C; is chosen, then what are the
odds in favour that the key to room C; will be obtained on the 2nd try?
(A)1:4 B)1:5 ©)1:6 (D)5:6

PB0063
Mr. A and Mr. B each have a bag that contains one ball of each of the colours blue, green, orange, red and
violet. 'A' randomly selects one ball from his bag and puts it into B's bag. 'B' then randomly selects one ball
from his bag and puts it into A's bag. The probability that after this process the contents of the two bags are
the same, is
(A) 1/6 B)1/5 (©) 173 (D) 12

PB0065
An instrument consists of two units. Each unit must function for the instrument to operate. The reliability of
the first unitis 0.9 & that of the second unit is 0.8. The instrument is tested & fails. The probability that "only
the first unit failed & the second unit is sound" is :
(A) 1/7 (B) 2/7 (C) 3/7 (D) 4/7

PB0066
Abox contains 10 tickets numbered from 1 to 10. Two tickets are drawn one by one without replacement.
The probability that the "absolute value of difference between the first drawn ticket number and the second
isnot less than 4" is

A 7 14 11 10
(A) 30 B) 3, © 3 D) 3o

PB0067
A purse contains 2 six sided dice. One is a normal fair die, while the other has 2 ones, 2 threes, and 2 fives.
A die is picked up and rolled. Because of some secret magnetic attraction of the unfair die, there is 75%
chance of picking the unfair die and a 25% chance of picking a fair die. The die is rolled and shows up the
face 3. The probability that a fair die was picked up, is
(A)1/7 (B) 1/4 (C)1/6 (D) 1/24

PB0068
On a Saturday night 20% of all drivers is U.S.A. are under the influence of alcohol. The probability that a
driver under the influence of alcohol will have an accident is 0.001. The probability that a sober driver will
have an accident is 0.0001. Ifa car on a Saturday night smashed into a tree, the probability that the driver
was under the influence of alcohol, is -
(A)3/7 (B)4/7 (C)5/7 (D)6/7

PB0069
4
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10.

11.

Paragraph for question nos. 9 to 11
A JEE aspirant estimates that she will be successful with an 80 percent chance if she studies 10 hours per
day, with a 60 percent chance if she studies 7 hours per day and with a 40 percent chance if she studies 4
hours per day. She further believes that she will study 10 hours, 7 hours and 4 hours per day with probabilities
0.1,0.2 and 0.7, respectively

The chance she will be successful, is

(A)0.28 (B)0.38 (C)0.48 (D)0.58
PB0072
Given that she is successful, the chance she studied for 4 hours, is
A o B ’ C s D 2
()12 ()12 ()12 ()12
PB0072
Given that she does not achieve success, the chance she studied for 4 hour, is
18 019 o2 o 2
()26 ()26 ()26 ()26
PB0072

PART # 6

A bowl has 6 red marbles and 3 green marbles. The probability that a blind folded person will draw a red
marble on the second draw from the bowl without replacing the marble from the first draw, is
(A)2/3 (B)1/4 (C)5/12 (D)5/8

PB0074
In a certain factory, machines A, B and C produce bolts. Of their production, machines A, B, and C
produce 2%, 1% and 3% defective bolts respectively. Machine A produces 35% of the total output of
bolts, machine B produces 25% and machine C produces 40%. A bolts is chosen at random from the
factory's production and is found to be defective. The probability it was produced on machine C, is

N 6 23 24 3
(A) 11 (B) 45 © 43 (D) 11

PB0076
Three numbers are chosen at random without replacement from {1, 2, 3,......, 10}. The probability that
the minimum of the chosen numbers is 3 or their maximum is 7 is
(A)1/2 (B)1/3 ©)1/4 (D) 11/40

PB0077

Two buses A and B are scheduled to arrive at a town central bus station at noon. The probability that bus
A will be late is 1/5. The probability that bus B will be late is 7/25. The probability that the bus B is late
given that bus A is late is 9/10. Then the probabilities

(1) neither bus will be late on a particular day and
(i) busAis late given that bus B is late, are respectively
(A) 2/25and 12/28 (B) 18/25 and 22/28
(C) 7/10 and 18/28 (D) 12/25 and 2/28
PB0078
Ifat least one child in a family with 3 children is a boy then the probability that exactly 2 of the children are
boys, is
(A)3/7 (B)4/7 )13 (D)3/8
PB0079

From an urn containing six balls, 3 white and 3 black ones, a person selects at random an even number of
balls (all the different ways of drawing an even number of balls are considered equally probable, irrespective
of their number). Then the probability that there will be the same number of black and white balls among
them
(A)4/5 (B) 11/15 (C) 11/30 (D) 2/5

PB0080
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There are three main political parties namely 1, 2, 3. If in the adjoining P,=0.7 |[P,=02 |P,=0.1
table p, 0 (1,j=1, 2, 3) denote the probability that party j wins the general
elections contested when party iis in the power. What is the probability P,=0.5 | P,=0.3 | P,,=0.2
that the party 2 will be in power after the next two elections, given that
the party 1 is in the power ?

