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FUNCTION

CARTESIAN PRODUCT OF TWO SETS :

Given two non-empty sets A and B. The cartesian product A x B is the set of all ordered pairs of the
form (a, b) where the first entry comes from set A & second comes from set B.

AxB={(a,b)|aecA,beB}

eg. A={l1,2,3} B={p, q}
Ax B={(1,p)(1,9, (2,p), (2,9, (3,p), 3, D}
Note :

(i)  Ifeither A or B is the null set, then A x B will also be empty set, i.e. AX B=¢

(i) Ifn(A)=p,n(B)=q, thenn(A x B)=pq, where n(X) denotes the number of elements in set X.

(iii) A Relation R from set A to B is any subset of A x B. If ARB & (a, b) € R then b is image
of'a under R and a is preimage of b under R.

Note : Ifn(A) =m, n(B) = n, then number of relations defined from set A to B are 2™ — 1.

FUNCTION :

A relation R from set A to set B is called a function if each element of A is uniquely associated with

some element of B. It is denoted by the symbol :

f:A—>BorA 1B

which reads 'f ' is a function from A to B ‘or’ f maps A to B,
Ifan element a € A is associated with an element b € B, then b is called ‘the f image ofa’ or ‘image
ofaunder f’° or ‘the value of the function f at a’. Also a is called the ‘pre-image of b’ or ‘argument
of b under the function f ’. We write it as

b=f(a) or f:a—>borf:(a,b)
Thus a function ‘f ’ from set A to set B is subset of A x B in which each a belonging to A appears in
one and only one ordered pair belonging to f.
Representation of Function :
(@) Ordered pair : Every function from A — B satisfies the following conditions :

(1) f <« AxB (i) V ae Athereexistbe B and (iii) (a,b)e f & (a,c)e f=b=c
(b) Formula based (uniformly/nonuniformly) :

i) f:RoRy=fx)=4x,f(x)=x*> (uniformly defined)

x+1 -1<x<4

(ii) Jx)= {—x 4<x<7

(non-uniformly defined)

X2 x>0
-x-1 x<0

(i)  fX) ={

(¢) Graphical representation :
If a vertical line cuts a given graph at more than one point then it can not be the graph of a
function.

(non-uniformly defined)

Vaf-osA

Graph (1) Graph (2)
Graph(1) represent a function but graph(2) does not represent a function.
Every function is a relation but every relation is not necessarily a function.

Function SN
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3. DOMAIN, CO-DOMAIN & RANGE OF A FUNCTION :

Let f: A — B, then the set Ais known asthe domain of f & the set B is known as co-domain

of f . The set of f images of all the elements of A is known as the range of f .
Domainof f = {a|aeA, (a, f (a)) € f}
Range of f = {f (a) | aeA, f(a) e B}

(@) If only the rule of function is given then the domain of the function is the set of those real
numbers, where function is defined.

(b) For a continuous function, the interval from minimum to maximum value of a function gives

the range
(¢c) It should be noted that range is a subset of co-domain.
Note :

(i)  The complete set of all positive real numbers is denoted by R*.
(i) The complete set of all negative real numbers is denoted by R™.
(i) The complete set of all real numbers other then zero is denoted by R

(v) The complete set of all integers is denoted by Z.

Hlustration 1 :  Find the domain of following functions :

1
(i)y:v5—2x (ll)y:m

Solution : 1)5-2x>0= x S% .. Domain is (—0,5/2]

(ii) x — x| > 0 = |x| < x = x cannot take any real values .. Domain is ¢
Illustration 2 :  Find the range of following functions :

(i) /() =log ;s ((x=1)"+4) (ii) f(x) = 3 — cosx
Solution : D) f(x)=logg; ((x —1)* + 4)
4<(x-1y +4<ow
= log;4< logﬁ(x—l)2 +4 <o

= 4< logﬁ(x—l)2 +4 <o
. Range of f(x) = [4,2)
(i) f(x) =3—cosx
—1<cosx<1
2<3-cosx<4
Range of f(x) = [2,4]

Do yourself - 1 :
(i) Find the domain of following functions :

1
(@ y=1-logx b y=—7
X" —4x
(ii) Find the range of the following function :
1

(a) log,|x+ = (b) f(x)=sin(3x>+1)

. i T
(c) f(x)=2sin (2){ +Zj (d) f(x)=cos (2){ +Zj
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IMPORTANT TYPES OF FUNCTIONS :
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Function RN

4.

(@)

(b)

Polynomial Function :
If a function f is defined by f (x) =a x"+a x"'+a x>+ ... +a_ x+a wheren is anon
negative integer and a, 4, ,, ..., 4, are real numbers and a # 0, then f is called a polynomial
function of degree n. If n is odd, then polynomial is of odd degree, if n is even, then polynomial
is of even degree.
Note :
(1  Range of odd degree polynomial is always R.
(i) Range of even degree polynomial is never R.
(ii)) A polynomial of degree one with no constant term is called an odd linear function.
Le. f(x)=ax, az0
(iv) f(x)=ax+b,a=0isalinear polynomial
(v) f (x)=cisnon linear polynomial (its degree is zero)
(vi) f (x) =0 is a polynomial but its degree is not defined
(vii) There are two polynomial functions, satisfying the relation ;
f).fA/x)=fx)+f(1/x). Theyare:
(@) fx)=x"+1 & (b) f(x)=1-x", where n is a positive integer.
Algebraic Function :
A function ‘f” is called an algebraic function if it can be constructed using algebraic operations
(such as addition, subtraction, multiplication division, and taking radicals) within polynomials.

Example : f(x) = /x> +1 g(x)— 1\7} +(x—-2) Ix+1

y is an algebraic function of'x, if it is a function that satisfies an algebraic equation of the form
P,(x)y"+P (x) y"'+ S .+ P (x) y+P (x)=0. Where nis a positive integer and P (x),
P (X)...... are Polynomials in x. e.g. x* + y* — 3xy = 0.

(i)  All polynomial functions are Algebraic but not the converse.

(i) A function that is not algebraic is called Transcendental Function.
Basic algebraic function :

(i) y=x2 X . Domain : R

o Range : R"uU {0} or [0, )

) X
yAL

1 y =1/x

(i) y =% Domain : R — {0} or R,
TO g Range : R — {0}

1 Yy 4

X
5 >x Range : R or (0, o)

yu y=X3

(iv) y = x3 l-j Domain : R
o + »X

/ ! Range : R
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(0

(d)

Rational function :

g(x)

A rational function is a function of the form y = f(x) = =, where g(x) & h(x) are polynomials

&

h(x) # 0, Domain : R—{x | h(x)=0}

h(x)

Any rational function is automatically an algebraic function.

Trigonometric functions :

@

(i)

(iii)

(iv)

Sine function

f(x) = sin x

Domain : R

Range : [-1, 1], period 27w
Cosine function

f(x) = cos x

Domain : R

Range : [-1, 1], period 27w
Tangent function

f(x) = tan x
Domain : R—{XIX

Range : R, period &
Cosecant function

f(x) = cosec x

Domain : R — {x|x = nm, n €I}

Range : R — (-1, 1), period 27

_ (2n+1)1t’n

YA

n/ n/2

-3n/2 /2
€ I} /

v v
X=-2m X=-T

X=mn

X=2n

0 7 3 x
Y 4
N/ P
(-3n/2,1) (n/2,1)
(-n/2,-1) (3n/2.-1) R
/\ /\ y=—1
v v
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*
(v)  Secant function U Y4 v
f(x) = sec x F2r) 01 v
(7,-1) ’ x
Domain : R — {xx =Q2n+ 1) /2 :n e I} m (/\ y=1
Range : R — (-1, 1), period 27 = el el X:?’E
(vi) Cotangent function Y4
f(x) = cot x
o >
Domain : R — =nm, n €l X
{x|x T el} (%\ (%\ (%% (%%
Range : R, period © i i i i
X=-2T  X=-T X=7 X=27
(e) Exponential and Logarithmic Function :
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A function f(x) = a*(a>0), a# 1, x eR is called an exponential function. The inverse
of the exponential function is called the logarithmic function, i.e. g(x)= log x.

Note that f(x) & g(x) are inverse of each other & their graphs are as shown. (If functions
are mirror image of each other about the line y = x)

Domain of a* is R Range R
Domain of log x is R" Range R
+ oo
fix)=a, a>1
X
A//j {/+
g(x)=logx
y 4 y = log,x
y = log:x
1+ y = logsx
y = log,ex
0 1 X'
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®

(®

Y 4

Domain : R

Range : R”

Note-1 : f(x) = al*, a > 0 Domain : R — {0} Range : R" — {1}
1
Note-2 : f(x) = log.a = log—x Domain : R" — {1} Range : R — {0}
(a>0)(a= 1)
Absolute Value Function : Ay
A functiony = f (x) = | x| is called the absolute value function ~ ~
or Modulus function. It is defined as : =X y=x
x| x if x>0
YTIET xif x<0
For f (x)= x|, domain is R and range is [0,0) 0 >X
1 .
For f(X®)= m , domain is R — {0} and range is R".
Signum Function : yI Clixeo
A function y= f (x) = Sgn (x) is defined as follows : ’
I for x>0 >
(0] y =sgn x
y=f®=]0 for x=0
-1 for x<0 y=-1ifx<0

It is also written as Sgnx =[x/ x; x# 0 ;
=0; x=0

Note : f (x) = (sgn(x))x = f(x) =]

Domain : R

Range : {-1,0, 1}
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(h) Greatest integer or step up function :

The function y = f(x) = [x] is called Graph of y = [¥] yftg
the greatest integer function where
[x] denotes the greatest integer less T2 —
than or equal to x. Note that for :
Tt ¢ v
XL =2 o T 2z 3 X
[-2-1) | -2 S S ]
1,00 | -1 : 1,
01 | o
1-3
1,2) | 1
Domain : R

Range : I

Properties of greatest integer function :

1) [x]<x<[x]+landx-1<][x]<x,0<x—-[x]<I
(i) [x + m] = [x] + m, if m is an integer.

0, xel
(i) X+ 1= 1)y

Hlustration 3: Ify=2[x]+3 &y=3[x—2]+5, then find [x + y] where [ . ] denotes greatest integer
function.

Solution : y=3[x-2]+5=3[x]-1
so 3[x]-1=2[x]+3
[x] =4 =>4<x<5
theny = 11
so x +y will lie in the interval [15, 16)
so [x+y]=15

: o

1771 1 294 .

% Ilustration 4 :  Find the value of —}+ —+—}+ ...... [—+ﬁ} where [ . ] denotes greatest integer
121 [2 1000 2 1000

%é function ?

H i} _

2 Soluti [l}[LL N l+ﬂ}[1+ﬂ} [L@}[L@}

£ Solution: 20712 1000 L2 T1000] L2 1000 ] T 2 10004 L2 1000 7

I [1 2499} [1 2500} [1 2946}

E ot | o [t o —

21000 |2 1000 2 1000

: =0+ 1 x 1000 + 2 x 1000 + 3 x 447 = 3000 + 1341 = 4341 Ans.
3

m
L 4
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Fractional part function :

@

It is defined as : g(x) = {x} =x —[x] e.g.

the fractional part of the number 2.1
is 2.1-2 = 0.1 and the fractional part
of —=3.7 is 0.3 The period of this
function is 1 and graph of this

function is as shown.

x | X
[2,-1) | x+2
[-1,0) | x+1
[0,1) X
1,2) | x1

Domain :

Range

Graph of y = {x}

yl\

R

: [0,1)

Properties of fractional part function :

()  A{[x]} = [{x}] =0 (i) {{xj} = {x}

(1)

(iv) {xtm} = {x}, m € I (v) {(x} +{—x} = {

0 < {x} <1

-2

AN

1, xgl
0, xel

Hlustration 5:  Solve the equation [2x — 1| = 3[x] + 2{x} where [.] denotes greatest integer and {.}
denotes fractional part function.
Solution : We are given that, [2x — 1| =3[x] + 2{x}
1
Let,2x—-1<01ie.x< 5 The given equation yields.
1 —2x=3[x] +2{x}
1-35[x]
= 1-2[x]-2{x} =3[x] +2{x} = 1 -5[x] =4{x} = {x} = 4
1-5[x] 3 1
0<—— <1:>0£1—5[x]<4:>—§ <[x]£g

: . : 3 1
Now, [x] = 0 as zero is the only integer lying between 3 and 5

| 1 . :
= {x}=—-—=>x= 1 which is less than —, Hence 4 isone solution.

. 1
Now, let 2x—1>01ex> )
= 2x-1=3[x]+2{x} = 2[x] + 2{x} — 1 =3[x] + 2{x}
1
= [x]=-1=-1<x<0 which is not a solution as x > )
1. :
= X=7is the only solution.
¢
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. ALLEN Function _

() Identity function : 1
The function f: A— Adefined by f (x)=x V x € Ais called the identity 14 ﬁ araph oty
of Aandis denoted by I, . Itis easy to observe that identity function defined 1 X
on R is a bijection.

(k) Constant function : Va
Afunction f: A— Bissaid to be a constant function if every element of (0,9 9raphofy=c
Ahas the same fimageinB. Thus f: A—>B; f(x)=c, V x€A, ¢ )
€ B isa constant function. Note that the range of a constant function is a

singleton.

Do yourself - 2 :
(i Let {x} &[x] denotes the fraction and integral part of a real number x respectively, then match the
column.
Column-I Column-II
A) [x]=4 () x€[2,4)
B) [x]*-5[x]+6=0 (@ xe(-w0,-2]U]2,x)
©) x={x} () xe(-0,-5)
D) [x]<-5 () xe{2}
t xe][0,1)

S.  ALGEBRAIC OPERATIONS ON FUNCTIONS :

If f & g are real valued functions of x with domain set A, B respectively, f+ g, f— g, (f. g) & (f/g)
as follows :

@ (f£g(x)=1f(x)+g(x) domain in eachcaseis AN B
() (f.g)(x)=1f(x).g(x)domain is A" B
f

[—j(x)=M domain A N B =0
() z (%) omain A N B — {x|g(x) = 0}

Hlustration 6 :  Find the domain of the following function :
1 y= log(M) (X —11x+24) (i) fx)= log, [—10&/2 (1 +LJ_ 1}

Solution : (i) y=log, ,(x’—11x +24)
Here 'y would assume real value if,
x—4>0and#1,x’ - 11x+24>0 = x>4and#5 (x-3)(x—8)>0

=>x>4and #5,x<3 orx>8 = x>8 = Domain (y) = (8, »)

m
L 4
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Hlustration 7 :

Solution :

Hlustration 8 :

(ii)

1
We have f(x)=log, [_logl/z (1 +Ej - lj

f(x) is defined if —log, , [1 + !

%)

-1>0

1 1
or if lo 1+—|<-1 or if |1+—|>(1/2)"
s 155) ()0

1 1

or if 1+—=>2 or if 7=>!1 orif x"<lorif0<x<1
4 Hx
Yx N

D) =(0, 1)
Find the domain f(x) = |[‘ | 5]| - where [.] denotes greatest integer function.
X p— p—

[x|-5]>11
so [lxl-5]>11 or [Ix|-5]<-11

[Ix]]>16 [Ix]] < -6

lx|>17 or |x|<—6 (NotPossible)
= x<-170rx>17
so X € (—oo, —17] U [17, o)

Find the range of following functions :

. - . _ . 2
0 =g — @  fx)=log;(2-log,(16sin’ x+1))
. : 1
Solution : 1) fx)=—7——
8—3sinx
—1 <sinx <1
Range of f= [i,l}
s
(i) f(x)= log ;(2-log,(16sin>x +1))
1<16sin’x+1<17
0 < log, (16 sin’x +1) < log, 17
2 —log,17<2 —log, (16 sin®x + 1) <2
Now consider 0 < 2 — log, (16 sin’x + 1) <2
—o0 < logﬁ[2—log2(l6sin2 x+1)]<log;2=2
the range is (—o, 2]
L 4
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. ALLEN Function

Hlustration 9:  Find the range of f(x) = ljfi
X

—[x]

, where [.] denotes greatest integer function.

