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. ALLEN

DIFFERENTIAL EQUATION

DIFFERENTIAL EQUATION :

An equation that involves independent and dependent variables and the derivatives of the dependent
variables is called a differential equation.

A differential equation is said to be ordinary, if the differential coefficients have reference to a

d’y 2d
single independent variable only e.g. d—}z]—d—y+ cosx =0 and it is said to be partial if there are
X X
, , du Ou Ou . o : :
two or more independent variables. e.g. o +5 +8_ =0 is a partial differential equation. We are
X z

concerned with ordinary differential equations only.
ORDER OF DIFFERENTIAL EQUATION :
The order of a differential equation is the order of the highest differential coefficient occurring in it.

DEGREE OF DIFFERENTIAL EQUATION :

The exponent of the highest order differential coefficient, when the differential equation is expressed
as a polynomial in all the differential coefficient.

Thus the differential equation :

m p m-1 q
f(X,Y){gX,Z} +¢(X,Y)|: dxm(};):l LIRS =0isof order m & degree p.

Note :
(i)  The exponents of all the differential coefficient should be free from radicals and fraction.
(i) The degree is always positive natural number.

(i) The degree of differential equation may or may not exist.

Hlustration 1:  Find the order and degree of the following differential equation :

. /dzy fdy . dy . (dy) .. dy
(1) ¥=3&+3 (11)§=s1n ™ (111)&=V3X+5

dx? dx

3 2
d’ d
Solution : (i)  The given differential equation can be re-written as (—yj = (_y + 3}

Hence order is 2 and degree is 3.

(i) The given differential equation has the order 2. Since the given differential
equation cannot be written as a polynomial in the differential coefficients, the degree
ofthe equation is not defined.

(i) Its order is 1 and degree 1. Ans.
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Illustration 2 :  The order and degree of the differential equation (%j +3 (éj +4 =0 are-

t’ dt
(A)2,2 B)2,3 (©)3,2 (D) none ofthese
Solution : Clearly order is 2 and degree is 2 (from the definition of order and degree of differential
equations). Ans. (A)

Do yourself - 1 :

Find the order and degree of following differential equations

0 [1+@)]"2=x+y @) (+y)?=y" (i) y'=siny

4. FORMATION OF A DIFFERENTIAL EQUATION :

In order to obtain a differential equation whose solution is
X, ¥, €5 €55 Covrnnnn. c)=0

wherec , c,,....... c_are 'n' arbitrary constants, we have to eliminate the 'n' constants for which we require
(n+1) equations.

A differential equation is obtained as follows :

(a) Differentiate the given equation w.r.t the independent variable (say x) as many times as the
number of independent arbitrary constants in it.

(b) Eliminate the arbitrary constants.
(¢)  The eliminant is the required differential equation.
Note :

(1  Adifferential equation represents a family of curves all satisfying some common properties.
This can be considered as the geometrical interpretation of the differential equation.

(i)  For there being n differentiation, the resulting equation must contain a derivative of n™ order
i.e. equal to number of independent arbitrary constant.

Illustration 3 :  Find the differential equation of all parabolas whose axes is parallel to the x-axis and having
latus rectum a.

Solution : Equation of parabola whose axes is parallel to x-axis and having latus rectum 'a' is

(y-B)Y=a(x-o)
. . . dy
Differentiating both sides, we get 2(y — ) i =a
X

Again differentiating, we get

d’y dy Y’ d’y dy Y’
= 2(y—-B) e +2(dxj = = a4 +2 i =0. Ans.

4
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Hlustration 4:  Find the differential equation whose solution represents the family : ¢ (y + ¢)*=x’
Solution : c(ytel=x (1)

Differentiating, we get, c.[2(y + c)]? =3x°
X

Writing the value of ¢ from (i), we have

2x° N dy _ 3 2x° 2x° _ 32

(y+c)’ v C)dx X = y+cy+c o
i 2x dy 2x | dy

€. —= = —|Z|=y+
-e y+c dx 3= 3[dx} yre
2x | dy

H = — — —

ence ¢ 3 [dx} y
Substituting value of ¢ i tion (i tz—xﬂ— 2yl
ubstituting value of ¢ in equation (1), we ge 3 | dx y 3T x| 5
which is the required differential equation. Ans.

Hllustration 5:  Find the differential equation whose solution represents the family : y = a cosfx + b
sinOx, where 0 = fixed constant
Solution : y = a cosBx + b sinOx, 6 = fixed constant (1)

Differentiating, we get = — Ba sinbx + Ob cosOx

dx

'y

Again differentiating, we get o —0? a cosOx — 62 b sinOx
X

2
using equation (i), we get d_}zl: 9’y Ans.
X

Do yourself - 2
Eliminate the arbitrary constants and obtain the differential equation satisfied by it.

a
i y=2x+ce* i vy= (FJ +bx (i) y=ae* +be>+c

S.  SOLUTION OF DIFFERENTIAL EQUATION :
The solution of the differential equation is a relation between the variables of the equation not containing
the derivatives, but satisfying the given differential equation (i.e., from which the given differential
equation can be derived).