(A)0.27 (B)0.24 (©)0.14 (D) 0.06

P,=0.3 | P,=0.4 |P,=0.3

PB0081
Shalu bought two cages of birds : Cage-I contains 5 parrots and 1 owl, and Cage-II contains 6 parrots, as
shown

Cage-1 Cage-II

.

SN

Birds like to fly

One day Shalu forgot to lock both cages and two birds flew from Cage-I to Cage-I1. Then two birds flew
back from Cage-II to Cage-I. Assume that all birds have equal chance of flying, the probability that the
Owl s still in Cage-1, is
(A)1/6 (B)1/3 (©)2/3 (D)3/4

PB0082
Miss C has either Tea or Coffee at morning break. If she has tea one morning, the probability she has tea
the next morning is 0.4. If she has coffee one morning, the probability she has coffee next morning is 0.3.
Suppose she has coffee on a Monday morning. The probability that she has tea on the following Wednesday
morning is
(A)0.46 (B)0.49 (©)0.51 (D)0.61

EXERCISE (0-2)
[STRAIGHT OBJECTIVE TYPE]
n different books (n > 3) are put at random in a shelf. Among these books there is a particular book 'A' and
a particular book B. The probability that there are exactly 't books between A and B is -
2 2(n—-r-1) 2(n—1r-2) (n—r1)
(A) n(n-1) (B) n(n-1) © n(n-1) (D) n(n—-1)

PB0084

PB0087
A fair die is thrown 3 times. The chance that sum of three numbers appearing on the die is less than 11, is
equal to -

1 2 1 5
(A) 5 (B) 5 (©) (D)
PB0089
One bag contains 3 white & 2 black balls, and another contains 2 white & 3 black balls. A ball is drawn
from the second bag & placed in the first, then a ball is drawn from the first bag & placed in the second.
When the pair of the operations is repeated, the probability that the first bag will contain 5 white balls is:

(A) 1/25 (B) 1/125 (C) 1/225 (D) 2/15
PB0090

4

Probability
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Ifa, b and c are three numbers (not necessarily different) chosen randomly and with replacement from the
set {1 2,3,4,5}, the probability that (ab + ¢) is even, is
(A) (B)

(C) (D)

125 125 125 125

PB0091
A purse contains 100 coins of unknown value, a coin drawn at random is found to be a rupee. The chance
that it is the only rupee in the purse, is (Assume all numbers of rupee coins in the purse to be equally likely.)
(A) Zozn B) oo

©) Zosn (10) Rypyeny

5050 5151 4950 4950
PB0092
Mr. Dupont is a professional wine taster. When given a French wine, he will identify it with probability 0.9
correctly as French, and will mistake it for a Californian wine with probability 0.1. When given a Californian
wine, he will identify it with probability 0.8 correctly as Californian, and will mistake it for a French wine with
probability 0.2. Suppose that Mr. Dupont is given ten unlabelled glasses of wine, three with French and seven
with Californian wines. He randomly picks a glass, tries the wine, and solemnly says : "French". The probability
that the wine he tasted was Californian, is nearly equal to
(A)0.14 (B)0.24 (C)0.34 (D)0.44
PB0093
[MULTIPLE OBJECTIVE TYPE]
Identify the correct statement :
(A) Ifthe probability that a computer will fail during the first hour of operation is 0.01, then if we turn
on 100 computers, exactly one will fail in the first hour of operation.
(B) A man has ten keys only one of which fits the lock. He tries them in a door one by one discarding
the one he has tried. The probability that fifth key fits the lock is 1/10.
(C) Given the events A and B in a sample space. If P(A) =1, then A and B are independent.
(D) When a fair six sided die is tossed on a table top, the bottom face can not be seen. The probability

that the product of the numbers on the five faces that can be seen is divisible by 6 is one.

PB0097
3 1 5
ForP(A)=7-; P(B)=~7; PAUB)= < Wthh of the following do/does hold good?
(A) P(A® /B): 2p(a/ BC) (B) P(B) = P(A/B)
(C) 15P(A/B°)=8P(B/A°) (D) P(A/B°)=P(A ~B)
PB0101
IfE, and E, are two events such that P(E,) = 1/4, P(E,/E|) =1/2 and P(E |/ E,) = 1/4
(A) then E, and E, are independent
(B)E, and E, are exhaustive
(C) E, is twice as likely to occur as E,
(D) Probabilities of the events E, "E,, E, and E, are in G.P.
PB0102

Two events A and B are such that the probability that at least one of them occurs is 5/6 and both of them
occurring simultaneously is 1/3. If the probability of not occurrence of B is 1/2 then
(A) A and B are equally likely (B) A and B are independent
(C)P(A/B)=2/3 (D)3 P(A)=4P(B)
PB0103
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11. The probabilities of events, AN B, A, B & AU B are respectively in A.P. with probability of second term
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12.

13.