- _ X —[x] _ {x}
Solution : y l+x—[x] 1+{x}

=—+1 —:>{X}=—

y %} xy oy I-y

0<i{x}<1 = 0<2 <1
1-y
Range = [0, 1/2)

Do yourself - 3 :
(i) Find domain of following functions :

(a) f(x)=sin(\/1—x2 )+\/x+2 +

_ f (2x+1)
®) fx) = x® —3x% +2x

(ii) Find range of following functions :

(a) f(x) = log, (log,,(x* +4x+4))

(x+1)
log,

(b) f(x)=

2 —cos3x

6. EQUAL OR IDENTICAL FUNCTION :
Two function f & g are said to be equal if :
(@) The domain of f = the domain of g
(b) The co-domain of f = co-domain of g and

() f(x) = g (x), for every x belonging to their common domain (i.e. should have the
same graph)

x—1

Hlustration 10 : The functions f(x) =log (x— 1) —log (x — 2) and g(x) = log ( j are identical when x

lies in the interval

(A)[L, 2] (B) [2, ) (C) (2, ) (D) (=0, )
Solution : Since f(x) = log (x — 1) —log (x — 2).
Domain of f(x)isx>2 or xe (2,©) .. (1)
g(x)=log(x_lJisdeﬁnedif x-1 >0 = xe(-o, 1)U 2,0) ... (i)
x—2 X—2
From (i) and (ii), x € (2, ). Ans. (C)

m
L 4
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Do yourself - 4 :
(i) Arethe following functions identical ?

XZ

@) f0) = 5 & §0) =— (b) f(x) =x & ¢(x) =Jx? (©) fix)=log,x* & ¢(x) =2log, x|
X

X

7. HOMOGENEOUS FUNCTIONS :

A function is said to be homogeneous with respect to any set of variables when each of its terms
is of the same degree with respect to those variables.

For examples 5x? + 3y? — xy is homogenous in x & y. Symbolically if, f(tx, ty) = t" f(x, y) then
f(x, y) is homogeneous function of degree n.

Hustration 11:  Which of the following function is not homogeneous ?

(A) x> +8&7y+ 7y (B)y +x*+ 5xy ()X2+yz ()2y_x+1

Solution : It is clear that (D) does not have the same degree in each term. Ans. (D)

8. BOUNDED FUNCTION :
A function is said to be bounded if there exists a finite M such that | f(x) | < M,VxeD,.
9. IMPLICIT & EXPLICIT FUNCTION :

A function defined by an equation not solved for the dependent variable is called an implicit function.
e.g. the equations x> + y> = 1 & x¥ = y*, defines y as an implicit function. If y has been expressed
in terms of x alone then it is called an Explicit function.

Hustration 12 : ~ Which of the following function is implicit function ?

y x> +e*+5 5 c 0 x* logx

A) Y=—————— (B) v = _sin(x + V) = D) v=

WY~ o ®y=x (O xy=sin(xty)=0 (D) y=——"
Solution : It is clear that in (C) y is not clearly expressed in x. Ans. (C)

Do yourself - 5 :

2

(i) Find the boundness of the function f(x) = 1

(ii) Which of the following function is implicit function ?
(A) xy—cos(x+y)=0 B)y=x3
(C) y=log(x* +x+1) D) y=Ix
(@iii) Convert the implicit form into the explicit function :

(@ xy=1 (b) x}y=1.
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Function IEERENN

10. APPLICATIONS OF FUNCTIONAL RULE :

Hllustration 13 : Determine all functions f'satisfying the functional relation.

Solution :

1-x

f(x)+f( ! J:z(l_zx) where xeR—{0,1}

x(1—-x)

Givenf(x)+f( ! j=2<l—2x>=2_ 2

I-x x(I-x) x 1-x

1
Replacing x by T Ve obtain

= f( ! j+f(l—lj=—2x+2
1-x X X

1
Again replacing x by (1 - ;j in (i) we obtain

- f(l—lj+f(x) I
X x—1
subtracting (ii) from (i) then

2

1-x

f(X)—f(l—ljﬂx—
X

Now adding (iii) and (iv) we get

2xX 2

x—-1 1-x

2f(x) =

x+1

= =

x—1

()

...(ii)
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BASIC TRANSFORMATIONS ON GRAPHS :

11.

@

(i)

(iii)

(iv)

Drawing the graph of y = f(x) + b, b € R, from the known graph of y = f(x)

y=f(x)+b,b > 0
y=f(x)
A
[ — _y=f(x)-b,b <0
/ o R
A;

It is obvious that domain of f{x) and f(x) + b are the same. Let us take any point x,, in the domain of
fx). ¥|,_,, = f(Xo).

The corresponding point on f{x) +b would be f(x) +b.

Forb>0 = fix,) +b> f(x,) it means that the corresponding point on f(x) + b would be lying at
a distance 'b' units above the point on f(x).

Forb<0 = fix,) +b<f{(x,) it means that the corresponding point on f(x) + b would be lying at
a distance 'b' units below the point on f(x).

Accordingly the graph of f(x) + b can be obtained by translating the graph of f(x) either in the
positive y-axis direction (if b > 0) or in the negative y-axis direction (if b < 0), through a
distance |b| units.

Drawing the graph of y = —f(x) from the known graph of y = f(x)

To draw y = —f{(x), take the image of the curve y = f(x) in the x-axis as plane mirror.

y=-f(x)
Drawing the graph of y = f(—x) from the known graph of y = f(x)
To draw y = f(—x), take the image of the curve y = f(x) in the y-axis as plane mirror.

y y=f(x) y

|o
Drawing the graph of y = |f(x)| from the known graph of y = f(x)

[f(x)| = f(x) if f(x) = 0 and |f(x)| =—f(x) if f{x) < 0. It means that the graph of f(x) and |f(x)| would
coincide if f(x) > 0 and for the portions where f(x) < 0 graph of |f(x)| would be image of'y = f(x)
in X-axis.
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y=11(x)

y=f(x) /; . X

(v) Drawing the graph of y = f(|x|) from the known graph of y = f(x)

f(x), x>0 ,
It is clear that, f{|x|) = {fEX) ) * 0 Thus f{|x|) would be a even function, graph of f{|x|) and f(x)
—X), X<

would be identical in the first and the fourth quadrants (as x > 0) and as such the graph of f{|x|) would
be symmetric about the y-axis (as (|x|) is even).

o NN, N
N x \/°|\_/ x

(vi) Drawing the graph of |y| = f(x) from the known graph of y = f(x)

Clearly |y| = 0. If f(x) <0, graph of |y| = f(x) would not exist. And if f(x) > 0, |y| = f(x) would give y
=+f(x). Hence graph of |y| = f(x) would exist only in the regions where f(x) is non-negative and will
be reflected about the x-axis only in those regions.

A
TN T

y=f(x)
(vii) Drawing the graph of y = f(x + a), a € R from the known graph of y = f(x)

(\l

y=f(x+a),a>0

Vs

(1) Ifa> 0, shift the graph of f{x) through'a' units towards left of f(x).
(i1) Ifa <0, shift the graph of f(x) through 'a' units towards right of f(x).
(viii) Drawing the graph of y = af(x) from the known graph of y = f(x)

y=af(x), a>1

It is clear that the corresponding points (points with same x co-ordinates) would have their ordinates in the
ratio of 1 : a.

*

Function TR



JEE-Mathematics

A“Iﬂ"

(ix)

y=f(ax), a >1

Drawing the graph of y = f(ax) from the known graph of y = f(x).

y=f(x)

y=f(ax),0<a<l

Let us take any point X, € domain of f{x). Let ax = x, orx =
) i 1
Clearly if 0 <a <1, then x > x,, and f (x) will stretch by N

then f(x) will compress by 'a' units along the y-axis.
Note :

20
a

X

units along the y-axis and ifa> 1, x <x,,

(i) A function h(x) is defined as
h(x) = max. {f(x), g(x)} then
>
h@ﬁ{ﬂm f(x)=g(x)
g(x) g(x)> f(x)
(i) A function h(x) is defined as
h(x) = min. {f(x), g(x)} then
h _{ﬂ@ fx)<g(x)
(x)=
g(x) g(x)<f(x)
Hustration 14:  Find f(x) = max {1 + x, 1 —x, 2}. yq
y=2
Solution : From the graph it is clear that
I-x; x<-1 1,0 (10, %
00 o 7§
fix)=42 ; -1<x<1 g
I+x; x>1 E
3
Hustration 15:  Draw the graph of y = |2 —|x —1||. §»
M B y=]x-1 _ 5
& 01 Tyﬂmu :
(1,0) 1L B 1
Solution : 5 / = T > = ol 1 - 3
10 | o s
:




node06\BOBO-BA\Kota\JEE(Advanced) \Enthuse \Physics\Sheef\Magnetic Effect of Currenf\Eng\00_Theory.p65

. ALLEN Function

WI -

79 1 \*%
. 4
Ilustration16: ~ Draw the graph of y = 2— Py
X R
YA N '
i y '
=t T, ARa =Y
X P\ VT i x-11
x=1i 1
Solution : o) >X = S >x = o >X
\ M\ § ’
y i y 4 4
P X= — _ y=2—
y=—|711| Pt =1, y=2 4 =
o)

o et \ /
,X : 3 X

I
ﬁ\ F - m\ f R /(3‘”

Hlustration 17:  Draw the graph of y = |eM — 2

N
Y
N
Solution : [9) > = e >
’ T y=1emz)
o) s x
= 5> X
(0,-1) ©

Hlustration 18:  Draw the graph of f(x) = cosx cos(x + 2) — cos*(x + 1).

Solution : f(x) = cosx cos(x + 2) — cos’(x + 1)

A
v

0

:%[cos(2x+2)+c0s2]—%[cos(2x+2)+1] vl cos2 -

:lcos2—l<0_
2 2

m
L 4
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Do yourself - 6 :
(i) Draw graph of following functions :

@ y=|mx|+1 () y=min{x+1,3-x)

12.

CLASSIFICATION OF FUNCTIONS :
One-One Function (Injective mapping) :

A function f: A — Bissaid to be a one-one function or injective mapping if different elements of
A have different f images in B.

Thusthereexistx ,x, e A& f(x), f(x)eB,f(x)=f () © x =x 0or x #x, & f(x)#f(x).

Diagramatically an injective mapping can be shown as

Many-one function (not injective) :

A function f: A — B is said to be a many one function if two or more elements of A have the
same f image in B.

Thus f: A — B is many one there exist x,x, € A, f (x)) =f (x,) but x # x,.

Diagramatically a many one mapping can be shown as

Note :

(i)  Ifaline parallel to x-axis cuts the graph of the function atmost at one point, then the function is
one-one.

(i) If any line parallel to x-axis cuts the graph ofthe function atleast at two points, then fis
many-one.

(iii) If continuous function f (x) is always increasing or decreasing in whole domain, then f (x) is
one-one.

(iv) All linear functions are one-one.

(v)  All trigonometric functions in their domain are many one
(vi) All even degree polynomials are many one

(vii) Linear by Linear is one-one

(viii) Quadratic by quadratic with no common factor is many one.
Onto function (Surjective mapping) :

If the function f: A — B is such that each element in B (co-domain) is the f image of atleast one
element in A, then we say that f is a function from A 'onto' B. Thus f : A — B is surjective iff
V b e B, 3 some ae A suchthat f(a)=Db.
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Diagramatically surjective mapping can be shown as

Note that : if range is same as co-domain, then f (x) is onto.
Into function :

If f: A— B is such that there exists atleast one element in co-domain which is not the image of any
element in domain, then f (x) is into.
Diagramatically into function can be shown as

Note :
(i) A polynomial function of degree even define from R — R will always be into.
(i) A polynomial function of degree odd defined from R — R will always be onto.

(i) Quadratic by quadratic without any common factor define from R — R is always an into
function.

Thus a function can be one of these four types :

(i one-one onto (injective & surjective)

(also known as Bijective mapping)

(i) one-one into (injective but not surjective)

(i) many-one onto (surjective but not injective)

(iv) many-one into (neither surjective nor injective)

Hllustration19: Let A= {x:—-1<x<1}=Bbeamapping f: A — B. For each of the following functions

from A to B, find whether it is bijective or non-bijective.

@ fx) = xix O f=x © fx=sn

Function ISR
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Soluti @ ) =xix] —x* ,-1<x<0
olution : a X) = x|x|=
x>, 0<x<l1
. 1Y
Graphically, 1
The graph shows f(x) is one-one, as the straight
line parallel to x-axis cuts only at one point. -1 0 1 x
Here, range
fix) € [-1, 1] -
Thus, range = co-domain
Hence, onto.
Therefore, f(x) is one-one onto or (Bijective).
b fx) =, Y
Graphically;
Graph shows f(x) is one-one onto T —
(i.e. Bijective) - o X
[as explained in above example] -1
© fix)= sin%x
Graphically; “1
Which shows f(x) is one-one and onto as range
-1 R
. o 1 X
= co-domain.
Therefore, f(x) is bijective. -1
Hustration20:  Let f : N — I be a function defined as f(x) =x—1000. Show that f (x) is an intd function.
Solution : Let f(x)=y=x-1000 = x=y+ 1000 = g(y) (say)
here g(y) is defined for eachy € I,  but g(y) ¢ N for y <—-1000.
Hence f (x) is into.
Mustration21:  Let £: R — R be a function defined by f (x) = x + /x*, then fis
(A) injective (B) surjective (C) bijective (D) None of these
Solution : We have, f(x) =x + \/x72= X+ | x|
Clearly, fis not one-one as f(—1) = f(-2) =0 and -1 # -2
Also, fis not onto as f(x) >0 V x € R
range of f = (0, ) c R Ans.(D)
Mlustration 22:  Let f : R — R be a function defined as f(x) = 2x’ + 6x° + 12x + 3 cosx — 4sinx; then f is -
(A) Injective (B) Surjective (C) Bijective (D) Not Surjective
Solution : We have f(x) = 2X + 6x° + 12x + 3cosx — 4sinx
=  f'(x)=6x — 12x + 12 — 3sinx — 4cos X
, 6(x—1)> +6—(3sinx +4cosx
fioy = QXD+ 6~ )
£() h(x)
range of g(x) =[6,0)
range of h(x) =[-5,5]
hence f '(x) always lies in the interval [1,00)
= f'®>0
L 4
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Hllustration23:  Let f(x) = —;
X +X

Hence f (x) is increasing i.e. one-one function

Nowx >0 = f >0 &X—> —00= f—>—0 & f(X) is continuous

hence its range is R = f is onto so f is bijective. Ans. (C)
x> +3x+a

+1
function is one-one.

, where f: R — R. Find the value of parameter 'a' so that the given

Solution - fx) = x> +3x+a
olution : X)= T 1
£ (X2 +x+DQ2x+3)—(x* +3x+a)2x+1)  -2x"+2x(1—-a)+(3-a)
X = =

(x> +x+1) (x> +x+1)
Let, g(x) =—2x"+2x (1 —a) + (3 —a)
g(x) will be negative if 4 (1 —a)*+8 (3—a)<0
= l+a°-2a+6-2a<0=(a-2+3<0
which is not possible. Therefore function is not monotonic.

Hence, no value of a is possible.

Do yourself - 7 :

@i Isthe function f: N — N (the set of natural numbers) defined by f(x) = 2x + 3 surjective ?
Xx—2

x—-3

(i) LetA=R-{3},B=R-— {1} andletf: A — B defined by f(x) = . Check whether the

functionf(x) is bijective or not.

(iii) A mapping f: A — [-1,1] defined by f(x) =sinx, V x € R, where A is a subset of R (the sef
of all real numbers) is one-one and onto if A is the interval, then A is belongs to

T T

(A) [0,27] B [‘5’5} (©) [-m.7] (D) [0,7]

13.