Thus, the solution of d_z =¢  could be obtained by simply integrating both sides, i.e., y =e* + ¢

d x’
and that of, d_z =px+qisy= p7+ gx + ¢, where c is arbitrary constant.
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(i A general solution or an integral of a differential equation is a relation between the variables
(not involving the derivatives) which contains the same number of the arbitrary constants as the
order ofthe differential equation.

2
. . . . X . .
For example, a general solution of the differential equation G =—4xisx=Acos2t+ B sin2t

where A and B are the arbitrary constants.

(ii) Particular solution or particular integral is that solution of the differential equation which is
obtained from the general solution by assigning particular values to the arbitrary constant in the
general solution.

2
For example, x = 10 cos2t + 5 sin2t is a particular solution of differential equation e =—4x.

Note :
(i  The general solution of a differential equation can be expressed in different (but equivalent)
forms. For example
logx—log(y+2)=k ()
where k is an arbitrary constant is the general solution of the differential equation xy' =y + 2.
The solution given by equation (i) can also be re-written as

X X _ek—ec ..
log m =k or y+2_ =6 ..(11)
or x=c(y+t2) ...(1i1)

where ¢, = e* is another arbitrary constant. The solution (iii) can also be written as
yt+2=cx
where ¢, = 1/¢, is another arbitrary constant.
(i) All differential equations that we come across have unique solutions or a family of solutions.

For example, the differential equation dy +|y|=0 has only the trivial solution, i.e. y = 0.
X

The differential equation dx +|y|+¢=0, ¢>0 hasno solution.

ELEMENTARY TYPES OF FIRST ORDER & FIRST DEGREE DIFFERENTIAL
EQUATIONS :

(@) Separation of Variables :
Some differential equations can be solved by the method of separation of variables (or “variable
separable”). This method is only possible, if we can express the differential equation in the
form Ax)dx + B(y) dy=0
where A(X) is a function of 'x' only and B(y) is a function of 'y' only.
A general solution of this is given by,
JA(x) dx+ [ B(y)dy=c
where 'c' is the arbitrary constant.

ALLEN .
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. ALLEN Differential Equation & Area Under the Curve
. . . . dy 1+ y2 2
Illustration 6 :  Solve the differential equation xy i = Tl (1+x+x°).
x 14X
Solution : Differential equation can be rewritten as

1
Eén(l +y)=/nx+tan' x+ /nc= J1+y® =cxe™ ¥, Ans.
. . . . 3 23 dy 3 2.3 _
Illustration 7 :  Solve the differential equation (X" —y X )& +y +x7y =0,
. . . 3 2 3 dy 3 2.3
Solution : The given equation ( X' — y X )&er +x7y =0
Case-1 : y=0 is one solution of differential equation
Case-11 : If y # 0, then
1-y° 1+x? 1 1
=~ dy+— X dx =0 j(—f—jd j(—3+—jdx:0
y X y oy X* X
= lo X —l L+L +c
y) 2y TR
y=0 or log(ij:%[%+%J+c Ans.
y y X
. dy
Hllustration 8 :  Solve : = x-=3)(y+1)*
Solution : Case-1 : y=—1 is one solution of differential equation
Case-II : If y # —1, then
Yo 3y
dx
dy _
-[W = '[(X —3)dX
1
Integrate and solve fory: 3(y + 1) = 5 x—-3)*+C
+1“3—l 32+ C 1—l 3’ +C 3
(+ D)= G (=34 C, = yrl=| =3+ €,
_ Lo avae )
y=-lory= g(x—3) +C, | -1 Ans.

dy > X y 11
Soa+v) 1 = dy =| —+ dx
Yo Y)( +1+sz 14y ™ (x 1+X2J

Integrating, we get
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O 4

Do yourself - 3 :
Solve the following differential equations :

2dy _y(x+1)

dy . :
(i) V1+4x’dy=y’xdx (i) (taHY)d_Z =sin(x +y) + sin(x — y)

X

@

Equation of the form :
= Yy =f(ax+by+c¢),b=0

To solve this, substitute t =ax + by + ¢. Then the equation reduces to separable type in the

variable t and x which can be solved.

Hlustration 9 :

Solution :

Hlustration 10:
Solution :

d
Solve d_z =cos (x ty)—sin(x+y).

&y + in (x +
X cos (x +y)—sin (x +y)

Substituti +y=t tﬂ—E 1
ubstituting, x +y =t, we ge Ix  dx

dt
Therefore ——1=cost—sint
dx

St
dt sec Edt
o fexs |2 f&x = m
1+cost—sint t
2(1—tan2j

1—‘[21nx+y

Ans.