N

>

equal to the common difference. Therefore the events A and B are
(A) mutually exclusive (B) independent

(C) such that one of them must occur (D) such that one is twice as likely as the other
PB0104

Abox contains 11 tickets numbered from 1 to 11. Six tickets are drawn simultaneously at random. LetE,
denotes the event that the sum of the numbers on the tickets drawn is even and E, denotes the event that
the sum of the numbers on the tickets drawn is odd. Which of the following hold good?

(A)E, and E, are equally likely (B)E, and E, are exhaustive
(C)P(E,)>P(E,) (D) P(E/E,) =P(E,/E,)

PB0105
If E & F are the complementary events of events E & F respectively & if 0 <P (F)<1, then:
(A) P(E|F)+P(E |F)=1 (B) P(E|F)+PE| F)=1
(©) P(E|P)+PE|F)=1 @) PE|F)+P(E|F)=1

PB0106

EXERCISE (S-1)
In abox, there are 8 alphabets cards with the letters: S, S, A,A,A,H,H,H. Find the probability that the
word 'ASH' will form if :
(i) the three cards are drawn one by one & placed on the table in the same other that they are
drawn.

(ii) the three cards are drawn simultaneously.
PB0110

There are 2 groups of subjects one of which consists of 5 science subjects & 3 engg. subjects & other
consists of 3 science & 5 engg. subjects. An unbiased die is cast . If the number 3 or 5 turns up a subject
is selected at random from first group, otherwise the subject is selected from 2™ group. Find the probability

that an engg. subject is selected.
PB0111

A pair of fair dice is tossed. Find the probability that the maximum of the two numbers is greater than 4.
PB0112

A covered basket of flowers has some lilies and roses. In search of rose, Sweety and Shweta alternately
pick up a flower from the basket but puts it back if it is not a rose. Sweety is 3 times more likely to be
the first one to pick a rose. If sweety begin this 'rose hunt' and if there are 60 lilies in the basket, find the

number of roses in the basket.
PB0114

A certain drug, manufactured by a Company is tested chemically for its toxic nature. Let the event "THE
DRUG IS TOXIC" be denoted by H and the event "THE CHEMICAL TEST REVEALS THAT THE
DRUG IS TOXIC" be denoted by S. Let P(H) = a, P(S/H) = P(S/H) = 1 — a. Then show that the

probability that the drug is not toxic given that the chemical test reveals that it is toxic- is free from ‘a’.
PB0115

Players A and B alternately toss a biased coin, with A going first. A wins if A tosses a Tail before B tosses
a Head; otherwise B wins. If the probability of a head is p, find the value of p for which the game is fair

to both players.
PB0116

- : a b . ,
The entries in a two-by-two determinant d are integers that are chosen randomly and independently,
c

and , for each entry, the probability that the entry is odd is p. If the probability that the value of the

determinant is even is 1/2, then find the value of p.
PB0117
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10.

11.

12.

13.

14.

15.

16.

17.

18.

There are 4 urns. The first urn contains 1 white & 1 black ball, the second urn contains 2 white & 3 black
balls, the third urn contains 3 white & 5 black balls & the fourth urn contains 4 white & 7 black balls.

:2

+1
The selection of each urn is not equally likely. The probability of selecting i urn is 4 (1=1,2,3,4).

If we randomly select one of the urns & draw a ball, then the probability of ball being white is p/q where
p and q € N are in their lowest form. Find (p+q).

PB0118
A room has three electric lamps. From a collection of 10 electric bulbs of which 6 are good 3 are selected
atrandom & put in the lamps. Find the probability that the roomis lighted.

PB0119
Find the minimum number of tosses of a pair of dice so that the probability of getting the sum of the digits
on the dice equal to 7 on at least one toss is greater than 0.95.
(log,,2=0.3010; log,,3=0.4771)

PB0120

The probability that a person will get an electric contract is 2/5 and the probability that he will not get

plumbing contract is 4/7 . If the probability of getting at least one contract is 2/3 , what is the probability
that he will get both?

PB0121
Five horses compete in a race. John picks two horses at random and bets on them. Find the probability
that John picked the winner. Assume no dead heat.

PB0122
There are 6 red balls and 6 green balls in a bag. Five balls are drawn out at random and placed in a red
box. The remaining seven balls are put in a green box. If the probability that the number of red balls in the

green box plus the number of green balls in the red box is not a prime number, is 2 \where pand g are

relatively prime, then find the value of (p + g)

PB0123
Alot contains 50 defective & 50 non defective bulbs . Two bulbs are drawn at random, one at a time,
with replacement. The events A, B, C are defined as :
A = { the first bulb is defective}; B = { the second bulb is non defective}
C = { the two bulbs are both defective or both non defective}
Determine whether (1) A,B,C are pair wise independent (1) A,B,C are independent

PB0124
The chance of one event happening is the square of the chance of a 2™ event, but odds against the first are
the cubes of the odds against the 2™ . Find the chances of each (assume that both events are neither sure
nor impossible).

PB0127
In a batch of 10 articles, 4 articles are defective. 6 articles are taken from the batch for inspection. If more
than 2 articles in this batch are defective, the whole batch is rejected Find the probability that the batch
will be rejected.