COMPOSITE OF UNIFORMLY & NON-UNIFORMLY DEFINED FUNCTION:

Letf: A—> B & g: B — Cbe two functions. Then the function gof: A — C defined by (gof) (x) = g(f(x))
V x € Ais called the composite of the two functions f& g.

Diagramatically —X s [T 1% s (51— >g (fx)

Thus the image of every x € A under the function gof is the g-image of f-image of x.

Note that gof is defined only if ¥V x € A, f(x) is an element of the domain of ‘g’ so that we can
take its g-image.

Properties of composite functions:

(@) In general composite of functions is not commutative i.e. gof # fog.

Function NN
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(b) The composition of functions is associative i.e. if f, g, h are three functions such that fo(goh)
& (fog)oh are defined, then fo(goh) = (fog)oh.

(¢) The composition of two bijections is a bijection i.e. if f & g are two bijections such that gof
is defined, then gof is also a bijection.

Hustration 24 :

Solution :

Note

Note

Hlustration 25 :

Solution :

Hustration 26 :

Solution :

Iffx)=x +1, g(x) = ﬁ , then find (fog) (x) and (gof) (x).

1

x-1

Given, f(x) =x*+1 ... (D g(x) =

Now (fog) (x) = flg(x)) = f(%} = f(z), where 2=

=2 +1 [ () =x+1]

2
= ! +1= ! ~+1
x—1 (x-1)

: Domain of fog(x) is xe R—{1}
(gof) (x) = g(f(x)) = g(x*> + 1) = g(u), where u = x>+1
1 1 _ 1
u-1 x*+1-1 x°
: Domain of gof(x) is xeR—{0}

If f be the greatest integer function and g be the modulus function, then

eon 3] woe - -

(A)1 B) -1 ©2 (D) 4
- - - - 5
Given (gof)(?‘s} — (fog) (?SJ = g{f(?sj}—f{g(?sj} =g(-2) - f(g}= 2-1=1
x* -1<x<2

X+1, XSI 9 -
Letf(x)= 2X+1, 1<x<?2 andg(x)= X+2, 2<x

gx)+1,  gx)<l
8D =gy +1, 1<g(x)<2 y
Here, g(x) becomes the variable that means
we should draw the graph.

Itisclear that g(x)<1; Vv x € [-1, 1]
and 1 <g(x)<2:; v xe (1, V2]

x*+1, -1<x<1
= flgk)) = 2x% +1, 1<XS\/E

ALLEN .
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HNlustration27:  Find the domain and range of h(x) = g(f(x)), where

[x], —2<x<-1 [x], -m<x<0 )
fx)= and g(x) = i P [.] denotes the greatest integer

|x|+l, -1<x<£2 mx, 0<x<rx
function.
‘ [f(x)], -n<f(x)<0
Solution : h(x) = g(f(x)) = sin(f(x)), 0<f(x)<n

From graph of f(x), we get
x]1], —2<x<-1
) — { [[x1]

sin(x|+1), -1<x<2

= Domain of h(x) is [-2, 2]
and Range of h(x) is {-2, -1} U [sin3, 1]

Do yourself - 8 :
i f(x)=x'—x & g(x) = sin 2x, find

(@) 1) (b) A1) © f(g@}

@ f(gGD © @) (0 g(gGD

1, 0<x<2
@) 1) =1 T E OSX<2 e find fof(x).
|x|; 2<x<3

14.

INVERSE OF A FUNCTION :

Let f: A — B be a one-one & onto function, then there exists a unique function g : B — A such

that f(x) =y < g(y) =x, Vx € A &y € B. Then g is said to be inverse of f.
Thus g = f': B > A = {(f(x), X)|(x, f (x)) € f}.

Properties of inverse function :

(@) The inverse of a bijection is unique.

(b) Iff: A — Bisabijection & g : B — A is the inverse of f, then fog = I; and gof = I,
where 1, & I; are identity functions on the sets A & B respectively. If fof = I, then fis inverse
of itself.

(¢) The inverse of a bijection is also a bijection.

(d) Iffé& garetwo bijections f: A — B, g: B — C then the inverse of gof exists and

(0h ' =Flog.

Function NN
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(e) Since f(a) = bifand only if f!(b) =a, the point (a, b) is on the graph of ‘f”if and only if the point
(b, a) is on the graph of f"!. But we get the point (b, a) from (a, b) by reflecting about the line

y4 .
/ o y4
y=f(x)

y=X.

The graph of f' is obtained by reflecting the graph of f about the line y = x.

Drawing the graph of y = f-!(x) from the known graph of y = f(x)

For drawing the graph of y = f"!(x) take the reflection of y = f(x) about the line y = x. The reflected
part would give us the graph of y = f(x).

e.g. let us draw the graph of y = sin"!x. We know that y = f(x) = sinx is invertible if f :

T T
[—E, E} —> [—1, 1]

T T
= the inverse mapping would be £ : [-1, 1] = [—E, —} .

Hlustration28:  Let f: R — R be defined by f(x) = (¢"—¢ )/2. Is f(x) invertible ? If so, find its inverse.
Solution : Let us check for invertibility of f(x) :

(@) One-One :
/&) :%(ex —e) = f®)= %(ex +e)

= f'(x) >0, f(x) is increasing function
.. f(x) is one-one function.
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¢
(b) Onto:
As x tends to larger and larger values so does f(x) and
when x — oo, f(x) — 0.
Similarly as x — —oo, f{x) = —o0 i.e. — 0 < f{x) <00 so long as x € (-0, ©)
Hence the range of f'is same as the set R. Therefore f(x) is onto.
Since f(x) is both one-one and onto, f(x) is invertible.
(¢c) To find f'(x) : Interchange x & y
Yy _ ¥
T ax=e? —2xe' —1=0
+ [ 2
e’ :—2X_ ;X 4 =e =x+VI+x’
Since ¢’ > 0, hence negative sign is ruled out and
Hence € = x++/1+x’
Taking logarithm, we have y = /n(x ++/1+x?) or f'(x)= /n(x ++/1+x*)
Hlustration29:  Find the inverse of the function f{x) = log, (x n (Xz n 1) ) ;a> 1 and assuming it to be an onto
function.
Solution : Given f(x) = log, (X +Vx* + 1)
f0=—28 50
Ja+x2)
which is a strictly increasing functions.
Thus, f(x) is injective, given that f(x) is onto. Hence the given function f(x) is invertible.
Interchanging x & y
= log, (y+ ) +1)=x
: = y+y(y) +1=a" ()
35 and ﬂ/(y)2+l—y=a”‘ ..(i)
{ 1 1
i From (i) and (ii), we get y = E(aX —a") or f'(x) = E(a" —-a’")
% Hustration 30 :  Find the inverse ofthe function f{x) = /n(x’ +3x+ 1); xe [1,3] and assuming it to be an onto function.
¢ Solution : Given f(x) = /n(x% + 3x + 1)
: Fx)=—21 S ovxell,3]
3 (x"+3x+1)

Function RN
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Which is a strictly increasing function. Thus f{(x) is injective, given that f{x) is onto. Hence

the given function f(x) is invertible.
Interchanging x & y
= () +3(0) +1-e' =0

-3+ ,[(5+4¢")
= y-= : (asy € [1,3])
-3+ (5+4e")
Hence f'(x)= 5

ALLEN .

Do yourself - 9 :

@ Letf:[-1, 1] > [-1, 1] defined by f(x) = x|x|, find f(x).

@@ f®=1+/In(x+2),find f'(x).

15.

ODD & EVEN FUNCTIONS :

Consider a function f (x) such that both x and —x are in its domain then

f(—x) = f(x) then f is said to be an even function
f(—x) =—f(x) then f is said to be an odd function

Note :

Q) fO-f(=xX)=0 = f(x)iseven & f(X)+ f (—x)=0= f (x) is odd.

(i) A function may neither be odd nor even.

(iii) The only function which is defined on the entire number line & is even and odd at the same
time is f (x)=0.

(iv) Every constant function is even function.

(v) Inverse of an even function is not defined.

(vi) Every even function is symmetric about the y-axis & every odd function is symmetric about
the origin.

Special Note : Ifa function f(x) is defined as f(a + x) = f(a—x) then this function is symmetric about

linex=a

(vii) Every function which has '—x' in it's domain whenever X' is in it's domain, can be expressed as
the sum of an even & an odd function .

Le. f(x) =

_ SR+ A=) | =A%)
2 2

1L ]
EVEN ODD
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(viii) If f (x) is odd and defined at x = 0, then f (0) = 0.

J&x) | gkx) J(x)+gx) J(x)—gx) J(x).gx)|f x)gx)|(gof ) (x)| (fog)x)
odd odd odd odd even even odd odd
even | even even even even even even even
odd | even | neither odd noreven | neither odd noreven odd odd even even
even | odd | neitherodd noreven | neither odd noreven odd odd even even

Hustration31:  Which of the following functions is (are) even, odd or neither :

X —X

. - .. . e +e
(1) f(x) =x"sinx (i) f(x) =sinx —cosx (iii) f(x)= 5
Solution : () f(—x)=(=x)’ sin(—x) =—x"sinx =—f(x). Hence f(x) is odd.
(i) f(—x) = sin(—x) — cos(—x) = —sinxX — COSX.
Hence f(x) is neither even nor odd.
e +e ™ e +et ‘
(i) fl—=x)= 5 = 5 = f(x). Hence f(x) is even
Hlustration32:  1dentify the given functions as odd, even or neither :
() fix)= — 1 +§+1 Gi)  fix+y)=1f(x)+f{y) forallx,y e R
e J—
i i L |
Solution : 1 fix)= o _1 2

Clearly domain of f(x) is R ~ {0}. We have,

-X X "X X (e*-1+Dx x
fx)= =l
e -1 2 l-e° 2 (e" -1 2
= X+ S +§+l—f
e 2 T W

Hence f(x) is an even function.

(i) fix+y)=1f(x)+fy) forallx,y e R
Replacing x, y by zero, we get f(0) = 2(0) = f0)=0
Replacing y by —x, we get  f(x) + f{(-—x) = f(0) = 0= f(x) = —f(—x)

Hence f(x) is an odd function.

Do yourself - 10 :
@i  Which of the following functions is (are) even, odd or neither :

@ f{x)=x sin 3x b =SS
2X
© fo- S @ fx)=x+2
€ +¢€
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16. PERIODIC FUNCTION :
A function f(x) is called periodic if there exists a positive number T such that f(x+T) = f(x) = f(x-T),
for all values of x within the domain of f. Smallest value of T is called fundamental period of function

fx).
Note :
(i)  Odd powers of sinx, cosx, secx, cosecx are periodic with period 27.
(i)  None zero integral powers of tanx, cotx are periodic with period 7.
(iii) Non zero even powers or modulus of sinx, cosx, secx, cosecx are periodic with period 7.
iv) f (T)=f(©0)=f(-T), where ‘T’ is the period.
(v) if f (x) has a period T then f (ax + b) has a period T/|a|(a # 0).
Proof : Let f(x+T)=f(x) and f [a(x+T") +b]=f (ax+b)
f(ax+b+aT)=f (ax +b)
T
f+aT)=f()=f(+T) = T=aT =T=—
(vi) If f(x) & g(x) are periodic with period T, & T, respectively, then a period
(need not be fundamental) of f (x)+g(x) is L.CM. of (T, T)).
(@ LCMofT, & T, is defined when T /T, is rational.
a p| LCM of(a,p)
() LCMof {E’ E} " HCF of (b, q)
In case if there exists a positive K such that K <LCM of T, and T, and overall function repeats
itself after every K, then fundamental period of the function will be K.
(vii) Every constant function is always periodic, whose fundamental period is undefined.

(viii) Inverse ofa periodic function does not exist.

Hlustration 33:  Find the fundamental periods (if periodic) of the following functions, where [.] denotes

Solution :

the greatest integer function
() f(x) =¢e""™ + tan’x — cosec(3x — 5) (i) fix)=x—-[x—b],beR
|sinx + cos x|

B . _m
(i) fix) = Isin x|+ lcos x| (iv) f(x)=tan > [x]

_ . ) _ a4+ sin x)(1 +secx)
(v) f(x) = cos(sinx) + cos(cosx) vi) f(x) (1 + cosx)(1 - cosecx)

(Vll) f(X) — ex—[x]+\cosTcxMcoszTcx\+“.m“+\cosnn\

() f(x) =¢e""™ + tan’x — cosec(3x — 5)

Period of ™™ = 2x, tan’x = =t
cosec (3x —95) = Z?R
Period = 27
(i) fix)=x—-[x—-b]=b+ {x-Db}
Period = 1

ALLEN .
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ALLEN

Function NN

|sin X + COS X|

(i) f(x) =

|sin x| +|cos X|

Since period of |sinx + cosx| = m and period of [sinx| + |cosx]| is 3 Hence f(x) is

periodic with & as its period

(iv) f(x)= tang [x]

tan— [x + T]= tan—~ ZX+T] =nm+
anz[x ]—anz[x]:>2[x ] =nn 2[x]

T=2
S Period = 2
(v) Let f(x) is periodic then f(x + T) = f(x)
= cos(sin(x + T))+ cos(cos(x + T)) = cos(sinx) + cos(cosx)
If x = 0 then cos(sinT) + cos(cosT)

= cos(0) + cos(1) = cos(cosgj + COS(Singj

n
On comparing T = B

(1+sinx)(1+secx) (1+sinx)(1 +cosx)sinx
(1+cosx)(1+cosecx)  cosx(l+sinx)(1+cosx)

= f(x) = tanx

(v fix) =

Hence f(x) has period m.

(Vll) f(X) — eX*[X]i»‘COSTCX‘+‘0052TCX‘+........+‘COSI}TC‘
Period of x — [x] =1
Period of |cosmx| = 1

1

Period of |cos2nx| = )

Period of |cosnmx| = N

So period of f(x) will be L.C.M. of all period = 1

Hustration 34 :

Solution :

Find the fundamental periods (if periodic) of the following functions, where [.] denotes
the greatest integer function

(i) 00 = e ™ + sinx (i) f(x) = SIN—=+COS= (i) f{x) = sin— + cos e
V2B NERRNE)
(i)  Period of ™ =1
period of sinx = 27

L.C.M. of rational and an irrational number does not exist.
not periodic.
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. TX 27
i Period fSlIl—=—=2\/§
(1) eriod o NG

X 21
; COS—=——F+= 2\/5
Period of \/5 n/\/g

L.C.M. of two different kinds of irrational number does not exist.
not periodic.

(i) Period of sin-*x =—2%_ —2./3

N TN

X 27
Period fCOS—=—=4\/§
eriod o 2\/3 n/2x/§

L.C.M. of two similar irrational number exist.

Periodic with period = 4./3 Ans.

Do yourself - 11 :

(i) Find the fundamental periods (if periodic) of the following functions.
(@) f(x) = /n(cosx) + tan’x.
(b) f(x)=e*™,[.] denotes greatest integer function

. X X
sin —| +|cos —
2 2

© fx)=

Miscellaneous Illustration :

Hustration35:  ABCD is a square of side /. A line parallel to the diagonal BD at a distance X' from the
vertex A cuts two adjacent sides. Express the area of the segment of the square with A

at a vertex, as a function of x. Find this area at x = 1/\/5 and at x = 2, when ¢/ = 2.

Solution : There are two different situations D €
. 1 ,

Case-I : when x = AP < OA, ie., X SE F ,

1 A ~B

ar(AAEF) ZEX.ZX =x’ (*+ PE=PF = AP = x)

. /
Case-II :when x = AP > OA, ie., X>—— but x <+/2¢

V2 D 1 £ c

ar(ABEFDA) = ar(ABCD) — ar(ACFE) P

=/ —%(ﬁﬁ—x)l(ﬁﬁ—x) [+ CP=+2/-x]

"y —(M2 +x° —2&&) N

ALLEN .
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ALLEN Function

the required function s(x) is as follows :
1
x?, 0<x<— 1 1
— atxX=——7=
s(x) = ’ V2 ; area of s(x) =4 2 V2
2ﬁ£x—x2—£2,$<xsﬁ£ 8(2-1)at x=2
Ans.