Solve : y'=(x +y+ 1)

y'=x+y+ 1) ....(1)
Let t=x+y+1

£:1+ﬂ
dx dx

Substituting in equation (i) we get

dad dt
—=t+l= =|dx t=x+ = +
ix J e J =>tan't=x+C=t=tan(x + C)

xty+l=tan(x+C)=>y=tan(x+C) —x -1

‘=x+c.

O

dy _

Do yourself - 4 :
Solve the following differential equations :

(y —4x)° (i) tan’(x +y)dx —dy =0

ALLEN .
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Differential Equation & Area Under the Curve

(i)

d +b,y+
Equation of the form: = LA AN AT
dx a,x+b,y+c,

b,

a'l Cl
Casel: If — =77 then

a bz ¢

Let —=—=A then a, =Aia, ... () ; b, =ib, ... (ii)

from (i) and (i1), differential equation becomes

ﬂ_ Aa,x +Ab,y +c, ﬂ_ Aa,x+b,y)+c,
dx a,x+b,y+c, = dx a,x+b,y+c,

d
or we can say, d_z = f(a,x +b,y)

which can be solved by substituting t =a x + b,y

Hlustration 11 :
Solution :

Solve : (x +y)dx+ (3x+3y—4)dy=0
Let t=x+y

= dy=dt—dx

So we get, tdx + (3t—4) (dt—dx)=0

2-t

3t—4 2
2dx + - dt=0 = 2dx-3dt+-—dt=0

Integrating and replacing t by x +y, we get

2x=3t=2[/n|2-t)[] = ¢,

=  2x-3(x+y)-2[M|2-x-y)]=c,

= x+3y+2m(2-x-y)|=c Ans.

Casell :

If a, + b, =0, then a simple cross multiplication and substituting d(xy) for xdy + ydx and
integrating term by term, yield the results easily.

Hlustration 12 :

Solution :

dy x-2y+l1

Solve 4 T ot 2y+3

dy  x-2y+l

dx 2x+2y+3

= 2xdy + 2y dy + 3dy = xdx — 2y dx + dx
= (2y+3)dy=(x+ 1) dx —2(xdy + ydx)
On integrating, we get

- j 2y +3)dy = j (x +1)dx — j 2d(xy)

) 2 X’
Solving : 'y +3y=7+X—2xy+c Ans.
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Do yourself - 5 :

Solve the following differential equations :

N ) o W XY
@ dx 2y—-4x+1 (i) dx Sx+y+3

(iii) Equation of the form :

= yfxy)dx +xg(xy)dy=0 ... (1)
The substitution xy = z, reduces differential equation of this form to the form in which the
variables are separable.

Let xy=2z L. (i1)
dy = 2| e (1it)
. . .. z xdz —zdx
using equation (ii) & (iii), equation (i) becomes —f(z)dx +xg(z)| ———|=0
X X

= Zt@)dx+g(D)dz—Zgz)dx =0 = Z{f(z)-g(x)}dx+g(z)dz=0
X X X

1 g(z)dz
= x dx+ z {f(z) — g(z)}

Hlustration 13 :  Solve y(xy + 1)dx + x(1 + xy + x%y?)dy = 0

Solution : Letxy=v
\4 xdv —vdx
X X
) ) ) \4 5[ xdv —vdx
Now, differential equation becomes = —(v+1)dx+x(1+v+v’)| ———|=0
X X

On solving, we get
Vidx—x(1 +v+v)dv=0

separating the variables & integrating we get

dx I 1 1 1 1
I X (V3 v’ VJ Y v v

= 2v’/n (XJ —2v-1=-2cv’ = 2x%¥ny-2xy-1=Kx%*  where K=-2¢

X

Do yourself - 6 :
Solve the following differential equations :
@ (y—xy)dx —(x +x%)dy=0 () y(1+2xy)dx +x(1 —xy)dy =0

ALLEN .
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(iv) Transformation to polar-co-ordinates :

Sometimes conversion of cartesian co-ordinates into polar coordinates helps us in separating
the variables.
(1 x=rcosB,y=rsin0
then x*+y*=r?
xdx + ydy = rdr
xdy — ydx = r’d6
(2) x=rsecH, y=rtan0
then x?—y*=r1?
xdx — ydy = rdr
xdy — ydx =1 sec 0 d©

dy
X+y-—
. . . dx 2 2, Y
Hlustration 14 : Solve : gy =X +2y° +=
y-x-7
dx
Solution : The given equation can be reduced to

xdx +ydy B (x2 + y2 )2

2

ydx —xdy X
Substituting x =r cos 0
y=rsin 0

rdr —(r*)’
r’d0 r’cos’0

1
we get, = I%z—jseczﬁdﬁz —P:—taneﬂz

o 1
Substituting, ——— = YiK Ans.
2(x"+y7) x

Do yourself - 7 :

Solve the following differential equations :