PB0130
An author writes a good book with a probability of 1/2. If it is good it is published with a probability of
2/3. If itis not, it is published with a probability of 1/4. Find the probability that he will get atleast one
book published if he writes two.

PB0131
A biased coin which comes up heads three times as often as tails is tossed. If it shows heads, a chip is
drawn from urn-I which contains 2 white chips and 5 red chips. If the coin comes up tail, a chip is drawn
from urn-II which contains 7 white and 4 red chips. Given that a red chip was drawn, what is the probability

that the coin came up heads ?
PB0133
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20.

oo

A normal coin is continued tossing unless a head is obtained for the first time. Find the probability that
(a) number of tosses needed are atmost 3. (b) number of tosses are even.

PB0135
A is one of the 6 horses entered for a race, and is to be ridden by one of two jockeys Bor C. Itis2to 1
that B rides A, in which case all the horses are equally likely to win; if Crides A, his chance is trebled, what

are the odds against his winning?
PB0137

EXERCISE (S-2)

N fair coins are flipped once. The probability that at most 2 of the coins show up as heads is 5

Find the value of N.

PB0141
A box contains three coins two of them are fair and one two — headed. A coin is selected at random
and tossed. If the head appears the coin is tossed again, if a tail appears, then another coin is selected
from the remaining coins and tossed.
(i)  Find the probability that head appears twice.
(i) Ifthe same coin is tossed twice, find the probability that it is two headed coin.
(i) Find the probability that tail appears twice.

PB0143
Eight players P ,P,,P,,......... P, play a knock out tournament. It is known that whenever the players
P, and P. play, the player P, will winif i<j.Assuming that the players are paired at random in each
round, what is the probability that the players P, reaches the final ?

PB0144
(a) Two natural numbers x and y are chosen at random. Find the probability that x* + y? is divisible

by 10.
(b) Two numbers x & y are chosen at random from the set {1,2,3,4,....3n}. Find the probability that
x?—y?is divisible by 3.

PB0147
A coin has probability 'p' of showing head when tossed. It is tossed 'n' times. Let p_ denote the
probability that no two (or more) consecutive heads occur. Prove that,

p=Lp,=1-p*&p,=(1-p)p,, +p(l-p)p,,, foralln>3.

PB0149

A pair of students is selected at random from a probability class. The probability that the pair selected

) ) .10 )
will consist of one male and one female student is 9 Find the maximum number of students the class

can contain.

PB0151
3 students {A, B, C} tackle a puzzle together and offers a solution upon which majority of the 3 agrees.
Probability of A solving the puzzle correctly is p. Probability of B solving the puzzle correctly is also p.
C is a dumb student who randomly supports the solution of either A or B. There is one more student D,
whose probability of solving the puzzle correctly is once again, p. Out of the 3 member team {A, B, C}
and one member team {D}, which one is more likely to solve the puzzle correctly.

PB0152
During a power blackout, 100 persons are arrested on suspect of looting. Each is given a polygraph test.
From past experience it is known that the polygraph is 90% reliable when administered to a guilty person
and 98% reliable when given to some one who is innocent. Suppose that of the 100 persons taken into
custody, only 12 were actually involved in any wrong doing. If the probability that a given suspect is
innocent given that the polygraph says he is guilty is a/b where a and b are relatively prime, find the value
of (a +b).

PB0201

4
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EXERCISE (JM)

One ticket is selected at random from 50 tickets numbered 00, 01, 02, ....., 49. Then the probability that
the sum of the digits on the selected ticket is 8, given that the product of these digits is zero, equals
[AIEEE-2009]

(1)5/14 (2) 1/50 3)1/14 4 1/7
PB0202
1
In a binomial distribution B (n, p= Zj , if the probability of at least one success is greater than or equal to
9
10° then n is greater than [AIEEE-2009]
(1) log,,4 — log,, 3 2) log,,4 — log,, 3 G) log, 4 — log,, 3 ) log,,4 + log,, 3

PB0203
An urn contains nine balls of which three are red, four are blue and two are green. Three balls are drawn
at random without replacement from the urn. The probability that the three balls have difference colours

is :- [AIEEE-2010]
(3 @ > 3 5 Ok

PB0204
Four numbers are chosen at random (without replacement) from the set (1, 2, 3, ...., 20).

Statement—1 : The probability that the chosen numbers when arranged in some order will form an AP

1
1S o2

85
Statement-2 : In the four chosen numbers form an AP, then the set of all possible values of common
difference is {1, £2, £3, +4, £5}. [AIEEE-2010]

(1) Statement—1 is true, Statement—2 is true; Statement—2 is a correct explanation for Statement-—1.
(2) Statement—1 is true, Statement-2 is true; Statement—2 is not a correct explanation for Statement—1.
(3) Statement—1 is true, Statement-2 is false.

(4) Statement—1 is false, Statement-2 is true.