Hlustration 36 :  1f the function f(x) satisfies the functional rule, f(x +y) = f(x) + f(y) V x,y € R & f(1)

=5, then find Zf(n),

n=l

Solution : Here, f(x +y) = f(x) + f(y); putx=t—1,y=1

ft) = f{t — 1) + f(1) (D)
fity=ft— 1) +5

fit) = {ft —2) + 5} + 5

flt) = fit — 2) + 2(5)

ft) = f(t — 3) + 3(5)

uud

ft) = fit — (t —1)} + (t— 1)5
ft) = f(1)+ (t — 1)5

fit) =5+ (t — 1)5

f(t) = 5t

uJ Uy

S f(n) =3 (5n)=5[1+2+3+....+m] =

Sm(m +1)

Hence, Z f(n) = 5
n=1
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ANSWERS FOR DO YOURSELF

1:

ALLEN .

10:
11:

@
(i)
@

@

(i)

@

@

@

@

@

@

@
@

(a) X e (09 OO) (b) X € (_ @, 0) o (49 OO)

1
@){5@] (b) [-1,1] © [-2,2] d [-1,1]
(A) = (p,q.1.8), B) = (p), (C) — (1), (D) — (1)

(@) (-1,0) v (0,1] (b) (—00,—%} V(0,1) U (2,0)

1
(a) (~o0.0) (b) [g’ 1}

@ no (b) no (¢) yes

1
[Oaﬂ i A (i) (@) y=

<X =
e

notonto (ii) yes (iii) B
x+2, 0<x<l1
@o0 MmO @©WO0O @O 0 ® O @) x+1, 1<x<2
X, 2<x<3

(i) y=-2+¢ ]

L Jx, -1<x<0
f(x)=
Jx, 0<x<1
(a) even (b) odd (¢) odd (d) neither even nor odd
(@ 2n b) 1 (© =«
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EXERCISE (O-1)
1. Find the domain of definition of the given functions :
) y=-px(p>0) FN0001
' 1
@ Y= FN0002
(i) y=— ! FN0003
X —X
. 1
(V) y=—F7—— FN0004
Vx® —4x
M y=x*—4x+3 FN0005
X
Vi) y=— FN0006
™) Vx?=3x+2
(Vi) y=+/1-|x| FN0007
(viii) y=log 2. FN0008
1
= +Vx+2
(ix) Yy log,. (1—x) v FN0009
1 N
X =——=+4/SInX FNO0012
® Y= Fnx
2.  Find the range of the following functions :
. _x-1
0 J=""7 FN0015
2
@ fOI== FN0016
(i) f(x)= 2; FN0017
X" —x+1
(v) f(x)=e™" FN0019
V) f)=x-x"+x+1 FN0020
(Vi) f(x)=sin’x—2sinx +4 FN0022
(vii) f(x)=sin(log,x) FN0023
g (vil) f(x)=2""+1 FN0024
;i‘ ) 3-x, x<1
E 3.  Graph the function F(x)= 2x, <> 1
3 FN0041
§» 4.  Solve the following inequalities using graph of f(x) : )
@ 0<f(x)<1 g
(b) -1 < f(x) <2 1
: (©2<f(x)<3 I .
[} -1
(d) fx)>-1 & f(x)<0 -2
g
FN0043
¢
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Straight Objective Type

S.

10.

11.

12.

13.

If[x] and {x} denotes the greatest integer function less than or equal to x and fractional part function
respectively, then the number ofreal x, satisfying the equation (x—2)[x] = {x} — 1, is-

(A)0 (B) 1 (€)2 (D) infinite
FN0036

sin® X +2sinx + 4

j is (where sgn(.) denotes signum function)-

The range of the function f(x) = sgn( — ;
sin” X +2sinx+3

(A) {-1,0,1} (B) {-1,0} ©) {1} (D) {0,1}
FN0034
If2(x) — 3f] (lj =x?, X is not equal to zero, then f(2) is equal to-
X
7 5
(A - (B) ) (©) -1 (D) none ofthese
FN0037
5-2x
The number of integers lying in the domain ofthe function f (x) =, /10go.5 (TJ is-
(A)3 (B) 2 ©1 (D) 0
FN0027
The range of the function f: N —>1I; f(x)=(—1)*"1is-
A) [-1,1] B) {-1,1} (©) {0, 1} (D) {0, 1,-1}
FN0028
The range of the function f(x)=e>*+eX is -
A) f(x)=21 B) fx)=1 ©) f(x)=22 (D) f(x)<2
FN0029
Iff(x) = , then f(x) + f{1 —x) is equal to-
4%+ 2
(A0 (B)-1 ©1 (D)4
FN0038

A function f has domain [— 1, 2] and range [0, 1]. The domain and range respectively of the function

gdefinedbyg(x)=1-f(x+1)is

A)[-1,1]5[-1,0] (B) [-2,1]; [0, 1] ©)[0,2];[-1,0] (D) [1,3];[-1,0]
FN0030

If f:R>R& f(x)= s;n([_x]rt) +2x -1+, /X(X -+ 1 (where [x] denotes integral part ofx), then f(x)
X +2x+3 4

is -

(A) one-one but not onto

(B) one-one & onto

(C) onto but not one-one

(D) neither one-one nor onto
FN0048
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. N
14. Which of'the following function is surjective but not injective
(A)f:R—>R f(x) =x*+2x3—x2+1 (B) f:R>R f(x) =x+x+1
(O)f:R>R" f(X) = 4/1+x2 (D) f:R—>R f(x) =x*+2x2—x+1

node06\BOBO-BA\Kota\JEE(Advanced) \Enthuse \Physics\Sheef\Magnetic Effect of Currenf\Eng\00_Theory.p65

FN0049

15.  If f(x) = x|x| then f'(x) equals-
(A) | x| (B) (sgnx). /| x| ©) =JIx| (D) Does not exist
(where sgn(x) denotes signum function of'x)
FN0052
16. Iff:(—0,3]1—>[7,0); f(x)= x* —6x + 16, then which of the following is true -
A) [ = 3+x=7 B) ' (x)=3-Vx-7
1
-1 _ . )
©) f (%) = _6xtl6 (D) f is many-one
FN0050
17. f : R — R such that f(x) = én(x VX + 1) . Another function g(x) is defined such that
gof(x)=xVx € R. Theng(2)is -
e’ +e’ ) e’ —e” ,2
) — (B)e ©— (D)e
FN0051
18. Let P (x) =kx? +2k?x? + k3. The sumof all real numbers k for which (x — 2) is a factor of P(x), is
(A)4 (B)8 (C)-4 (D)8
FN0053
19. Which ofthe following is the graph of y =[x — 1| +|x —3| ?
\I\y></ \I\y/\/ \Iy \I\y—/
(A) o1 3" (B) o1 3 >~ ©) o1 s (D) of 1 3 i
FN0044
. o |sin X |
20. Which ofthe following is the graph ofy = sinx ?
y y
(A) ENED N B) KK
y y
1 1 g—o0 o——o
(C) " (D) -1 0 n 2n  3n X
ﬁ—l O—T—l o—o
FN0045
4

Function RN
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Multiple Correct Answer

21. Letf(x)= x* +3x + 2, then number of solutions to -
(A) f(xh=2is1 B) f(x))=21s3 O |fx)|=0.1251s4 (D) |f(x])|=0.1251s 8
FN0060
22.  Which ofthe following pair(s) of function have same graphs?
AV F() = secx  tanx _ cosx sin X
(A) £ = cosx cotx’ ® ()= secCxX  cosecx
(B) f(x) =sgn (x> —4x +5), g(x) = sgn (0052 X +sin” [X + gD where sgn denotes signum function.
(C) f(x) = eln(x2+3x+3) Lg(x)=x2+3x+3
DY £x) = sinx+ COSX _2coszx
D))= SeCX COSecX ~ gx) = cotx
FN0056
23. Foreachreal x, let f(x)=max{x, xz, x3, x4} , then f(x) is -
A)x* forx<-1 B)x for-1<x<0  (C f(lj=l D f(1)=l
(A)x forx<- (B) x" for—1 <x< ©) 2)7 3 (D) 2) "2
FN0061
24, Letf(x)= sin’x + coséx, then -
(A) f(x)e[0,1]VxeR (B) f(x) =0 has no solution
1
©) f(x)e [Z, 1} VxeR (D) f(x) is an injective function
FN0057
-3x+4 3 +6 ; x<4
5. Let fx)=1" 77 XS and g =1 * =7 then which of the following
X+7 ;o x>3 X“+x+2 ; x2>4
is/are true -
Lls)=2
@A) (f+gd)=9 B)(f-2)3.5)=1 (©) (fg)(0)=24 A
FNO0058
Matrix Match Type
26. Match the functions given in column-I correctly with mappings given in column-II.
Column-I Column-II
11 4 4
A f: [—E, E} - [7, 5} (P) Injective mapping
)= Nomimioat .
Zix+l (Q) Non-injective mapping
B) f:[-2,2] > 1, 1] (R) Surjective mapping
f(x) = sinx (S) Non-surjective mapping
© f:R-I—->R (T) Bijective mapping
f(x) =/In{x}, (where {.} represents fractional part function)
D) f: (=0, 0] > [1, @), f(x) =(+V=x)+({=X=X)
FN0062
¢
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Linked Comprehension Type

Paragraph for Question 27 & 28

<0 x? ; x<-1

X 5 X

Let f(x):{l_X x>0 & g(x)=<2x+3 ; —-1<x<1
’ - X ; x>1

On the basis of above information, answer the following questions :
27. Rangeof f(x)is-

(A) (—o0,1] (B) (—o0,0) (C) (=0,0] (D) (—0,2]
FN0063
28. Rangeofg(f(x))is-
(A) (—o0,0) (B)[1,3) v (3,0) (O [1,0) (D) [0,%0)
FN0063
EXERCISE (0-2)

Straight Objective Type
1.  The number of integral values of x satisfying the inequality [x— 5] [x— 3]+ 2 <[x—5] + 2[x— 3] (where [.]
represents greatest integer function) is -

(A0 B)1 (©)2 (D)3
FN0067
2. Rangeof f(x)= secx+tanx—1; X € (O,Ej is-
tanx —secx +1 2
(A)(0,1) (B) (1,:0) (©) (-1,0) (D) (—o0,-1)
FN0065
3. If f(x,y) = max(x,y) + min(x,y) and g(x,y) = max(x,y) — min(x,y), then the value of
2 3
f (g (—5 , _Ej ,g(-3, —4)j is greater than -
A1 (B)2 ©3 (D)4
FN0066
) x+3 , Xerational
4.  If functions f(x) and g(x) are defined on R — R such that f(x)= L ,
4x , x eirrational
X + \/g , X eirrational .
g(x) = { , then (f —g)(x) is -
-X , X erational
(A) one-one & onto (B) neither one-one nor onto
(C) one-one but not onto (D) onto but not one-one
FN0072

5. Letf:A— Bbeanonto function such that f(x)= \/x—2—2\/x—3 —\/x —2+4+2~/x—3 ,thenset 'B'is-

(A)[-2,0] (B)[0,2] (O [-3,0] (D) [-1,0]
FN0073
6. Letf:R—Randf(x)= X +ax> +bx— 8. If f(x)=0 has three realroots & f(x) is a bijective function,
then (a +b) is equal to
(A0 B)6 (©)-6 (D) 12
FN0074
4
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7.  Which of'the following functions is an odd function ?

1 1
(A) [x—2|+ (x +2) sgn(x +2) (B) m+ﬂ
©) log(sin X+ M) (D) ¢ (2 _1)*

(where sgn(x) denotes signum function of'x)
FN0077

1 2
8.  Periodof f(x)= {x} + {X + 5} + {X + 5} is equalto (where {.} denotes fractional part function)
A)l B 2 C L D !
(A) (B) (© (D)3
FNO0078

X
9. Letf(x)=2x— {;} and g(x) = cosx, where {.} denotes fractional part function, then period of go f(x) is -

N B o) 2 D) &
() 5 (B) (© D)5
FN0079
Multiple Correct Answer Type
x> 5 0<x<2
10. Let f(x)=42x-3 ; 2<x<3.Then:-
X+2 x>3
A f f(f(ijj :f(gj (B) 1+f<f f(éj :f(éj
2 2 2 2
O fif(Hy=f(1)=1 (D) none of these
FN0087
11. The range of the function f(0) = J/8sin2 0+ 4cos? O —8sinOcos O is -
(A) V51,45 +1] B) [0, 5 +1]
(©) [\/6—\/%, \/6+\/270} (D) none of these
FN0082
12. Forthe function f(x) =[x + 3| — [x + 1| —|x — 1| + |x — 3|, identify correct option(s)
(A) Range of f(x) is (—o0, 4] (B) maximum value of f(x) is 4
(C) f(x) =4 has infinite solutions (D) f(x) =0 has infinite solutions
FN0083

13. Which ofthe following statement(s) is(are) correct ?
(A) Iffis a one-one mapping from set Ato A, then fis onto.
(B) If fis an onto mapping from set Ato A, then fis one-one
(C) Let fand g be two functions defined from R — R such that gof'is injective, then f must be injective.
(D) If set A contains 3 elements while set B contains 2 elements, then total number of functions fromAto Bis 8.
FNO0085
14. Iff(x)=ax+band f(f(f(x)))=27x+ 13 where a and b are real numbers, then-
(A)a+b=3 (B)a+tb=4 ©) fx)=3 D) f'(x)=-3
FN0093
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15. Let f(x) ={

x*—4 if |x|<3
5sgn|x—3| if |x|>3

and g(x) = 2tan71(ex) —g for all x € R, then which of the following is wrong ?

(where sgn(x) denotes signum function of'x)

(A) f(x)isan even function (B) gof(x) is an even function
(C) g(x) is an odd function (D) fof(x) is an odd function
FNO0196
Matrix Match Type
16. Column-I Column-II
Number of integers in
(A) Domain of f(x)=/n {X} ® o0
(B) Domain of f(x)=./sec(sinx) + [x +l} +4/10-[x]* Q) 2
\ X
(C) Range of f(x) =x —2x + 2, x € [0,2] R) 3
(D) Range of f(x)=+/25-[x] (S) less than 3
(T) more than 3
(where [.] and {.} denote greatest integer function and fractional part function respectively)
FN0095
17. Match the function mentioned in column-I with the respective classification given in column-II.

(where [.] and {.} denote greatest integer function and fractional part function respectively)

Column-I Column-II
(A)  f:R—>R" f(x)=(e™ )(e™) (P) one-one
B) f: (_00, —2) U(O,OO) —>R f(x)= él’l(X2 + 2X) (Q) many-one
©) f:[-2,2] = [-1,1] f(x) = sinx (R) onto
M f:R>R fx)=x-3x+3x-7 (S) periodic

(T) aperiodic
FN0096

EXERCISE (S-1)

Find the domains of definitions of the following functions :
(Read the symbols [*] and {*} as greatest integers and fractional part functions respectively.)

() () = Joosax + 162 FN0097
(i) f(x)=1log,logslog, 10g2(2x3 + 5x% — 14x) FN0098
(i) () = In(Vx* =5x—24 -x-2) FN0099
(iv) y=log,sin(x —3)++16—x" FNO0101

(v) f(x)=yx’=|x|+ \/1— FN0103

9—x*

*
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2.

Find the domain & range of the following functions.