@i xdx + ydy = xdy — ydx (i) ydx —xdy = xy dy — x’dx

(b) Homogeneous equations :
A function f (x,y) is said to be a homogeneous function of degree n, if the substitution
X = AX, Yy = Ay, A > 0 produces the equality
[ Ox, hy) =A" f (xy)
The degree of homogeneity 'n' can be any real number.
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Hlustration 15 : Find the degree of homogeneity of function

Solution :

O fy=x+ty @) fy)=EPHy?)xt+y) (i) f(xy)=sin GJ
(@) f X Ay) =2+ Ry =12 (32 +y?) = Kf (xy)
degree of homogeneity — 2

}L3/2X3/2+7\.3/2y3/2
I AX, Ay) =
) f O hy) = =

f X, hy) =112 f (x.y)
degree of homogeneity — 1/2

(i) f(x, Ay) = sin@—i} = w’sin&] =1° f(xy)

degree of homogeneity — 0

Hllustration 16 : Determine whether or not each of the following functions is homogeneous.

Solution :

X

() f () =X —xy (i) f (xy) = —>5 (i) f (xy) = sin xy
X+y

(1) f(Ax,Ay)= A — Axy = AA(x* —xy) = A* f (x,y) homogeneous.

2
(i) f (Ax,Ay) = }L—X}z]z =M (X,y) not homogeneous.
AX+ATY
(i) f (Ax, Ay) = sin (A’xy) # A"f (X,y) not homogeneous.

@
(i)
(iii)

Do yourself - 8 :

Find the degree of homogeneity of function f (x,y) = x%n[«/x +y /4/X —y}

Find the degree of homogeneity of function f (x,y) = ax** + hx'® y' + by*?
Determine whether or not each of the following functions is homogeneous.

(2) f (%y) = fx* +2xy +3y> (b) f (x,y) = x+ ycos{ () f (x,y) =xsiny+ysinx.

(i) Homogeneous first order differential equation

: : : dy _ f(xy)
A differential equation of the form ——=
dx  g(x,y)

where f (x,y) and g(x,y) are homogeneous functions of X,y and of the same degree, is
said to be homogeneous. Such equations can be solved by substituting

y = VX,
so that the dependent variable y is changed to another variable v.
Since f (x,y) and g(x,y) are homogeneous functions of the same degree say, n, they can be

written as

J (xy) = 1, @ and  g(xy) =x'g, m .

X

ALLEN .
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Asy= hi ﬂ =V+ Xd—V
s y=vx, we have i X
The given differential equation, therefore, becomes
V+X£=fl(V) — g (v)dv :g’
dx  g(v) fiv)=vg,(v)  x
so that the variables v and x are now separable.
Note : Sometimes homogeneous equation can be solved by substituting x = vy or by
using polar coordinate substitution.
. : : . d iny+ :
Hlustration 17 : The solution of the differential equation LA - SHyTx 1s -
dx sin2y-xcosy
XZ XZ
(A) sinf’y=x siny + 7+c (B)sin2y=xsiny—7+c
x’ x’
(C)sin2y=x+siny+7+c (D)sinzy=x—siny+7+c
dy siny +x
Solution : Here, =
dx sin2y-—-xcosy
- dy siny +Xx (put si N
cosy -~ = S > ut sin y =
Yax 2 siny —x P Y
dt _ t+x fr—
= dx 2t—x (put t=vx)
xdv VX + X v+1
dx 2vx—x  2v-1
dv v+1 V+H1-2vi +v
X—— = V= —————
dx  2v-1 2v—-1
2v—-1 _dx .
or ————— dv=— on solving, we get
—2v? +2v+1 X
2
sin’y = x sin y + 7+ c. Ans. (A)
Hlustration 18 :  Solve the differential equation ( 1 + 2eX/y) dx + 2¢"” (1-x/y)dy=0.
Solution : The equation is homogeneous of degree 0.

Put x =vy, dx =vdy+ydy,
Then, differential equation becomes
(1+2e) (vdy+ydv)+2e (1-v)dy=0 = (v+2e)dy+y(1+2¢e)dv=0

ﬂ‘i‘ 1+2¢ dv=0

y v+2e'

Integrating and replacing v by x/y, we get /ny+ /n ( v+ 2¢") = /nc and x + 2 ye)dy =c

Ans.

*
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Do yourself -9 :

Solve the following differential equations :
_3Xx-y

X+ y

(i) (x—yfny+ y/nx)dx + x(/ny — /nx) dy =0
(i) Gxy+y)dx+ (x*+xy)dy=0,y(1)=1

(ii) Equations reducible to homgeneous form
dy ax+by+c b
The equation of the form ——= SR A where 2L 2L
dx a,x+b,y+c, a, 5

can be reduced to homgeneous form by changing the variable x, y to u,v as

x=uth,y=v+k
where h,k are the constants to be chosen so as to make the given equation homgeneous.
We have
dy _dv
dx du

Th fon b dv _au+byv+(ah+bk+c)

© Cquation beComes, 4~ a u+b,v+(a,h+ bk +c,)

Let hand k be chosen so as to satisfy the equation

ah+bk+c =0 (1)

ah+bk+c =0 ..(10)
Solve for h and k from (i) and (ii)

du_au+byv
Now 4y a,u+b,v
is a homgeneous equation and can be solved by substituting v = ut.