PB0205
If Cand D are two events such that C = D and P(D) #0, then the correct statement among the following
is :- [AIEEE-2011]
P(D) _
() P(CID)<P(C)  (2) P(C|D)= ) (3) P(C|D) = P(C) (4) P(CID) = P(C)
PB0155
Consider 5 independent Bernoulli's trials each with probability of success p. If the probability of at least
31
one failure is greater than or equal to 3 then p lies in the interval :- [AIEEE-2011]
0] i, 12 u
1™ @12 G274 WAVST
PB0156
Let A, B, C be pairwise independent events with P(C)> 0 and P(ANBNC) = 0. Then P(AcnB¢|C) is
equal to: [AIEEE-2011]
(1) P(A°) - P(B) (2) P(A) - P(B°) (3) P(A°) + P(B) (4) P(A°) — P(B°)
PB0157
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8.  Three numbers are chosen at random without replacement from {1, 2, 3, ....., 8}. The probability that
their minimum is 3, given that their maximum s 6, is : [AIEEE-2012]
2 3 1 1
(1) 3 @) 3 @) 3 @) 7
PB0158
9.  Amultiple choice examination has 5 questions. Each question has three alternative answers of which exactly

node06\BOBO-BA\Kota \JEE(Advanced)\Leader\Maths \Sheet\Probability\Eng\02_Ex.p65

10.

11.

12.

13.

14.

one is correct. The probability that a student will get 4 or more correct answers just by guessing is :
[JEE-MAIN 2013]

17 13 11 10
() 3 () 3 (3) 3 4) 3
PB0159

— 1 1 — 1 _
Let A and B be two events such that P(A UB) = P P(ANB)= " and P(A)= e where A stands for

the complement of the event A. Then the events A and B are : [JEE(Main)-2014]
(1) mutually exclusive and independent. (2) equally likely but not independent.
(3) independent but not equally likely. (4) independent and equally likely.

PB0160

Let two fair six-faced dice A and B be thrown simultaneously. If E, is the event that die A shows up four,
E, is the event that die B shows up two and Ej is the event that the sum of numbers on both dice is odd,

then which of the following statements is NOT true ? [JEE(Main)-2016]
(1) E,, E, and E; are independent. (2) E, and E, are independent.
(3) E, and E; are independent. (4) E, and E; are independent.
PBo0161
A box contains 15 green and 10 yellow balls. If 10 balls are randomly drawn, one—by—one, with replacement,
then the variance of the number of green balls drawn is :- [JEE(Main)-2017]
6 12
(1) 52 @ - (3)6 (4) 4
PB0162
If two different numbers are taken from the set {0, 1, 2,3, ....... , 10), then the probability that their sum
as well as absolute difference are both multiple of 4, is :- [JEE(Main)-2017]
7 6 12 14
(1 55 2) 55 3) 55 ) 45
PB0163

For three events A, B and C, P(Exactly one of A or B occurs) = P(Exactly one of B or C occurs)

1 1
= P(Exactly one of C or A occurs) = r and P(All the three events occur simultaneously) = 6 Then the

probability that at least one of the events occurs, is :- [JEE(Main)-2017]

3
(1) = @ () @ =
PB0164

Probability
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15.

16.

17.

18.

19.

20.

21.

A bag contains 4 red and 6 black balls. A ball is drawn at random from the bag, its colour is observed
and this ball along with two additional balls of the same colour are returned to the bag. [f now a ball is
drawn at random from the bag, then the probability that this drawn ball is red, is:

[JEE(Main)-2018]

2 1 3 3
(1) 3 @) 3 )3 @ 10
PB0165
Anurn contains 5 red and 2 green balls. A ball is drawn at random from the urn. If the drawn ball is green,

then a red ball is added to the urn and if the drawn ball is red, then a green ball is added to the urn; the
original ball is not returned to the urn. Now, a second ball is drawn at random from it. The probability

that the second ball is red, is : [JEE(Main)-2019]
26 32 27 21
M 79 2) 55 ) 55 @ 79
PB0166

Anunbiased coin is tossed. If the outcome is a head then a pair of unbiased dice is rolled and the sum
of the numbers obtained on them is noted. If the toss of the coin results in tail then a card from a well-
shuftled pack of nine cards numbered 1,2,3,...,9 is randomly picked and the number on the card is noted.
The probability that the noted number is either 7 or 8 is : [JEE(Main)-2019]

13 19 19 15

(D 3¢ 2) 3 ) = 4) =
PB0167
Ifthe probability of hitting a target by a shooter, in any shot, is 1/3, then the minimum number of independent

5
shots at the target required by him so that the probability of hitting the target at least once is greater than P

is: [JEE(Main)-2019]
(16 (2)5 (3)4 43

PB0168
LetS={I1,2, ...... ,20}. A subset B of S is said to be "nice", if the sum of the elements of B is 203.
Then the probability that a randomly chosen subset of S is "nice" is :- [JEE(Main)-2019]
(1) 3 @ 3 O @) 3