1 y= log (x/E(sin X —COS x)+3) FNO0107
i y= liiz FN0108
(i) f(x)= %:62 FN0109
(v) f(x)= ﬁ FN0110
V) fx)= @45_3 FNO0112

The sum of integral values of the elements in the domain of f(x) = [log, |3—x]| is

2

FNO0116
Number of integers in range of f(x) =x(x+2) (x+4)(x+6)+ 7, x € [-4,2] is
FNO0117
Identify the pair(s) of functions which are identical ?
(where [x] denotes greatest integer and {x} denotes fractional part function)
(1) f(x)=sgn(x*>—3x+4)and g(x) = et} (i) fix)= 1Zcos2x and g(x) = tanx
1+cos2x
(i) fix) = In(1 +x) + In(1 —=x)and gx) = In(1 - x3)  (iv) f(x) = —2% and g(x)= L+sinx
1-sinx COSX
FN0120
Classify the following functions f{x) defined in R — R as injective, surjective, both or none.
B x* +4x+30
@ = s
FNO0125
(b) fx)=x>-6x2+11x-6
FNO0126
(o) f(x)=(x*>+x+5)(x*+x—3)
FNO0127

Solve the following problems from (a) to (d) on functional equation :
(@)  The function f{x) defined on the real numbers has the property that f{(f(x)).(1+f{x))=f{(x) for all x
in the domain of f. If the number 3 is in the domain and range of f, compute the value of f(3).
FNO0121
(b)  Suppose fis a real function satisfying f(x + f(x)) = 4f(x) and f(1) = 4. Find the value of f(21).
FN0122
(c)  Let fbe function defined from R* — R*. If [f(xy)]? = x(y))? for all positive numbers x and y and
f(2) = 6, find the value of f(50).
FN0123
(d) Let fbea function such that f{(3) = 1 and f{3x) = x + f{3x— 3) for all x. Then find the value of f{300).
FNO0124
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8.  Suppose f(x) =sinx and g(x) =1 — Jx . Then find the domain and range of the following functions.
(a) fog (b) gof (c) fof (d) gog
FNO0128
9. A function f : R — R is such that fG - XJ =x for all x #—1. Prove the following.
+X
(a) f(f(x) =x (b) f(1/x) =—f(x),x# 0 (¢) f(x=2)=—-f(x) 2.
FNO0129
10. f I-xif x <0 d e(x) —X ifx<lfdf d
. = X) = .
=] . fyop tnde |_x if x> [d (fog)(x) and (goH)(x)
FN0132
11. Find whether the following functions are even or odd or none :
@ f)=log(x+1+x°) FNO139
x(a*+1)
(b) fix)= . FN0140
(¢) f(x)=sinx + cosx FNO0141
(d) f(x)=xsin’x—x> FN0142
(e) f(x)=sinx —cosx FN0143
2
® fx) =(1+2—2X) FN0144
@ f=[x+DAIB+[x-1)4" FN0146
12. (1)  Write explicitly, functions of y defined by the following equations and also find the domains
of definition of the given implicit functions :
(@ 10+ 10Y=10 (b) x+|y|=2y
FNO0113
(i)  The function f(x) is defined on the interval [0, 1]. Find the domain of definition of the functions.
(@) fsinx) (b)y f(2x+3)
FNO0114
g (i) Given that y = f(x) is a function whose domain is [4,7] and range is [-1, 9]. Find the range and
i domain of
8
1
@  e()=2/(x) (b) h(x) = f(x—7)
: FNO115
%2” 13. Compute the inverse of the functions :
@ 100 =fn(x+yx’+1) FNO133
: b fx)=2" FNO134
3
10*-10"
§ c) y= 10" 10 FN0135
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The graph of the function y = f(x) is as follows :

Match the function mentioned in Column-I with the respective graph given in Column-II.

Column-I Column-II
y 4
1+
2 -1 1 2
(A)  y=[fx) P) 9, ’
v 4
1\\
B) y=f(x) @ ~z a9 1 5"
1-1
ya
(rrereeeengenees /
©)  y=1f-x)) ®) "2 NO S5
A4
ya
1
D)y =S (fx)] - fx)) S 2 a9 1 2
-1
FN0154
_ 1+x 3 . _ 1 l .
If f(x) =alog - +bx” +csinx + 5 and f(log,2) =4, then f| log; 5 ) equal to
FNO0155
0 x<1 ) ) .
If f(x)= {2 Y x>1 ; then the number of solutions of the equation f(f(f(x))) =xis
X — >
FNO0151
Let 'f' be an even periodic function with period '4' such that f(x) =2*—1, 0<x <2,
The number of solutions of the equation f(x) =1 in[-10, 20] are
FN0150
Let f(x) =£. If {7 = ax+b ,thena+b+cis
X+3 c—X
FN0137
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o

°

Let f(x) be a periodic function with period 'p' satisfying f(x) + f(x +3) + f(x + 6) +.....+ f(x +42)
= constant V x € R, then sum of digits of 'p' is
FN0149

EXERCISE (S-2)
(@) Let P(x) =x°+ ax’ + bx* + ¢x® + dx? + ex + f be a polynomial such that
P(1) = 1; P(2) =2; P(3) = 3; P(4) = 4; P(5) = 5 and P(6) = 6, then find the value of P(7).
FN0158

(b) Let a and b be real numbers and let f(x) = asinx + bi/x +4, VxeR . If f(log,(log,10)) = 5
then find the value of f(log, (log,3)).
FN0159
Suppose p(x) is a polynomial with integer coefficients. The remainder when p(x) is divided by
x — 1 is 1 and the remainder when p(x) is divided by x — 4 is 10. If r(x) is the remainder when p(x)
is divided by (x —1)(x — 4), find the value of r(2006).
FN0160
A function f, defined for all x, y € R is such that f{1) = 2; f{2) = 8 & f{x +y) — kxy = f{(x) + 2y, where
k is some constant. Find f(x) & show that :

1
f(X+Y)f[:yj=k for x + y # 0.

FNO0161
f fx)=-1+x-2,0<x<4
gx)=2—-|x[,-1<x<3
Then find fog(x) & gof(x). Draw rough sketch of the graphs of fog(x) & gof(x).
FNO0162

Let f(x) =x"% +x'% — x5+ x* + 1. If f(x) is divided by x* — x then the remainder is some function of
x say g(x). Find the value of g(10).

FN0163
Let {x} & [x] denote the fractional and integral part of a real number x respectively.
Solve 4{x} =x + [X].

FNO0164

then find the value of the sum f ! +f 2 +f 3 o f 2005
2006 2006 2006 2006

FNO0165
Let f(x) = (x + 1)(x + 2)(x + 3)(x + 4) + 5 where x € [-6, 6]. If the range of the function is
[a, b] where a, b € N then find the value of (a + b).

X

Let f(x) = 13

FNO0166

The set of real values of ‘X’ satisfying the equality [é} + [i} =35 (where [ ] denotes the greatest
X X

b
integer function) belongs to the interval [a, E} wherea, b, c € Nand o isin its lowest form. Find the value
c

ofa+b+c+abc.
FNO0167

10. f(x) and g(x) are linear function such that for all x, f(g(x)) and g(f(x)) are Identity functions. If
f(0)=4and g(5) =17, compute f{2006).
FNO0168
4
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11.

The function f(x) has the property that for each real number x in its domain, 1/x is also in its
domain and f(x) + f(1/x) = x. Find the largest set of real numbers that can be in the domain

of f(x) ?

FNO0170
EXERCISE (JM)
If f(x) + 2f(lj =3x,x# 0, and [JEE(Main)-2016]
X
S={x e R:f(x) =1f(—x)}; then S :
(1) contains more than two elements. (2) is an empty set.
(3) contains exactly one element (4) contains exactly two elements
FNO0174
11
The function f: R — [—5, 5} defined as f(x) = ﬁ , 1S : [JEE(Main)-2017]
(1) neither injective nor surjective. (2) invertible.
(3) injective but not surjective. (4) surjective but not injective
FNO0175
Let S={xeR:x>0and2|vx —3|+ Vx(v/x —6)+6=0}. Then S : [JEE(Main)-2018]
(1) contains exactly one element. (2) contains exactly two elements.
(3) contains exactly four elements. (4) is an empty set.
FNO0176

1 1
Forx e R—{0, 1}, let f;(x)= —, f,(x)=1—xand f;(x) = —— be three given functions. If a function,
1 2 3 1—x

J(x) satisfies (f,0Jof;)(x) = £5(x) then J(x) is equal to :- [JEE(Main)-Jan 19]
1
(D fx) 2 fi(x) 3 £(x) 4 5
FN0177
Let N be the set of natural numbers and two functions f and g be defined as f,g : N>N
D+ nisodd
suchthat : f(n)= 2 and g(n) =n—(-1)". The fog is : [JEE(Main)-Jan 19]
D ifniseven
2
(1) Both one-one and onto (2) One-one but not onto
(3) Neither one-one nor onto (4) onto but not one-one

FNO0178

Let f: R —> R be defined by f(x) = ILZ , X € R. Then the range of fis : [JEE(Main)-Jan 19]
+ X

11 11
USRI Gr-|-L1] @r-rL
FN0179
The number of functions f from {1, 2, 3, ..., 20} onto {1, 2, 3, ....., 20} such that f(k) is a multiple of
3, whenever k is a multiple of4, is :- [JEE(Main)-Jan 19]
(1) (15)! x 6! (2) 56 x 15 (3) 5! x 6! (4) 63 x (15)!
FN0180
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8. If f(x)=log, [l—xj,| x|<1, then f( z 5 j isequalto : [JEE(Main)-Apr 19]
1+x I+x
(1)2f(x) (2)2/(x?) 3) (f(x))? (4 -2f(x)
FN0181
10
9. Let ) fa+k)= 16(210 - 1) , where the function f satisfies f(x +y) = f(x)f(y) for all natural numbers x,
k=1
y and f(1) = 2. then the natural number 'a' is [JEE(Main)-Apr 19]
(1) 4 2)3 3) 16 (4)2
FN0182
10. Lef(x)=x2% x e R. Forany A c R, define g(A) = {x e R, f(x) € A}. If S =0, 4], then which one
of'the following statements is not true ? [JEE(Main)-Apr 19]
(1) f(g(S)) = AS) (2)fg(S)) =S (3) g((S)) =g(S) (4) g(fiS)) =S
FN0183
11. The number of real roots of the equation 5 + [2x— 1| =2* (2x-2) is : [JEE(Main)-Apr 19]
(1)2 ()3 (3)4 41
FN0184
3 2
12. For xe (0, 5) ,let fix) = /x , g(x) =tanx and h(x) = i N );2 JIfd(x) = ((hof)og)(x), then ¢ = (g) is equal
to: [JEE(Main)-Apr 19]
i n I1n Sm
(1) tanE (2) tanE (3) tanE (4) tanE
FNO0185
13. Forx € R, let [x] denote the greatest integer < x, then the sum of the series
[—l} [-LL} [—l—i} . +[—1—2} is [JEE(Main)-Apr 19]
3 3 100 3 100 3 100
(1)-153 (2)-133 (3)-131 (4)-135
FN0186
EXERCISE (JA)
1.  Iffunctions f(x) and g (x) are defined on R — R such that
tional irrational
. F(x) = {O, X € .ra 1o.na e(x)= {O, X € 1rra.1 10na then (f— g) (x) is -
g X, X € irrational X, X €rational
:
g (A) one-one and onto (B) neither one-one nor onto
}é (C) one-one but not onto (D) onto but not one-one  [JEE 2005 (Scr.)]
: FN0191
g 2. Let f(x) =x" and g(x) = sinx for all xeR. Then the set of all x satisfying
; (fogogof)(x)=(gogo f)(x), where (f o g) (x) = f(g(x)), is- [JEE 2011, 3, (-1)]
£ (A) +Vnm,ne{0,1,2,....) B) +Vnm,ne{l,2,.}
;‘% (C) §+2nﬂ:,n€ {“"5_27_17091727 """ } (D) ZHTC,HE{....,—Z,—I,O,I,Z, ..... }
-% FN0192
4
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3. The function f : [0,3] —[1,29], defined by f(x)=2x"— 15"+ 36x + 1, is : [JEE 2012, 3, (-1)]
(A) one-one and onto (B) onto but not one-one
(C) one-one but not onto (D) neither one-one nor onto
FN0193
4. Letf: (—ggj —>Rbe given by f(x) = (log (sec x +tanx))’ Then - [JEE(Advanced)-2014, 3]
(A) f(x) is an odd function (B) f(x) is a one-one function
(C) f(x) is an onto function (D) f(x) is an even function

FNO0195
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ANSWER KEY
FUNCTIONS
EXERCISE (O-1)
1. () —0<x<0 (i) x e R (i) x € R— {~1,0,1}
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14.
22.
26.

10.

16.
17.

(iv) —0<x<0 &4<x<0 (V) —so<x<]and 3<x<o(vi) —so<x<]and 2<x <o

(vil) —1<x <1 (vii) 0<x<land 1 <x<oo. (ix) 2<x<0and0<x<1
(x) 2knt <x < (2k + 1)m, where k is an integer.

(1) R— {1} (i) R —{0} (i) (0,4/3]  (iv) [1,0) (v) R

(vi) [3,7] (vii) [-1,1] (viii) [2,00)

-3 2 -1 0 1 2

(98]

4 5 5
@) [E’E}U{” (b) [-2,-D) U 1, 3] () [-3,-2]V[-1,1] (d) (§’3j—{2}

D . C 7. A 8 C 9. B 10 ¢ 11. C 12. B 13. B
D 1s. B 16 B 17. C 18 D 19. D 20. D 21. AC

AB.CD 23. ABC 24. ABC 25. ABC

(A)—>(PR,T); (B)—>(Q.R); (C)—>(Q,S); (D)—>(PR,T) 27. A 28. C
EXERCISE (0-2)

C 22 B 3 A 4 B 5 A 6 B 7. C 8 D 9. B

AB,C 11. AC 12. BCD 13. CD 14. B.C 15. D

(A)—=>(P,S); (B)=>(R); (C)—=(Q.S); (D)—(T)
(A)—=>(PR,T); (B)>(Q,R,T); (O)—=>(Q.R,T); (D)—>(PR,T)

EXERCISE (S-1)
. St 3m T T 3n 5m . 1
i) {_T’ —T} u{—z, Z} U{T, T} (i) [—4,—5Ju(2, o) (i) (—o0,-3]
iv) B-2n<x<3-m)uB<x<4) (v) (3,-1]u{0}U][L3)
@ D:xeR, R:[0,2] (ii) D=R;range[-1, 1]

i D:{x|xeR;x#-3;x#2} R: {f(x)|f(x) e R, f(x) = 1/5;f(x) # 1}

1 11
(ivy D:R,R:(-1,1) (v) D:[-4, ©)—{5}; RI(O, EJU(E, 5}
6 4. 401 5. (i), (ii1) are identical
(a) neither surjective nor injective; (b) surjective but not injective; (¢) neither injective nor surjective

*
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7. (a)-3/4; (b) 64; (c) 30, (d) 5050

8. (a) domain is x > 0; range [-1, 1]; (b)  domain 2kn <x < 2kn + mt; range [0, 1]

(©) domainx € R;range [-sinl,sinl]  (d) domainis 0 <x < 1;rangeis [0, 1]

X if x<0 x> if x<0
10. (gof)(x)=|—-x*> if 0<x<1; (fog)(x)=|1+x if 0<x<1
1-x* if x>1 x if x>1
11.(a) odd, (b)even, (c) neither odd nor even, (d) odd, (e) neither odd nor even,
(fyeven, (g)even

12. (i) (a) y=log(10-10%),—o<x<1; (b)y=x/3 when—o0<x<0 & y=xwhen(<x <+
(i) (a) 2Kn < x <2Kn+n where K el;(b) [-3/2,-1]
(iii) (a) Range : [-1/3, 3], Domain = [4, 7]; (b) Range [-1, 9] and domain [11, 14]

1+x
1-x

X _ X log, x
e —e 2 )
; (b) log,x-1

13.(a) © %log 14.(A)S; (B)R; (C)P; (D) Q

15. 6 16. 2 17. 15 18. 6 19. 9

EXERCISE (S-2)
1. (a) 727, (b) 3 2. 6016 3. f(x) = 2x?
x+1 0<x<l1
—(1+x), -1<x<0 3-x 1<x<2
4. f = ; gof(x) =
0g(x) {x—l , 0<x<2 gof(x) x—1 2<x<3
5-x 3<x<4
-x , —-1<x<0
fofxy=4 © 0 0=l ey =d x 0<x<2
T4 x , 3ex<a’ R ’ -
4-x , 2<x<3
S. 21 6. x=0 or 5/3 7. 1002.5 8. 5049 9. 20
10. 122 11. {-1, 1}
EXERCISE (JM)
1. 4 2. 4 3. 2 4. 1 5. 4 6. 7. 1 8. 1
9. 2 10. 3 11. 4 12. 3 13. 2
EXERCISE (JA)
1. A 2. A 3. B 4. AB,C
¢

ALLEN .
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. ALLEN Inverse Trigonometric Function
INVERSE TRIGONOMETRIC FUNCTION

1. INTRODUCTION :

The inverse trigonometric functions, denoted by sin'x or (arc sinx), cos™'x etc., denote the angles
whose sine, cosine etc, is equal to x. The angles are usually the numerically smallest angles, except in
the case of cot'x and if positive & negative angles have same numerical value, the positive angle has
been chosen.