+2y+3
Hlustration 19 :  Solve dy | x+2Zy+3

dx 2x+3y+4

Solution : Putx=X+h,y=Y +k
dy X+2Y +(h+2k+3)
We have —— =
dX  2X+3Y+(2h+3k+4)
To determine h and k, we write
h+2k+3=0,2h+3k+4=0=>h=1,k=-2
So that o= 22X
oM aX T 2x+3Y
Putting Y = VX, we get
vax Y 12V 243V o dX
dX 243V 3V 10T X
2

ALLEN .
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2+\/§ 3 2—x/§ dX
2W3v-1) 23V |V T

243 2-3
= 23 log ({3 V — 8 log (\3V+1)=(-log X +¢)

2+3

2-43
23 log ({f3Y-X)- 23 log (/3 Y + X) = A where A is another constant

and X=x-1,Y=y+2. Ans.

Do yourself - 10 :

. dy _x+2y-5
@i  Solve the differential equation : dx —2x y—4

(¢) Linear differential equations :
A differential equation is said to be linear if the dependent variable & its differential coefficients

occur in the first degree only and are not multiplied together.

The n™ order linear differential equation is of the form ;

n n-1

a, (x) jx?: +a,(x) Zx“}ll o +a (x)y= ¢ (x), where a (x), a, (X) .... a (x) are called the

coefficients of the differential equation.

Note that a linear differential equation is always of the first degree but every differential equation

d’y (dy)
of the first degree need not be linear . e.g. the differential equation d }2’ + (d—yj +y’> =0 isnot
X X

linear, though its degree is 1.

Hlustration 20:  Which of the following equation is linear ?

dy 2 » dy x dy ) dy | » .
+xy’ = +y= —= +3y= = +y' =
(A) o T 1 (B) x ax Y e (0 ix 3y=xy- (D)x ™ y =sinx
Solution : Clearly answer is (B)

Hlustration 21 : 'Which of the following equation is non-linear ?

2

(A)ﬂ=cosx (B) 12 +y 0 (C)dx+dy=0 (D)x(d_yj+
dx dX

Solution : Clearly answer is (D)
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(i) Linear differential equations of first order :
The most general form of a linear differential equation of first order is ?+ Py=Q,
X
where P & Q are functions of x.
To solve such an equation multiply both sides by eI -
Pdx d Pdx
So that we get ej [d_z + PY} = er ...(1)
d J.de j J.de
—le .y |=Qe i
dx( y|=Q ...(i)
On integrating equation (ii), we get
yeIPdX = '[erpdxdx +c
This is the required general solution.
Note :
(i)  The factor ej Pé on multiplying by which the left hand side of the differential
equation becomes the differential coefficient of some function of x & v, is called
integrating factor of the differential equation popularly abbreviated as L.F.
(i) Sometimes a given differential equation becomes linear if we take y as the
independent variable and x as the dependent variable. e.g. the equation ;
(x +y+ 1)? =y’ +3 canbe written as (yz +3)% =x+y+1 which is a linear
X
differential equation.
: 2 wnly Ay
Hlustration 22 : Solve (1 +y)+(x—¢ ) = =0.
X
. . ) . ) 5 dx B
Solution : Differential equation can be rewritten as (1 + y") . +x =™V
y
% N 1 = etarfly '
or iy 1y T 1ry (1)
I%dy 4
LF=¢'" =™
. tanfly tanfly
so solution is xe™ ¥ = '[ c _° —dy
I+y
o tanfly
Let € ' =t=>_——dy=dt
I+y
xe™ ¥ = j tdt [Putting ¢™ ¥ =t]
tanfly _ tz C tan’ly_ 2tarfly
or xe ——+E = 2xe " '=e + c. Ans.
L

ALLEN .
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. ALLEN Differential Equation & Area Under the Curve
Hllustration 23 : The solution of differential equation (x*>— 1) ? +2xy =—; 7 is-
X X" —
(A) v —1) =1 1og X4 ®) y( +1)=L1og Y-
2% X+ Y ~2 %% [k
5 x—1
x’—1)==lo +C
(C) ¥( ) 2 g 1 (D) none of these
Solution : The given differential equation is
dy dy 2x 1
=L 42 xy= —= = i
(X ) dX + Xy X2 _1 = dX X2 _1 y (X2 _ 1)2 ...(1)
This is linear differential equation of the form
dy 2x 1
&+Py:Q, where P = 21 and Q = (XZT)Z
- 1F = eJ‘de _ e,.‘ZX/(XZ’I)dX _ elog(xzfl) _ (X2 _1)
multiplying both sides of (i) by L.F. = (x> — 1), we get
dy
2_1) —2+2 xy =
=1 dx w x> -1
integrating both sides we get
y(x? 1) = j S dx+C [Using : y (IF.) = jQ.(I.F.) dx +C]
1 —
= y(-1)==log |> ! +C.
2 x+1
This is the required solution. Ans.(A)
Do yourself - 11 :
Solve the following differential equations :
@) ):ﬂ= 2y +x* + 6x* + 2%, x = 0 (ii) (x—a)?+ 3y=12(x—a),x>a>0
X X
(iii) y/mydx+(x—/ny)dy=0