PB0169
In arandom experiment, a fair die is rolled until two fours are obtained in succession. The probability that
the experiment will end in the fifth throw of the die is equal to : [JEE(Main)-2019]
(1) = @ 3) & @ =

PB0170

In a game, a man wins Rs. 100 if he gets 5 of 6 on a throw of a fair die and loses Rs. 50 for getting any
other number on the die. If he decides to throw the die either till he gets a five or a six or to a maximum
of three throws, then his expected gain/loss (in rupees) is : [JEE(Main)-2019]
400 . 400 400
(1) Tgam (2) TIOSS (3) 0 (4) TIOSS
PB0171
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22. Assume that each born child is equally likely to be a boy or a girl. If two families have two children each,

then the conditional probability that all children are girls given that at least two are girls is :
[JEE(Main)-2019]

1 1 1 1
(M 7 @) 7 G4 1o 4 5
PB0172
23. Ifthree of the six vertices of a regular hexagon are chosen at random, then the probability that the triangle
formed with these chosen vertices is equilateral is : [JEE(Main)-2019]
3 1 3 1
M 3 @) 3 G3) 5 ) 3
PB0173
EXERCISE (JA)
1. (@) Let o be a complex cube root of unity with ® # 1. A fair die is thrown three times. If r, 1,
and r, are the numbers obtained on the die, then the probability that ©" + ©® +®" =0 is -
A) = B) + 2 D)
(A) 7 B) 4 © 5 (D) 5
PB0179
. . . .. 4 1 . . .
(b) A signal which can be green or red with probability 35 and 5 respectively, is received by
station A and then transmitted to station B. The probability of each station receiving the signal
3
correctly is 1 If the signal received at station B is green, then the probability that the original
signal was green is -
N o & o 2 o 2
(A) % B) - ©) 3 (D) 55
[JEE 2010, 3+5]
PB0180
Paragraph for Question 2 and 3
Let U, and U, be two urns such that U, contains 3 white and 2 red balls, and U, contains only 1 white
ball. A fair coin is tossed. If head appears then 1 ball is drawn at random from U, and put into U,,.
However, if tail appears then 2 balls are drawn at random from U, and put into U,. Now 1 ball is drawn
at random from U,
2. The probability of the drawn ball from U, being white is -
! .- oL o1
()30 ()30 ()30 ()30
PB0181
3. Given that the drawn ball from U, is white, the probability that head appeared on the coin is -
o7 o 1L o 15 o 12
()23 ()23 ()23 ()23
[JEE 2011, 3+3]
PB0181

Probability
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4.

11

Let E and F be two independent events. The probability that exactly one of them occurs is s and

the probability of none of them occurring is 25 If P(T) denotes the probability of occurrence of the

event T, then -

(A) P(E)= 4, P(F)=% (B) P(E)=%,P(F):

—_

P(F)=~ (D) P(E)= %P(F) -

[JEE 2011, 4M]
PB0182
A ship is fitted with three engines E , E, and E,. The engines function independently of each other with

11 1
respective probabilities 2 and 1 For the ship to be operational at least two of its engines must
function. Let X denote the event that the ship is operational and X, X, X, denotes respectively the
events that the engines E , E, and E, are functioning. Which of the following is (are) true?

[JEE 2012, 4M]
3

(A) P[Xf\X]:E

) . .. 7
(B) P[Exactly two engines of ship are functioning | X]= 3

(©) PIX|X,]=-

(D) P[X|X1]=%

PB0183

Four fairdice D, D,, D, and D, each having six faces numbered 1, 2, 3,4, 5 and 6 are rolled simultaneously.
The probability that D, shows a number appearing on one of D , D, and D, is -

[JEE 2012, 4M]

2L 5 108 o125 o127
( )216 ()216 ()216 ( )216

PB0184

1 1 1
Let X and Y be two events such that P(X|Y) :E’P(Y | X) = 3 and P(XNY)= pe Which of the

following is(are) correct ? [JEE 2012, 4M]
2
(A) P(XUY)= 3 (B) X and Y are independent
(C) X andY are not independent D)p (XC A Y) = %
PB0185
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8.  Four persons independently solve a certain problem correctly with probabilities %,%,%,% . Then the
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10.

11.

12.

[
e

[
b

probability that the problem is solved correctly by at least one of them is
[JEE(Advanced) 2013, 2M]
235 21 3 253
(A) 256 (B) 256 © 256 (D) 256
PB0186
Of the three independent events E ,E, and E,, the probability that only E, occurs is a, only E, occurs
is B and only E, occurs is y. Let the probability p that none of events E ,E, or E, occurs satisfy the
equations (a0 — 2p) p = af and (B — 3y) p = 2Py. All the given probabilities are assumed of lie in
the interval (0,1).