It is worthwhile noting that the functions sinx, cosx etc are in general not invertible. Their inverse is
defined by choosing an appropriate domain & co-domain so that they become invertible. For this
reason the chosen value is usually the simplest and easy to remember.

2.  DOMAIN & RANGE OF INVERSE TRIGONOMETRIC FUNCTIONS :

S.No | f (x) Domain Range
L T T
_ < ==
(1) | sin'x x| <1 )
(2) | cos'x x| <1 [O, n]
4 _rr
(3) | tan"'x x € R )
T T s
-1 0, T|—9— 0, —|U|—, =
(4) | sec'x x| >1 [ ] {2} or[ 2] (2 }
T T
(5) | cosec'x x| >1 [—5, 5}—{0}
(6) | cot'x x € R (0, m)
3.  GRAPH OF INVERSE TRIGONOMETRIC FUNCTIONS :
-T T
@ f:|5>5| 2 [-1, 1] 101, 1]->[-/2, n/2]
f(x) =sin x f1(x) = sin"'(x)
y v
/zy/“ v P
1 y=sinx
-n/2 -1 < -1
0 1 w2 0 1 *
y=sinx 5 -1
VX v |2 yeare x| 2
(Taking image of sin x about y = x to get sin"'x) (y = sin"'x)

m
L 4
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(b) f:[0,7] > [-1,1] f':[-1, 1]—[0, 7]
f(x) = cos x f'(x)=cos ™' x
y=arc cosxy T[ e ’
n/2
T -
e 1 0 1 X
y=x "
(Taking image of cos x about y = x) (y = cos'x)
(© f:(m2,n/2)>R f':R > (—n/2, n/2)
f(x) = tan x f'(x)=tan"' x
n__y y=tanx Y
v
/2 mc tanx w2 y=arc tanx
/2 0 w2 & 0 x
y=arc tanx__ y=arc tanx
: —/2
/ /2
y=x
y=tanx 1l
(Taking image of tan x about y = Xx) (y =tan"'x)
(@ f:(0,m1) >R f':R—(0,m)
f(x) = cot x f'(x)=cot™' x
v
9=f§~ Y
---------------------------- TE‘ L o
y=arc cotx\ s
y=arc CN
n/2 . /2
i y=arc cotx \yzam colx
10 X 0 X
',/i}c/z
y=x" -
y=cotx
= cot 'x
(Taking image of cot x about y = x) v )y A
e f:[0,n/2) U (n/2, ] > (o, —~1]UIL, «) ,
f(x) = sec x
£+ (=00, —1]U[1, 00) — [0, 1/2) U (n/2,7] /2
f'(x)=sec”' x o
-1 0 1

ics\Sheet\Magnetic Effect of Current\Eng\00_Theory.pé5
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® f:[2,0)U (0, /2] > (o, -1]U[l, ©)

f(x) = cosec x

7

n/2

£ 1 (=00, —1]7U[1, ) = [-7/2, 0) U (0, 7/2]

f7'(x) = cosec™' x

-\_1 0 i1

-n/2

From the above discussions following IMPORTANT points can be concluded :

(1)  All the inverse trigonometric functions represent an angle.

(i)  Ifx >0, then all six inverse trigonometric functions viz sin"' x, cos™' x, tan"' x, sec™'x, cosec'x,
cot'x represent an acute angle.

(i) Ifx <0, then sin"'x, tan"'x & cosec™'x represent an angle from —/2 to 0 (IV™h quadrant)

(iv) Ifx <0, then cos'x, cot'x & sec'x represent an obtuse angle. (II"! quadrant)

(v) Il quadrant is never used in range of inverse trigonometric function.

IHllustration 1 :

Solution :

Illustration 2 :

Solution :

enf\Eng\00_Theory.p65
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1 1
The value of tan (1) + cos (_E) +sin”! (—5] is equal to

T 5w 3n
(A) o B) 15 © 5

1 21

tan (1) + cos | 2 |+sin | -2 | =T+ - Z T BT Ans.(C)
an ( 1)+ cos 5 sin > At T T ns.

2n 2n
If D cos™ x; =0 then find the value of DX

i=1 i=l

We know, 0 <cos'x<n
Hence, each value cos'x, €08 'X,,c08 'X;,......,c08 X, are non-negative their sum is zero

only when each value is zero.

ie, cos'x,=0foralli

= x,=1foralli
ZZH
X; =X, + X, + X5+ +X,, ={l+1+1......... +1} =2n usine G
i=1 2n times { g( )}
2n
- X, =2n Ans.
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(ii)

Do yourself - 1 :
If a, B are roots of the equation 6x* + 11x + 3 = 0, then
(A) both cos'a and cos!p are real
(C) both cot'a and cot'B are real
If sin'x + sin"'y = © and x = ky, then find the value of 39%* + 5k

(B) both cosec'a and cosec™'B are real
(D) none of these

3. PROPERTIES OF INVERSE CIRCULAR FUNCTIONS :

P-1 (i)
(i)
(iif)
(iv)
(v)
2

y =sin (sin'x) = x

x e [-1,1],y € [-1,1]

y=cos (cos ! x)=x

x e [-1,1],y € [-1,1]

y =tan(tan™' x) =X

x e R, yeR

y = cot(cot™! X) =X,

x eR;y eR

y = cosec (cosec! X) =X,

x|>1,]y|>1

v
-1 X
--------- -1
v
31|
¢$
D
45°
-1 O +1 X
--------- -1
v
X
O45° <
vy
IF
D)
0 g
i
é‘
3
’ o i
E
1
-1 (0] 1 X
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(vi) y=sec(sec! x) =x

X|>1;ly|>1

Note : All the above functions are aperiodic.

Hlustration 3:  Evaluate the following :

(i)  sin(cos'3/5)

(iv) tan 2tan“l—E
5 4

Solution : (i) Let cos'3/5=80.Then,

cosO=3/5 = sin0=4/5
sin(cos™' 3/5)=sin@=4/5

(i) Let tan'3/4=0.Then,
tan0 = 3/4

o4
= COS —5

cos(tan™! 3/4) = cos® =4/5

iy sin| Z—sin'[ ZL] | = sin

(i) cos(tan™' 3/4) (iii) sin (g —sin”! (— %D

-+ as cos’ Gz%
1+tan” 0

3
1 1
(iv) Let tan”'| — |[=0=>tanO =—
5 5
2><1
n) tan(20)-1 5 5 1
tan| 20—~ |=———— 4pq tan20 = _2 . 1
an( 4j I+tan2g 2nd ™0 112 (" tan® 5)
25
T i_l
= tan(ZO——j_ 12 _ Ans.
1+i
12
L 2
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Illustration 4:  Prove that sec’(tan '2) + cosec’(cot ' 3) =15

Solution : We have,

sec’ (tan '2) + cosec’ (cot '3)

— {sec(tan " 2)}" + {cosec oot 3)} = {sec(tan—l %]} ; {cos ce[ ot %j}
= {sec(sec”' V5| +{cosec(cosee VIO )| = () +(Vi0) =15

Do yourself - 2 :

Evaluate the following :

(i) tan(cos_1 (ij) (ii) sm(—cos (iD (iii) sin(ﬁ_sinl (_—ID >iv) sin(cos‘1 zj
17 5 3 2 5

) . . T T e . . .
P-2 (i) y=sin!(sinx),xeR,ye {—5 > periodic with period 27 and it is an odd function.
AY
T
-T—X ,~NM<X<—— =
2 NG T “ o
s \C)X q+ /)vl- <
R T T 3 + -z B 3 g
sin” (sinX) =4 X , ——<X<— 2 45 2 >
2 2 -2n _3n -n [e) o n 2 M
2 2
s
T—X, —<X<T
2 =

(i) y=cos!(cosx),x € R,y e [0,r], periodic with period 27 and it is an even function.

T

-Xx , —n<x<0 20 R & S

-1 _ X \ 1 2
cos™ (cosx) = + ¥ ) N
{x , 0<x<n N ¢

O

-2n o =
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(i) y=tan" (tanx) z

T T T
xeR- {(211 - 1)5, ne I}; ye [—5 Ej periodic with period n and it is an odd function.
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. ALLEN Inverse Trigonometric Function
(iv) y=cot!(cotx),x e R—{nn,nel},y e (0, n), periodic with period © and neither even nor odd
function.
v
X+mw, n<x<0
cot”'(cotx)=4x , 0<x<m
X—-Tm, T<X<2m »
-2n
(v) y=cosec! (cosecx),x e R—{nm,nel} ye {—g, O] ) (O,g} , 1s periodic with period 27
and it is an odd function. N
& - N < %
b . \%// A - 7
S F 45° .
,3_21'[ -7 O % T 211: X
(vi) y=sec! (secx),y is periodic with period 27 v
and it is an even function. -
+xq/(\ | J’\ T \\7//+ | _(/\
A1 Rz A 1T Rs
n=E oz S/ i : FNO
xeR—{Gn-vinet, ye|oZ)o( 3] L IR BN
—-2n 3n T b o b T 3n 2n X
7 7 2 2
Hlustration 5:  The value of sin™' (—+/3 /2) + cos™ (cos (7n/ 6)) is -
(A)5m/6 B)n/2 (C)3n/2 (D) none of these
1
= Solution : sin”! (—x/§/2) =—sin’ (\/5/2)2—71/3
E and cos ' (cos (7m/6)=cos ' cos (2m—5m/6)=cos ' cos (5 n/6)=>5n/6
3 . o T ST W
3 Hence sin™' (—=~/3/2 )+ cos™ (cos 71/ 6) = —§+?—5 Ans.(B)
§, Hlustration 6 :  Evaluate the following :
é (i)  sin”'(sinl10) (i) tan!(tan(-6)) (iii) cot'(cot4)
L 4




JEE-Mathematics ALLEN .

Solution : (i) Weknow that sin"!(sin0) =0, if —n/2 <0 < /2

Here, 6 = 10 radians which does not lie between —m/2 and 7/2

But, 3n—01i.e., 3n— 10 lie between — g and g

Also, sin(3nt — 10) =sin 10
sin'(sin 10) = sin”! (sin (37 — 10)) = (31 — 10)
(i)  We know that,

tan ' (tan@) = 0, if —m/2 <0 <7/2. Here, 0 =—6, radians which does not lie between
—mt/2 and ©/2. We find that 27 — 6 lies between —n/2 and 1/2 such that;

tan (2w — 6) = —tan 6 = tan(—6)
tan'(tan(—6)) = tan"! (tan(2n — 6)) = 21 — 6)

(iii) cot™'(cot4) = cot™'(cot(n + (4 — 1)) = cot '(cot(4 — n)) = (4 — 1)
Ans.

Hllustration 7:  Find the number of solutions of (x, y) which satisfy |y| = cos x and y = sin”'(sin x), where |x|

< 3m.

Solution : Graphs of y = sin"'(sinx) and |y| = cosx meet exactly six times in [-37, 37].

vy
_5n _n 3n
-37 2 2/ 0 2 3n <
~2n /3n s 2n /51
5 5 >

Do yourself - 3 :

Evaluate the following :

1 13n 1 n . . (5m 1

(i) cos cos? (i) tan | tan ? (iii) sSm | sin ? §

2

. . T z

P-3 (i) sin'x+cos'x= B x| <1 i
:

.. T E

(i) tan'x+cot!x =3 x € R H

(i) cosec' x +sec! x -z x| >1 i

2 -

3

¢ E
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. ALLEN

P-4

P-5

(i) sin'(=x)=-sin'x , x| <1

(i) cosec’!(—x)=-cosec!'x, |x|>1

(i) tan'(—x)=-tan'x , x € R
(iv) cot!(=x)=m-cot'x, x € R
(v) cos!'(—x)=m-cos'x, x| <1
(vi) sec! (x)=m—sec!x, x| > 1
1
(i) cosec! x=sin" < ; x| >1
.. 1
(i) sec! x=cos " ; x| >1
1
tan~ — ;o x>0
(i)) cot'x=y ¥
o1
nT+tan — ; x<0

X

Illustration 8 :  Find value of x if cos '(—x) + tan~'(—x) — 2sin”!(x) + sec ™ (—lj = g for [x| < 1.
X

Solution : T —cos '(x) —tan '(x) — 2sin'(x) + cos '(—x) = T

T —cos '(x) — tan '(x) — 2sin ' (x) + T —cos ' (xX) =
. 1 T -1
2n —2(sin X + cos X) — Z= tan x

T _ _ 3n
20— T — Z = tan 'x = tan 'x = — Hence no soluton Ans.

Do yourself - 4 :

(i) Prove the following :

s | 2 || =t 22 g [ Ml e ] (N
@) 13 5 ®) 5 3 5
. : ; 1
(ii) Find the value of sin(tan'a + tan! " ); a=0
(XY

tan I—xy where x> 0,y>0 & xy <1

. Xty

P6 (i) (a tan'x+tan'y= 7 +tan™! T—xv Xy where x>0,y >0 & xy > 1

T
EX where x>0,y>0 & xy =1

Inverse Trigonometric Function
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X —

1+xy

(b) tan'!'x—tan'y=tan’! where x >0,y >0

X+y+2z—Xyz

l—Xy—yZ—zx}fX>O’y>0’Z>O&Xy+YZ+ZX<1

(c) tan'x+tan'y+tan'z=tan" {

sin*l[x\/l—y2 +yvW1-x2]  wherex>0,y>0 & (x> +y?) < 1

P . -1
5 (q) Sinx+sinTy=
) @ n—sinfl[X\/l—yz+y\/1—x2]where x>0,y>0&x*+y’ > 1

(b) sin!'x—sin!y=sin" [x\/l—y2 —y\/l—x2 ] where x>0,y >0
(ii)) (a) cos'x+cos'y=cos' [xy—+1-x"4/1-y’] wherex>0,y>0
cos™ (xy+\/1—x2\/l—y2) ; x<y, X,y>0

(b) cos'x—cos'y=

—cos’l(xy+\/l—x2«/1—y2); x>y, X,y>0

Note : In the above results x & y are taken positive. In case if these are given as negative, we first

apply P-4 and then use above results.