(ii)

Equation reducible to linear form :

d 0
The equation of the form d_z +Py=Qy", where P and Q are functions of x,
is called Bernoulli’s equation.

On dividing by y", we get y™" v, Py ™ =Q

dx
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Let y™'=t,so that iy &
€ y » SO tha (_n )y dx dx
. dt
then equation becomes = + P(1-n)t = Q(1-n)
X
which is linear with t as a dependent variable.
. . . . dy 3.6
Hlustration 24:  Solve the differential equation x ix +y=x7y .
Solution : The given differential equation can be written as
Ler 1
y dx xy
Putting yﬁ5 =v so that
s dy dv o dy 1 dv
6 6
—=—o0ry —=——— t
dx dx Y dx 5dx COEC
AW e TS5 (i)
S5dx x X X
This is the standard form of the linear deferential equation having integrating factor
,de 1
LFo el ool =—
X
Multiplying both sides of (i) by I.F. and integrating w.r.t. x
1 , 1
t v, —=|-5x".—dx
We get v e I i
v 5
x> 2
-5 _ -5 5 -2 . . . 3
=y X = EX +¢ which is the required solution. Ans.
Hlustration 25 : Find the solution of differential equation ? —ytanx =—y’secx.
X
) I dy 1 g
Solution : — —-——tanx=-secx 5
y dx vy :
1 -1 dy dv —dv :
—=V, S = S ——vtanx =—secx 5
y y- dx dx dx :
dv z
—+vtanx =secx, Here P = tan x, Q =sec x 3
dx g
J‘tanxdx 2 %
LF.=¢ = |S6C X| v [secx| = Isec xdx+c :
Hence the solution is yﬁ1 |sec x| =tan x + ¢ Ans. %
L
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Do yourself - 12 :
Solve the following differential equations :

d :
(i) y+3y=e*y? (i) xdy- {y+xy (I +/nx)}dx=0 (iii) d—z+y=y2(cosx—smx)

7. TRAJECTORIES :
A curve which cuts every member of a given family of curves according to a given law is called a
Trajectory of the given family.
The trajectory will be called Orthogonal if each trajectory cuts every member of given family at
right angle.
Working rule for finding orthogonal trajectory

1.  Form the differential equation of family of curves

2
for ﬂ or — r’do
dy/dx dx dr

2. Write —

for % if differential equation is in the polar form.

3. Solve the new differential equation to get the equation of orthogonal trajectories.

Note: A family of curves is self-orthogonal if it is its own orthogonal family.

lustration 26:  Find the value of k such that the family of parabolas y = cx” + k is the orthogonal
trajectory of the family of ellipses x* + 2y* — y = c.

Solution : Differentiate both sides of x* + 2y* — y = ¢ w.r.t. x, We get
dy dy
2x + 4 —= =
Y Y

d
or2x + (dy — 1) d_z = 0, is the differential equation of the given family of curves.

dy dx
Replacing —— i by — d_y to obtain the differential equation of the orthogonal trajectories,

we get
(1-4y) dy 4y-1
4+ - = - _ < -
2x dy 0= dx x
dx
1 m(4y—-1) /mx + lé h tant.
= &y —:>— n =1 n X + = /n a, where a is any constan
4y -1 2x 4 Y 2 2 Y
= /n(4y— 1)=2/nx+2/maor,dy—1=ax’
1 1
or,y = Zazx2 + 1 is the required orthogonal trajectory, which is of the form
o +kwhere ¢ = k= ~ A
y =cX where ¢ = -, 1 ns.
4
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2 2
Hlustration 27 :  Prove that + =1 are selforthogonal family of curves.
I+A 4+
X2 y2
lution : + =1 (i
Solution T a (@)
Differentiating (i) with respect to x, we have
X y dy .
—t+——==0
144 4+X dx (1)
From (i) and (ii), we have to eliminate A.
Now, (ii) gives
—[4){ + ydy}
dx
p=—t 2]
X+Yy dy
dx
4o (1-4)x 4= —(1-4)y(dy /dx)
X +y(dy/dx) X +y(dy/dx)
Substituting these values in (i), we get
dy dx
( ydxj( ydyj ....(111)

as the differential equation of the given family.
Changing dy/dx to —dx/dy in (iii), we obtain

d d
(X_yd_ij(Xerd_Zj:_?) (V)

which is the same as (iii). Thus we see that the family (i) as self-orthogonal, i.e., every
member of the family (i) cuts every other member of the same family orthogonally.