Probability of occurrenceof E;,

Then [JEE-Advanced 2013, 4, (-1)]

Pr obability of occurrence of E,
PB0187
Paragraph for Question 10 and 11
Abox B, contains 1 white ball, 3 red balls and 2 black balls. Another box B, contains 2 white balls, 3
red balls and 4 black balls. A third box B, contains 3 white balls, 4 red balls and 5 black balls.
If2 balls are drawn (without replacement) from a randomly selected box and one of the balls is white and
the other ball is red, the probability that these 2 balls are drawn from box B, is
116 126 65 55
(A) 181 (B) 181 © 181 (D) 181
[JEE(Advanced) 2013, 3, (-1)]
PB0188
If 1 ball is drawn from each of the boxes B, B, and B, the probability that all 3 drawn balls are of the

same colour is

82 90 558 566
(A) 648 (B) 648 © 648 (D) 648
[JEE(Advanced) 2013, 3, (-1)]
PB0188
Three boys and two girls stand in a queue. The probability, that the number of boys ahead of every girl is
at least one more than the number of girls ahead of her,is- [JEE(Advanced)-2014, 3(-1)]

A 1 1 2 3
() 5 (B) (©) 3 D)}

PB0189

Paragraph For Questions 13 and 14

Box 1 contains three cards bearing numbers, 1,2,3 ; box 2 contains five cards bearing numbers 1,2,3,4,5;
and box 3 contains seven cards bearing numbers 1,2,3,4,5,6,7. A card is drawn from each of the boxes.
Let x, be the number on the card drawn from the it box, 1= 1,2,3.
The probability that x, + x, + X, is odd, is -

29 53 57 1
(A) 105 ®) 105 © 105 D) 5
[JEE(Advanced)-2014, 3(-1)]

PB0190
The probability that x ,x,,x, are in an arithmetic progression, is -

2 B 10 o AL o~
(A) 105 (B) 105 © 105 (D) 105
[JEE(Advanced)-2014, 3(-1)]

PB0190
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15.

16.

17.

18.

19.

20.

The minimum number of times a fair coin needs to be tossed, so that the probability of getting at least

two heads is at least 0.96, is [JEE 2015, 4M, -0M]
PB0191

Paragraph For Questions 16 and 17

Let n, and n, be the number of red and black balls respectively, in box 1. Let n, and n, be the number

of red and black balls, respectively, in box II.

One of the two boxes, box I and box II, was selected at random and a ball was drawn randomly out

of this box. The ball was found to be red. If the probability that this red ball was drawn from

1 . . . .
box Il is 7, then the correct option(s) with the possible values of n , n,, n, and n, is(are)

3
[JEE 2015, 4M, -0M]
(A)n, =3,n,=3,n,=5,n,=15 (B)n, =3,n,=6,n,=10,n, =50
(C©)n, =8,n,=6,n,=5,n,=20 (D)n, =6,n,=12,n,=5,n, =20
PB0192
A ball is drawn at random from box I and transferred to box II. If the probability of drawing a red

1
ball from box I, after this transfer, is ~, then the correct option(s) with the possible values of n, and

3
n, is(are) [JEE 2015, 4M, -0M]
(A)n,=4andn, =6 (B)n, =2andn, =3
(C)n, = 10 and n, = 20 (D)n, =3 andn, =6

PB0192
A computer producing factory has only two plants T and T,. Plant T, produces 20% and plant T, produces
80% of the total computers produced. 7% of computers produced in the factory turn out to be defective.
It is known that
P(computer turns out to be defective given that is produced in plant T))
= 10P(computer turns out to be defective given that it is produced in plant T,)
where P(E) denotes the probability of an event E. A computer produces in the factory is randomly selected
and it does not turn out to be defective. Then the probability that it is produced in plant T, is
[JEE(Advanced)-2016, 3(-1)]
N 36 47 78 75
(A) 73 B) =g (©) 53 (D) 33
PB0193
Paragraph For Questions 19 and 20
Football teams T, and T, have to play two games against each other. It is assumed that the outcomes
of the two games are independent. The probabilities of T, winning, drawing and losing a game against

1 1
T, are X and 3 respectively. Each team gets 3 points for a win, 1 point for a draw and 0 point
foraloss ina game. Let X and Y denote the total points scored by teams T, and T,, respectively, after
two games

P(X>Y) is- [JEE(Advanced)-2016, 3(0)]
A 1 B 2 C 1 D L
() B) (© 5 D) 7

PB0194
P(X =Y) is- [JEE(Advanced)-2016, 3(0)]
o 1L . o3 o L
() 7 (B) ©) 5 D) 3

PB0194
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21.

22.

23.

24.

25.