Hllustration 9:  Prove that

() tan’ 1 +tan' —=tan™! 2 (i) tan” 1 +tan™' 1 +tan”' —+tan” I_=m
7 13 9 5 7 8 4
1 1
Solution : (i) LHS.=tan'-+tan'—
7 13
1.1
—tan' )7 13 v tan” X +tan”' y:tanl( Xry ]; if xy <1
1 1 1-xy
l——x—
7 13
— tan™' (—j:tan"1 (%)zR.HS
.. -1 1 -1 1 -1 l 1 1
(i) tan —+tan — |+|tan —+tan —
5 7 3 8
1 1 1 1
—tan”'| =7 |+tan”'| 3-8 |=tan 1(—j+ta B (—j
1 1 1 1 23
- x- |—x-
5 7 3 8
6 11
17 23 325 T
tant | 1723 _an 222 | tan () = &
an 6 11 an 375 an” (1) 2 Ans.
17 23

ALLEN .

enf\Eng\00_Theory.pé5

ics\Sheet\Magnetic Effect of Curr

node06\BOBO-BA\Kota\JEE(Advanced) \Enthuse \Physi



. ALLEN Inverse Trigonometric Function
. 412 L, 4 , 63
Illustration 10 : Provethat sSin  —+cot  —+tan —=m
13 3 16
Solution : We have,
412 L4 , 63
sin —+4+cos —+tan —
13 5 16
=tan '—+tan ' —+tan" 63 + sin™! 12_ tan™' 2and cos™ 4_ tan ™ 3
16 13 5 5 4
12 3
54 !
—1 _
=T +tan 12 3 +tan E { tan]X+tan]y=n+tanl(x+y],ifxy>l}
5% i
[ 63 [ 63
=m+tan | — |+tan | —
-16 16
= m—tan” 6—2+ tan”' % [ tan~' (—x) = —tan ™’ x]
=7
12 . .,3 . _ 56
Illustration 11 : Prove that : cos™’ EJrsm 1§ =sin"' —
; cos™ 2 +sin” E =tan" i +tan™ i
Solution : We have, L.H.S. = 3 5 B 4

enf\Eng\00_Theory.p65
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“rcos”! 12 =tan”’ Rl & sin™ 3 =tan"'
13 12 5

R.H.S. = sin™ E =tan"' E
65 33

L.H.S. = R.H.S. Hence Proved

3]
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Do yourself - 5 :

Prove the following

(1) sin”' (éj +sin”’ (ij =cos ™ (ﬁj
S 17 85

(iii) tan”' [3] +tan”' (lj =tan"" (l)
11 24 )

4. SIMPLIFIED INVERSE TRIGONOMETRIC FUNCTIONS :
if
if
—(n+2tan"' x) if x<-1

2tan”' x |x <1

n—2tan"' x x>1

(@) y=f(x)=sin“( 2X2]=
1+x

n/2

y = f(x) = cos™ 1-x*) | 2tan”'x if x>0
(b) 1+x° —2tan"'x if x<0
=)
v
/2
1 |
2tan”' x if x|kl I i I i
(©) y=f(x):tan’112X2: n+2tan"'x  if x<-1 . | | .
T Cr=2tanx) i x>1 1] i1
|1 /]
I |
& —5—
4
d) y=f(x)=sin!(3x —4x%) .
/2
I : . 1 !
—(m+3sin”' x) if _ISXS_E D I D
=|  3sin'x if —%s);s% —\ ] A
n-3sin"'x if lSXSI
- 2 —7[/2\
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. ALLEN Inverse Trigonometric Function
(€ y=f(x)=cos'(4x’ -3x) ; Y
L . 1
3cos” x—2m if —lgxg—z
» ) 1 1
=|2nx-3cos" x if ——<x<—
2 2
-1 . 1 X
3cos X if ESXSI < s
1 MY
—(m+2sin"' x) —lﬁxs—ﬁ 22 +
1 1
®  sin™ (2X'\/1—X2)= 2sin”' x ———<x<— L
2 2 V2 X
1 ! -
n—-2sin"'x —<x<1 :
V2
L /2
Y
)
A fm 2 2cos™' x 0<x<l1 G
(g ©os (2x2-1) =
2nt—2cos 'x —-1<x<0
1 X
. -1 1 -1 1 -1 1
Hllustration 12 : Prove that : 2tan E+tan 7=tan ﬁ
Solution : We have, 2tan™ l+tan’1 —
g 2 7
i
§ 2><; 1
F —tan™" g 2
B tan 7 (+tan 7 *2tan”' x =tan™" X ,f —1<x <1
3 1— 1 1-x°
4,
i f0
2 ! 1 _ 31
2 =tan'—+tan' —=tan’ 3 7 =tan13—
: 3 7 41 1
3 Tt
g 3 7
3




m JEE-Mathematics ALLEN .
. -1 1 -1 l_X
Hlustration 13 : Prove that tan \/; =—cCo0S ,X € [0,1]
2 1+x
()
_ —(vx
Solution : We have, lcos’1 I=x :lco - - :l><2tan’1 Jx =tan " Vx.
2 1+x 2 l—l—(\/;) 2
Alter : Putting ./x =tan0, we have =0 € {0,%}
2
RHS =lcos’l I=x :lcos*1 w :lcos*‘(cos29)=9 | 20€]0, X
2 1+x 2 1+tan” 0 2 2
=tan"'+/x = LHS
Illustration 14: Provethat: (i)  4tan” l —tan™! L +tan”! L _r
70 99 4
@) 2 tan™' l+ sec”! E +2tan”' l _I
5 7 8 4
41 41 41 1 1 1
jon : i 4tan”' ——tan”' —+tan' — =2{2tan ' =t —tan' — +tan ' —
Solution @ 5 70 99 5 70 99
1
L, 2x1/5 1 o1 2tan X
=24¢tan ————¢—tan ——+tan —
1-(1/5) 70 99 —tan”' _if [x|<1
ot
=2tan"'i— tan"'L—tan‘]L =tan”' 2X5/122 —tan™.{ 7099
12 70 99 1-(5/12) L
70 99
120 1
—tan’lg a2 an”@ tan” — =tan ' {119 239 (_pp-1y T
119 6931 119 239 L1201 4
119 239
(i) 2tan”’! l+ sec”’ —5\/5 +2tan”’! 1 = 2{tan_I lJr‘[an"' l} +sec” —5\/5
5 7 8 5 8 7
L
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ALLEN

Inverse Trigonometric Function

1 1
— 34— 2
B 4] 58 L (52
=2tan 1 1 *tan (T] -1 [ sec”' x =tan"' Vx* — 1}

I——x—
5 8
=2tan" E+tan‘l 1_ 2tan” l+tan‘1 —
39 7 3 7
2x1/3 1
=tan"' X—/2 +tan~' — '.'2tan‘1x=tan‘12—xz, if| x|<1
1-(1/3) 7 1-x
3.1
=tan”' ithan_1 l =tan”' _4 7 \_ tan' 1 _I
4 7 1 1 4
_7X7
7

Do yourself - 6 :

Prove the following results :

(i 2tan” (lj +tan™ (lj =tan”' (i) (i) 2sin” (éj —tan ' (1—7j _I
5 8 7 5 31 4

6. EQUATIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS :

Hllustration 15 :

Solution :

Hllustration 16 :

Solution :

) 5 _ 11m

The equation 2cos 'x +sin” 'x = 3 has
(A) no solution (B) only one solution (C) two solutions (D) three solutions

: . » .. M=
Given equationis 2 cos X +sin x = v

0 B . 1l . n 1ln »

= cos x+(cos x+sin x)z? = CO0S x+5=?:> cos x=4n/3
which is not possible as cos' xe[0,m] Ans.(A)

If (tan' x)? + (cot ' x )*=5n?/ 8 , then x is equal to-
(A)-1 (B)0 O 1 (D) none of these
The given equation can be written as (tan™' x +cot' x )*~2tan' x cot ' x =5n%/8

Since tan™' x +cot”! x =m/2 we have
(n/2)* = 2tan' x (m/2 —tan"' x ) = 57/ 8

=  2tan'x)*-2(n/2)tan'x-371?/8=0 = tan'x=-m/4 = x=—1 Ans.(A)

4
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-1 +1
Illustration 17 :  Solve the equation : tan~' it 2T
X—2 x+2 4
Soluti tan”' x-1 +tan”' xtl =
oHon: x—2 x+2 4

taking tangent on both sides

x—1 x+1 tan(tanl(x_ln+tan(tan1(X+1D
— tan(tan_l( j+tan‘l( Dzlj x—2 x+2)) _
* X+2 1—tan(tan‘1(x_ljjtan[tan’l(X_HD

x—2 X+2

X—1+X+1
x=2 x+42 _, (x—l)(x+2)+(x—2)(x+1):1 NER _iL
= T Xl x4l 7 X —4_(x 1) TATEETY = XTE D
X—2 Xx+2
N
Nowverlyx—\/i
1 1
NG NG Lx/_ 1} [\/EH)
=tan +tan =tan tan
1 1 242 -1 242 +1
2 +2
D &2

gl (2\/5"'1)( )+(2 )(\/54'1) (6. T
S Vv )- (2 )(I+1)] =m0

1
X | —
V2
L 1y
=tan”’ L +tan”' L =tan”' ( \/5-'_1 ]than_' (ﬁj {same as above}
_L ., LI 242 +1 242 -1
V2 2
T
=tan'(I)=—
ey) 2
X = ﬂ:L are solutions Ans
V2
Illustration 18 :  Solve the equation : 2 tan '(2x + 1) = cos 'X.
Solution : Here,2 tan '(2x + 1) = cos 'x
1—tan’ 0
or cos(2tan '(2x +1))=x {We know cos26 = > }
1+tan” O
1-2x+1)* 5
—1+(2x+1)2 (1-2x—=1)(1+2x+1)=x(4x"+4x+2)
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ALLEN

Inverse Trigonometric Function

= —2x.2(x+1)=2x(2x*+2x+1) = 2x2xX*+2x+1+2x+2)=0
= 2x(2x°+4x+3)=0

= x=0 or 2x’+4x+3=0 {No solution}

Verify x=0
2tan'(1) = cos (1) - ==
an cos )
x = 0 is only the solution Ans.
Do yourself - 7 :
Solve the following equation for x :
T _ _ . 4X W
) sm{sm l(gj—i-cos 1x}:l (ii) cos™'x+sin IE:E

7. INEQUATIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTION :

Hlustration 19 :  Find the complete solution set of sin”'(sin5) > x* — 4x.
Solution : sin”!(sin5) > x* — 4x = sin'[sin(5 - 2m)] > x* — 4x

= X -4x<5-21 = X -4x+(@2n-5)<0

= 2-49-2m<x<2++9-21 = xe€(2-49-27n, 2++9-2n)

Ans.

Hllustration 20 :  Find the complete solution set of [cot 'x]* — 6[cot 'x] + 9 < 0, where [.] denotes the

greatest integer function.
Solution : [cot'x]* = 6[cot 'x] +9<0

= ([cot'x]-3)?<0 = [cot'x]=3 = 3<cot'x<4 = x € (0, cot3]
Hllustration 21 : 1f cot™! n > g, n € N, then the maximum value of n is -

T

(A) 1 (B)5 ©)9 (D) none of these

Solution : cot' 25T
T
= cot[cot_1 (ED <cot (Ej SN NG
T 6 s
= n< nﬁ = n<5.5 (approx)
= n=35 “ (neN) Ans. (B)
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ALLEN .

Do yourself - 8 :

o

o[

(i) Solve the inequality tan'x > cot'x.

(©) (-1,+2)

(ii) Complete solution set of inequation (cos'x)? — (sin"'x)? > 0, is

(D)

none of these

8.  SUMMATION OF SERIES :

Illustration 22 : Prove that :

L ex— [ c,—c [ c.—c o c -
tan” | SX7Y | tan | 278 | tan | S5 |4 4tan™
c,y+x I+c,c, I+c,c,

Solution : L.H.S.

S ex— 4 ¢, —c o[ cs—c
tan~ | XY pan | 278 || 5702
C,y+X I+c,c, I+c

x_1
=tan'| L&
1+il
y ¢

=tan"’ (

< |

1 1
—tan”'| — |—tan”' C, +tan™' C, +tan™'
C, c

n

=tan”' [3] - (co‘["1 c + tan”' C, )+ (tan_1 c,+ cot™ c, )
y

|

Do yourself - 9 :

(i) Evaluate : Ztan‘l(
r=1

2

1+Q2r+1)2r-1)

J
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. ALLEN Inverse Trigonometric Function
Miscellaneous Illustrations :
Hlustration 23 : Iftan' y=4tan'x, (| X |< tan gj , find y as an algebraic function of x and hence prove
that tan = is a root of the equation x* — 6x° +1=0.
Solution : Wehave tan'y=4tan"'x
2x
= tan'y=2tan"' T (as [x|<1)
4x
= o
=tan”' 1_—)‘2 =tan”' M as <1
B 4x X —6x"+1 1-x*
(1-x°)
4x(1-x7)
= =
x*—6x° +1
If  x=tanw
X =tang
-1 _ -1 _ T . 4 2
= tan y=4tan X=7 = yisnotdefined = x'-6x’+1=0 Ans.
Hlustration 24 : 1f A =2 tan' (2\/5 - 1) and B =3 sin"'(1/3) + sin"'(3/5), then show A > B.
Solution : Wehave, A=2tan" (242 —1) =2tan"'(1.828)
3 27 .
= A>2tan’'(3) = A>? ....... @)
also we have, sin™' (lj <sin™' (lj = sin”' (lj I
3 2 3) 6
1 i
3sin™ (—j <=
) = 3) 2
‘&é
1 1 (1) 23
3 also, 3sin™ (—) =sin™' [3.— - 4(—) J = sin”' (—j =sin1(0.852)
£ 3 3 3 27
i = 3sin”'(1/3) <sin ({3 /2) = 3sin”!(1/3) <7/3
also, sin"'(3/5)=sin"! (0.6)<sin"'(\3/2) = sin '(3/5) < /3
E - I 2n .
i Hence, B =3sin" (1/3) +sin™ (3/5) < 3 e (i1)
§ From (i) and (ii), we have A > B.
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Solution :

ALLE
N 4
: 1 2 1 . ,( 3sin20 '
Hlustration 25 : 1f 6 =tan (2 tan"0) ——sin~ | ——————— | then find the sum of all possible values of
2 5+4cos20
tano.
: .
6 =tan (2 tan’6) L g (—3 sin 20 j = 0=tan '(2 tan’0) ——sin"’ (—6 tan(j j
2 5+4cos260 2 9+tan” O

1
| 2 ( tan Gj ) 1
= 0 =tan (2 tan’0) _ESin_l 3—2 = 0 =tan (2 tan’0) —Etan’1 (5 tan 9)
1+ 1 tan 0
3
-1 2 (1 .
= O=tan (2tan"0) —tan (g tan Gj ........ (1)
taking tangent on both sides
6tan’ 0 —tan 0
= tan0O= L =  2tan‘0—6tan’0 + 4tan0 =0

3+2tan’ 0
= 2tanB(tan’0 -3 tanB@+2)=0 =  2tanO(tanO—1)’(tanO +2)=0
= tan0=0,1,—2 which satisfy equation (i)

sum=0+1-2=-1 Ans.

ANSWERS FOR DO YOURSELF

1: G C i) 1526
IR E L L
Lo oy @) g G 1 G -
s @ X Lo T
: () G (ii) G (iii) G
(1, it a0
4Dy g aco
7: G % Gi) 1 (i) V3
8: () (l.o) (i) B
9: () n/d
L
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ALLEN Inverse Trigonometric Function
EXERCISE (O-1)

Straight Objective Type

1. The domain of the function sin™' (log2 (%D is-

1 1 3 1
-3 -3 —,6 =2
(A) {2 } (B) [2 } © {2 } D) [2 }
1T0001
2. Domain of the function f(x) =log ecosf1 {\/; } is, where {.} represents fractional part function -
(A)xeR (B)x € [0, ) (C)x € (0, 0) (D)xe R-{x|xel}
1T0002
3.  Thevalue of tanz(sec_13) + cotz(cosec_l4) is -
(A)9 (B) 16 (C)25 (D)23
IT0003
_1 12 T 1 16 .
4. Ifx>0 cos (—j =——CoS (—J then x 1s -
X 2 X
(A)12 (B) 16 (©)20 (D) 320
IT0006
5. If cos_l(2x2 -1)=2n- 2cos 'x, then -
1 X e {_L L}
(A)x € [-1,0] (B)x €0, 1] ©) xe {O, 3} (D) NoRNG
IT0008
2 3
6.  Number of integral ordered pairs (a,b) for which sinfl(l +b+b ... o)+ cos”' [a —a? + % — ooj = g is-
(A)O (B)4 ©)9 (D) infinitely many
1T0007
7.  The value of sin™ {cot [sin_1 \ /# +cos ! @ +sec”! \/EJ} is -
(A)S B)6 (G)0 (D) 10
IT0018

Multiple Correct Answer Type
8.  Consider the function f(x)=¢" and g(x) = sin"'x, then which of the following is/are necessarily true.