Do yourself - 13 :
(i  Find the orthogonal trajectories of the following families of curves :

XZ

(@ x+2y=C (b) y=Ce=>
Note :
Following exact differentials must be remembered :
xdy —ydx y J ydx —xdy X
. _ . =dl < =4/ =
(1) xdy+ydx=d(xy) (1) O (x (1it) V2 y
xdy + ydx dx +d xdy —ydx ( yj :
: —d(/nx Y _ ; =d| /n= ¢
v — (fnxy) ® d(mex+y) o) — .
ydx —xdy X xdy — ydx ydx —xdy Lx) i
I L A i Xy oydx (o ay) —d|an 2|
(vi1) Xy [ yj ((viir) 1y’ d (tan XJ (1x) 1y’ y %
:
xdx + ydy [ 2 J 1 xdy + ydx e’ | ye'dx—e'dy .
2T —d| X+ Nod] o |2XTYaR g =R 8
Xz +y2 y (Xl) Xy Xzyz (Xll) y yz §
g

e’ xe’dy —e’dx
(xiii) d [;j ===

4
m
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Hlustration 28 : Solve

n . 2 X .
y +sinx cos” (Xy) dx ( . +s1nyjdy=0.

cos’ (xy) cos” (xy)
Solution : The given differential equation can be written as;
ydx +xdy ‘ ‘
—cosz(xy) + sin x dx + sin y dy = 0.

sec” (xy) d (xy) + sinx dx + sin y dy = 0
d (tan (xy)) +d (—cosx) +d (- cosy) =0
tan (Xy) — cos X — cos y = C. Ans.

udd

Do yourself - 14 :
Solve the following differential equations :
@ xdx+ydy+4y’(x*+ y)dy = 0. () xdy-—ydx-(1-x*dx=0.

APPLICATION OF DIFFERENTIAL EQUATIONS :

(@) Mixing Problems
A chemical in a liquid solution with given concentration ¢, gm/lit. (or dispersed in a gas)
runs into a container with a rate of a_lit/min. holding the liquid (or the gas) with, possibly,
a specified amount of the chemical dissolved as well. The mixture is kept uniform by
stirring and flows out of the container at a known rate (a_ litre/min.). In this process it is
often important to know the concentration of the chemical in the container at any given
time. The differential equation describing the process is based on the formula.

Rate of change ( rate at which rate at which

of amount =| chemical |—| chemical )
in container arrives departs
Arrival rate = (conc. in) x (inflow rate) =c_xa_ 2 - inflow ate V,= initial volume

Ify(t) denotes the amount of substance in the
tank at time t & V(t) denotes the amount of mixture
in tank at that time

concentration in

Departure rate = ( j . (outflow rate)

container at time t
_y®
- V(t) : (aout)
where volume of mixture at time t, V(t) = initial volume + (inflow rate —outflow rate) x t
- VO + (ain o aout)t
Accordingly, Equation (i) becomes

dy(®) _ hermical's o ol rat Y(t)_ ol . .
it (chemical's given arrival rate) — _V( 0 (out flowrate) ... (11)
Ay _, O
dt . VO +(ain _a'out)t B

This leads to a first order linear D.E. which can be solved to obtain y(t) i.e. amount of chemical
at time 't'.

*



JEE-Mathematics ALLEN .

Hlustration 29 :

Solution :

Atank contains 20 kg of'salt dissolved in 5000 L of water. Brine that contains 0.03 kg of'salt per
liter of water enters the tank at a rate of 25 L/min. The solution is kept thoroughly mixed and
drains from the tank at the same rate. How much salt remains in the tank after halfan hour ?

Let y(t) be the amount of salt after t min.
Given y(0)=20kg

0.03ng( 25L J _0.75kg
L min. min.

rate in :(

y(®) jk_g
L

Asa_=a_,so thetank always contains 5000 L ofliquid so the conc. at time ‘t” is ( 5000

&k_gj(zsLj: y(t) kg

so  rateout= (5000 L \min) 200 min

B _ 530
dt 200
by solving as linear D.E. or variable separable and using initial condition, we get
y(t) = 150— 130 e+
The amount of salt after 30 min is
y(30) = 150 — 130 e =38.1 kg

@

Do yourself - 15 :

1
A tank initially holds 10 lit. of fresh water. At t =0, a brine solution containing ) kg ofsalt per

lit. is poured into the tank at a rate of 2 lit/min. while the well-stirred mixture leaves the tank

at the
(a)
(b)

same rate. Find
the amount and
the concentration of salt in the tank at any time t.