Let X and Y be two events such that P(X) = P(X 1Y)=— and P(Y|X)=—=. Then
[JEE(Advanced) 2017, 4(=2)]

1
(&) PX|Y) = (B) PXAY) =
2 4
(C) P(XuY)=g (D) P(Y):E
PB0195
Three randomly chosen nonnegative integers x, y and z are found to satisfy the equation
x +y + z = 10. Then the probability that z is even, is [JEE(Advanced)-2017, 3(-1)]
A 3 . o5 o L
() < B) 1 © 7 (D) 3
PB0196

Paragraph For Questions 23 and 24
There are five students S|, S, S, and S, in a music class and for them there are five sets
R, R,, R,, R, and R, arranged in a row, where initially the seat R, is allotted to the student S,
1=1, 2, 3,4, 5. But, on the examination day, the five students are randomly allotted the five seats.
(There are two questions based on Paragraph "A". the question given below is one of them)
The probability that, on the examination day, the student S, gets the previously allotted seat R, and NONE

of the remaining students gets the seat previously allotted to him/her is -
[JEE(Advanced)-2018, 3(-1)]

e . oL .
() 75 B) 3 ©) 75 D) 5

PB0197
Fori=1, 2, 3, 4, let T, denote the event that the students S and S,,, do NOT sit adjacent to each
other on the day of the examination. Then the probability of the event T, N T, T, N T, is-

[JEE(Advanced)-2018, 3(-1)]

A) = B) — C) — D) +
() B) 75 © 25 (D) -

PB0197

There are three bags B, B, and B,. The bag B, contains 5 red and 5 green balls, B, contains 3 red

and 5 green balls, and B, contains 5 red and 3 green balls, Bags B,, B, and B, have probabilities
33
10° 10
from the bag. Then which of the following options is/are correct ?

and — respectively ofbeing chosen. A bag is selected at random and a ball is chosen at random

[JEE(Advanced)-2019, 4(-1)]
3
(1) Probability that the selected bag is B, and the chosen ball is green equals — 1

0
39
(2) Probability that the chosen ball is green equals — 20

3
(3) Probability that the chosen ball is green, given that the selected bag is B, equals 3

5
(4) Probability that the selected bag is B,, given that the chosen balls is green, equals — T

PB0198
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Probability
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26.

27.

Let S be the sample space of all 3 x 3 matrices with entries from the set {0, 1}. Let the events E,
and E, be given by

E, = {A € S: detA = 0} and
E, = {A € S : sum of entries of A is 7}.
If a matrix is chosen at random from S, then the conditional probability P(E,|E,) equals
[JEE(Advanced)-2019, 3(0)]
PB0199

Let |X| denote the number of elements in set X. Let S = {1,2,3,4,5,6} be a sample space, where each
element is equally likely to occur. If A and B are independent events associated with S, then the number
of ordered pairs (A,B) such that 1 < |B| < |A|, equals [JEE(Advanced)-2019, 3(0)]

PB0200
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ANSWER KEY
EXERCISE (O-1)
PART # 1
1. A 2. A 3. C 4. (i) 7/13, (i) 112, (iii) 2/13, (iv) 2/13, (v) 1/2, (vi) 9/13 5.
156 6. 1/;12 7. 5:1 8 A 9. (a) 2/3, (b) 12 10. B
PART # 2
1. C 2. A 3. B 4. C 5. A 6. 23 7. 3/4,1/4;15/16
8. (i)0.18, (ii) 0.12, (iii) 0.42, (iv) 0.28, (v)0.72 9. (i) 1/36, (i) 5/108, (iii) 53/54
10. 3/5 11. 1225  12. (a) 1/18, (b) 43/90, (c) 5/18, (d) NO
PART # 3
1. C 2. C 3. D 4. D 5. A 6. A 7. B
8. A 9. C 10. D
PART # 4
1. A 2. B 3. C 4. A 5. C 6. C 7. A
PART # 5
1. D 2. B 3. B 4. C 5. B 6. B 7. A
8. C 9. C 10. B 11. D
PART # 6
1. A 2. C 3. D 4. C 5. A 6. B 7. B
8. D 9. B
EXERCISE (0-2)
1. B 2. A 3. C 4. B 5. A 6. C 7. B,C,D

8. ABD 9. ACD 10. BCD 11. AD 12. BCD 13. AD
EXERCISE (S-1)

1. (1) 3/56; (ii) 9/28 2. 1324 3. 59 4. 120 5. P(I_{/S)zl/Z
_ 29
6. & 7. Q 8. 2065 9. — 10. 17 11. 17/105 12. 2/5
2 2 30
11
13. 37 14. (i) A,B,C are pairwise independent (ii) A,B,C are notindependent  15. 3
16. 19/42 17. 407/576 18. 165/193 19. (a)7/8, (b)1/3  20. 13to5
EXERCISE (S-2)
L 5 2 1212112 3 435 4 @) — () 2D 5 g
. . b b . . (a) 50 ( ) (9n_3)
6. 20 7. Bothare equally likely 8. 179
EXERCISE (JM)
1. 3 2. 3 3. 2 4. 3 5. 4 6. 1 7. 1 8. 3
9. 3 10. 3 11. 1 12. 2 13. 2 14. 3 15. 1 16. 2
17. 3 18. 2 19. 2 20. 2 21. 3 22. 1 23. 2
EXERCISE (JA)
1. (@ C; (b)C 2. B 3. D 4. AD 5. B,D6. A 7. AB
8. A 9. 6 10. D 11. A 12. A 13. B 14. C 15. 8
16. AB 17. C,D 18. C 19. B 20. C 21. AD 22. B 23. A
24. C 25. 2.3 26. 0.50 27. 422.00