(A) Domain of go f = Domain of f (B)Range of gof — Range of g
(C) Domain of gof is (-0, 0] (D) Range of gof is [—g, Oj
IT0013
9. Letf(x)= sinﬁl(tanx) + cosﬁl(cotx) then
(A) f(x) zg wherever defined (B) domain of f(x)isx=nm* %, nel
T
(C) period of f(x)1s B (D) f(x) is many one function
IT0011
L4
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10. Let f(x)= eX ~*’*x be an invertible function such that f - g, then -

(A)g(e)=0 (B) Domainof'g'isR" (C)Rangeof'g'isR (D) f(g(e))=¢
1T0014
-1 1 -1 1 - -1 1 -1 2 .
11. Valueof 3tan™'| — |+tan™'| — |+sin”' | — |+cos™' | — | is greater than
3 2 N 5
A ) 2= o) & Dy 2=
()5 (B) 5 © (D)~
IT0015
12.  Which of'the following is/are correct ?
(A) cot'(x) =tan™ (ljv x e R —{0}
X
(B)If f : R — R such that f(x)=sgn(e") then f(x) is an into function.
(C)If f : R"— R such that £(x) = sinx + x then f(x) is an odd function.
(D)If f : R —> R such that f(x) :% then f(x) is a periodic function .
e
(where [.] represents greatest integer function)
IT0012
EXERCISE (0-2)
Straight Objective Type
1.  Therange of the function f(x) = sin”’ (logz(—x2 +2x+3))is -
nx L 0o &
A =3:3 ®) |7 (© |0 7 (D) [-1.1]
IT0016
2. Rangeof f(x)= cotﬁl(log (1 - X2)) is -
(0.7] 2l 0.2
(A) (0.1) )| 05 © |7 (D) | 05
IT0017
: 2r+1
. lim ) tan™ i -
3 n_m; P2l S equal to
IND: B) = 0= D)- =
(A) 5 B) 5 OF (D)~
1T0009
4. Number of solution(s) of the equation cos ™' v/x —sin ' vx =1+ cos ' V1—x —sin”' % = % is -
(A)0 (B)1 (©)2 D)4
IT0019
< r((r+1)!)
tan”' i -
5. rZ:(; ((r D+ (D) is equal to
I T -1 -1
(A) B (B) N (C)cot '3 (D)tan 2
1T0020

enf\Eng\00_Theory.pé5

ics\Sheet\Magnetic Effect of Curr

node06\BOBO-BA\Kota\JEE(Advanced) \Enthuse \Physi



. ALLEN

enf\Eng\00_Theory.p65

ics\Sheet\Magnetic Effect of Curr

n0de06\BOBO-BA\Kofa \JEE{Advanced)\Enthuse\Physi

Multiple Correct Answer Type

6.

Let f(x) = \/ cos ' v1—-x* —sin”' x then which of the following statement/s is/are correct -

(A) Domain of f(x)is[-1,1] (B) Domain of f(x)1is[0,1]
(C) Range of f(x) is {0} (D) Range of £(x)is [ 0,+/x |
1T0021
—1 -1 1 -1 1 -1
If o =2tan (\/3—2\/5) +sin [m} B =cot (\/5—2)+§sec (—2) and
y=tan" L cost L ,then
V2 V3
(A)a=p (B) a+p =3y ©)4PB-1=a D)B=v
1T0022
If a is only real root of the equation X+ (cosl) x>+ (sinl)x+1=0, then (tan‘l o +tan”! lj cannot
be equal to- “
T T
(A)0 B) ©) - (D)=
1T0023
EXERCISE (S-1)
(a) Findthe following :
(i) tan{cos_1 %+ tan™' (%ﬂ (i) cos”' (0057—:)
(iil) cos(tan"1 3) (iv) tan(sin'l 3 +cot”! 3)
m Z v g E
IT0031
(b)  Findthe following :
) sin {g—sin1 (%H Gy  cos {cosI (_—23] +%}
4 3n
(i) tan (taﬂ Tj 1T0032

Find the domain of definition the following functions.
(Read the symbols [ *]Jand { * } as greatest integers and fractional part functions respectively)

2
@ f(x)=arc cos—_ IT0033
1+x
2
(i) f(x)=/cos(sinx) +sin”' ! ; X 1T0034
X
()  f(x)=sin"' (XT%J —log,,(4-x) 1T0035
@v) f(x)=sin'(2x +x?) IT0036
v) f(x)=+3-x +cos"(3_52Xj+log6 (2 |X | —3»)+sin’1 (logzx) IT0038

Inverse Trigonometric Function m



JEE-Mathematics

ALLEN .

3.  Identify the pair(s) of functions which are identical. Also plot the graphs in each case.

(a)

(©

y =tan(cos ™' X); y =

V1=x2
X

X

NIES'S

y =sin(arctanx);y =

(b)

(d)

1
y = tan(cot ' x);y = "

y = cos(arctan x);y = sin(arccot x)

1T0040

4. Lety=sin'(sin8) — tan"!(tan10) + cos'(cos12) — sec”!(sec9) + cot !(cot6) — cosec!(cosec 7). If y
simplifies to an+ b, then find (a—b).

IT0041

5. Ifaand B are the roots of the equation x> + 5x —49 = 0, then find the value of cot(cot'a + cot!p).

6. Ifa>b>c>0,then find the value of : Cot_1(1+abj+

a—-b

cot"1(1+bcj+cot"(l+caj
b-c c—a )

1T0044

IT0045

7. Findall values of k for which there is a triangle whose angles have measure tan™ (%j ,tan”’ (% + kj and

tan ™’ (l+ Zk)
2

8.  Findthe simplest value of

Il i 22 1
(@) f(x)=arccosx +arc cos(§+5 3—3x2j, X E(E’ 1)

(b)

9.  Leastintegral value of x for which inequality sin™' [sin [

. - n .
10. Number of integral solutions of the equation 2sin™' Vx> —x +1+cos ™' Vx> —x === is

11. Ifsin-!sin (IOTTE] +cos™ coszzT7T +tan'tan10 = an+ b, then

VI+x? =1
X

f(x)= tanl[ J, x € R—{0}

12. Solve the following :

(@)

(b)
(©
(d)

. . T
sin™' x +sin 12x=§

-1

+tan'

tan 3
1+2x 1+4x X

tan”' (x —1)+tan"' (x) + tan "' (x +1) = tan "' (3x)

21 b

T .. _ _

sin” X +sin” y === & cos'x—cosy==
3

2¢* +3
e* +1

80

j] > n—é holds, is
2

T
2

is equal to

IT0046

IT0047

IT0048

1T0029

1T0027

IT0026

IT0053

IT0054

IT0055

IT0057
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13. Find the sum of the series :
(a) cot'7 +cot'13 + cot'21 + cot 31 + ..... to n terms. 1T0058
1 2 2n—l
(b) tan! 3 + tan™! gt tan™! 1ot e @ 1T0059
(©) tan™! 2; +tan™! 2; + tan™! 2; +tan™! 2; to n terms.
X +x+1 X +3x+3 X" +5x+7 X"+ 7x+13
IT0060
(d  sin™ L osin e sint e asin o terms. IT0061
NG J65 325 Jan* +1
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EXERCISE (S-2)

1+x 1-x’

1. Ifa=2arc tan(1 j & B=arc sin[1 . zj for 0 <x <1, then prove that a+ 3 =m, what the value
— X X
of a + B will be if x> 1.
1T0062
2.  Solve the following :
axob o axet 23 1T0063
(a) tan ] PtanT o =tan 36
2 2
b) 2tan"' x = cos” —— —cos™! 1-b >0.b>0 1T0064
( ) 1 + a2 1 + bZ (a s )
3.  Findall the positive integral solutions of, tan"'x + cos™ Y —sin’ i
JI+y? Jio
IT0066
. . 1 7
4.  Prove that the equation, (sin"'x)* + (cos'x)* = o has no roots for o < Y and o > Y
1T0067
5. Solve the following inequalities :
(a) arccot’x —Sarccotx +6>0 1T0068
(b) arc sin x > arc cos x 1T0069
(c) tan*(arc sinx) > 1 1T0070
10 10
6. Ifthesum ) > tan™ (mj =kr, find the value of k.
n=l m= n
o 1T0072
2
7.  Solveforx: sin™ (sin( 2x +24 n <mn-3.
I+x
1T0074
8.  Findthe set of values of'a' for which the equation 2cos'x =a + a’(cos'x)™! posses a solution.
I1T0075
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EXERCISE (JM)

1
j, where | x | < NeR Then a value of'y is : [JEE (Main)-2015]

2

1. Lettan!y=tan!x +tan! (1 2x

3x—x° 3x+x° 3x—x° 3x+x°
() 1+3x° 2) 1+3x° ) 1-3x* ) 1-3x°
1T0081
f cos”' (i)+cos' (ijzﬁ(x >§) h i l1to: i
2. | Ix ix) 2 1) then x 1s equal to : [JEE (Main)-Jan 19]
J145 J145 J146 J145
) =5 @ ()4 @ =
1T0082
3. Ifx=sin!(sinl0) and y=cos!(cos10), then y —x is equal to: [JEE (Main)-Jan 19]
(= (2) 7n 3)o (4) 10
1T0083
19 n
4.  Thevalueof cot| Y cot™ [1 + z2pj is: [JEE (Main)-Jan 19]
n=1 p=1
N2 523 N L
(D) 3 2) 5, G3) 1 4) 5
1T0084

5.  Allxsatisfying the inequality (cot ! x)2—7 (cot ! x) + 10 > 0, lie in the interval :-
[JEE (Main)-Jan 19]

(1) (—oo, cot 5) U (cot 4, cot 2) (2) (cot 5, cot 4)
(3) (cot 2, ) (4) (o0, cot 5) U (cot 2, o)
IT0085
6.  Considering only the principal values of inverse functions, the set A={x>0:tan™'(2x)+tan™ (3x) =§
[JEE (Main)-Jan 19]
(1) is an empty set (2) Contains more than two elements
(3) Contains two elements (4) is a singleton
IT0086

1
7. Ifa=cos” (%} B=tan" (Sj , where 0<a, < g ,thena—PBisequalto: [JEE (Main)-Apr 19]

9

in'| —— A9 a9 A9
(1)s (5 o j (2) tan (1 j (3) cos ( \/I_J (4) tan ( \/rj
IT0087

8. Ifcos!x—cos! % =a,where —1<x<1,-2<y<2,x< %, then for all x, y, 4x2 — 4xy cos o

+y? is equal to [JEE (Main)-Apr 19]

(1) 4 sinZ o — 2x2y2 (2) 4 cos? o +2x2y2  (3) 4 sinZ o (4) 2 sin? o,
1T0088

.12 . 3). .
9.  The value of sin (Ej —sin (Ej isequal to : [JEE (Main)-Apr 19]

1) m—sin™ (ﬁj 2) m—cos ' (ﬁj 3 T sin™ (ﬁj 4y X _cos™ (ij
() 65 2) 65 3) 2 65 ) 2 65

I1T0089

¢
m
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EXERCISE (JA)
1. If0<x<1,then v1+x> [{xcos(cot 'x)+ sin(cot 'x)}*—1]"* = [JEE 2008, 3]
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(A) \/lj7 (B) x (©) x1+x° (D) V1+x°

1T0091
23 n
The value of cot(Zcot‘l(HszD is [JEE(Advanced) 2013, 2]
n=l k=1
23 25 23 24
(A) 75 (B) 5 ©) 5 D) 53
1T0092
Let f : [0,41] — [0,7] be defined by f(x) = cos '(cosx). The number of points x € [0,47] satisfying
10—
the equation f(x)= | OX is [JEE(Advanced)-2014, 3]
1T0094

. [ 6 (4
If o =3sin”' (Hj and B =3cos” (gj where the inverse trigonometric functions take only the principal

values, then the correct option(s) is(are) [JEE(Advanced)-2015, 4]
(A) cosp>0 (B) sinp<0 (C) cos(a+B)>0 (D) cosa<0

IT0095
The number of real solutions of the equation

o © i © i X . 11
| i+1 X T -1 X i . . .
sin E‘X _XE 2 [==—cos 2 = _z —X 1ymgmthe1nterval(——,—)1s

[il il(zn 2 [ (2j ( )] 22

i=1 i=1

T T
. . . . .- 1 .
(Here, the inverse trigonometric functions sin x and cos x assume value in [—5»5} and [0, 7],

respectively.) [JEE(Advanced)-2018]
1T0096

Let E, = {x eR:x#land —> 0} and E, = {x €E, :sin” (logc (LD is a real number} .

x—1

. . . . . ) T
(Here, the inverse trigonometric function sin 'x assumes values in [—E,E}j

Let f:E, — R be the function defined by f(x)=1log, (LJ

X —

and g : E, > R be the function defined by g(x)=sin™ (loge (LD
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LIST-I

The range of f is

The range of g contains

The domain of f contains

> ® O

The domain of g is

The correct option is :

AP->4Q0Q->2R>1;S>1
BP->3ZQ->3FZR>6S->5
OP->4Q->2R>1;S—>6
DP->4Q->3hR->6,S>5

10
7. The value of sec™ lZ:sec 7—TE+H sec| —
4 12 2

ALLEN .
LIST-II
= N =
l1—¢ e—1
2. (0,1
11
e

4. (_OO: O) N (09 OO)

5. oo, L}
e—1

1 e
6. (—OO,O)U(?;}

[JEE(Advanced)-2018]
1T0097

k+1
+ w in the interval | - = , 3n equals
2 4 4

[JEE(Advanced)-2019, 3(0)]
IT0098
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. ALLEN Inverse Trigonometric Function
ANSWER KEY
INVERSE TRIGONOMETRIC FUNCTION
EXERCISE (0O-1)
1. C 2. B 3. D 4. C 5. A 6. A 7. C 8. B,C
9 A,B,C.D 10. B,C,.D 11. AB 12. B,D
EXERCISE (0-2)
1. A 2. C 3. A 4. A 5. B 6. A,D 7. A, C 8. ABD
EXERCISE (S-1)
L@ @)z ) ) L) )6 L G ) G
2. () —1/3<x<1, (i) {1,—1}, GiD) 1<x<4, @(iv) [F0+v2). (2 =D, (v) (3/2, 2]
y 4 y 4 yp
b e
3. @— o T (b) 5 > (©) ) >
h N r—
y
1
and (d) —/-0\ > all are identical.
4. 53 5. 10 6 7. k=4 8 T b) Ltan'x
. . . n . =2 . (a) 3 (b) >
9 1 10. 2 11. 1 12. (a) le\/g'(b)x=3' ©)x=0 l—l (d) X=l =1
: : : . 2\7° ’ SR 2y
13. (a) arc cot[2n * 5} , (b) %, (¢) arctan(x +n)—arc tanx, (d) %
EXERCISE (S-2)
_4 a—b o _ _
1. = 2. (a) x=7= (b) x= 3. x=lLy=2&x=2;y=7
3 1+ ab
5. (a)(cot2, ) U (-0, cot3) (b) (%, 1} (c) (%, 1]U(—1, —g]
6. k=25 7. xe(-1,1) 8. ae[-2n, n]—-{0}
EXERCISE (JM)
1. 2. 1 3. 1 4. 3 5. 3 6. 4 7. 1 8. 3 9. 3
EXERCISE (JA)
1. 2. B 3.3 4. B,C,D 5. 2 6. A 7. 0.00