(b)

Exponential Growth and Decay :

In general, if y(t) is the value of quantity y at time t and if the rate of change of y with respect to

t is proportional to its value y(t) at that time, then

dy®
dt

= ky(t), where k is a constant ()

dy® _
j o0 j kdt

Solving, we get y(t) = Ae™

equation (i) is sometimes called the law of natural growth (if k > 0) or law of natural decay
(ifk <0).
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In the context of population growth, we can write

dp 1 dP
<y &y
dt of P dt

where k is growth rate divided by the population size; it is called the relative growth rate.

Hllustration 30 : A certain radioactive material is known to decay at a rate proportional to the amount
present. If initially there is 50 kg of the material present and after two hours it is observed
that the material has lost 10 percent of its original mass, find (a) an expression for the
mass of the material remaining at any time t, (b) the mass of the material after four hours,
and (c) the time at which the material has decayed to one half of its initial mass.

Solution : (@) LetN denote the amount of material present at time t.
N
S(), d— —kN=0
dt

This differential equation is separable and linear, its solution is
N = ceM ...(0)
At t=0, we are given that N = 50. Therefore, from (i), 50 = ce"® or ¢ = 50. Thus,

N = 50¢e™ ...(11)
Att=2, 10 percent of the original mass of 50kg or Skg has decayed. Hence, att =2,
N =50 -5 =45. Substituting these values into (ii) and solving for k, we have

45 = 50e* k—lé )
e’ or )
Substituting this value into (ii), we obtain the amount of mass present at any time t
as
1 ). e
N = 5065(1'110‘9)t ..... (111)

where t is measured in hours.

(b) Werequire N at t = 4. Substituting t = 4 into (iii) and then solving for N, we find
N = 502009 ko

(¢) Werequire when N = 50/2 =25. Substituting N = 25 into (iii) and solving for t, we
find

Limooy

25 =50¢2 = t=/In (%J /[% In (0.9)} hours

(¢) Geometrical applications :

d
Let P(x,, y,) be any point on the curve y = f (x), then slope of the tangent at point P is (d—i’j
(x1,y1)
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d
(1)  Theequationofthe tangentatPis y—y, = d—y (x-x,)
X
dx
x-intercept of the tangent =x —y, d_y

: dy
y-intercept of the tangent =y, —x, dx

(x—x,)

(i) The equation of normalatPis y—y, =— dy/dy)

x and y-intercepts of normal are ; x, +y1? and Y1 TX, d
X

(i) Length oftangent =PT =]y, | \/1 +(dx/ d}’)(le,yl>

(iv) Length ofnormal =PN =|y, | \/1 +(dy/ dx)?xl,yl)

(v)  Length of sub-tangent = ST =|y, [%j
y (X1, ¥1)

(vi) Length of sub-normal = SN =y, (%j
X (X1, ¥1)

(vii) Length of radius vector = /x; +y;

Do yourself - 16 :

the curve.

(i) At each point (x,y) of a curve the intercept of the tangent on the y-axis is equal to 2xy”. Find

(ii) Find the equation of the curve for which the normal at any point (x,y) passes through the origin,

Miscellaneous lllustrations :

Hlustration 31 : Solve (y log x — 1) ydx = xdy.

Solution : The given differential equation can be written as

d
x—y+y=y210gx

dx
. 5 ldy 1 1
Divide by xy” . Hence ?&+x_y_; log x
1 1 dy dv dv 1 1
Let —=V=——7%—-"=""sothat ———v=——logx
y y> dx  dx dx x X 8
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o . : : . . 1 1
(i1) is the standard linear differential equation with P = 3 Q= X log x
IF _ eJ.pdx _ eJ.—l/xdx _ l/X
The solution is given by
1 1 1 logx logx 11 logx 1
v.—= I—(——logXJdXLJ X k= 28X [ gx= 28X, .C
X X\ x X X X X X X
= v=1+logx+cx=logex+cx
1
or — =logex+cxory(logex+cx)=1. Ans.
y
d’y
Illustration 32:  For a certain curve y = f(x) satisfying e = 6x — 4, f(x) has a local minimum value 5
X
when x = 1. Find the equation of the curve and also the global maximum and global
minimum values of f(x) given that 0 <x < 2.
2
Solution : Integrating %= 6x — 4, we get ? =3x"—4x+ A
X X

When x =1, ?= 0, so that A = 1. Hence
X

d
Y ax+ 1 ()
dx

Integrating, we get y = x’ —2x> + x + B
When x =1, y =5, so that B = 5.
Thus we have y = x* — 2x* + x + 5.

From (i), we get the critical points x = 1/3, x =1

2
At the critical point x = d_}z] is negative.
X

1

3 b

Therefore at x = 1/3, y has a local maximum.
2

Atx =1, d_X}z] is positive.

Therefore at x = 1, y has a local minimum.

Also f(1) =5 f(lJ—@ f0) =5, (2)=7
so (1) =5, f] 5 |=——. 10) =5, (2) =

Hence the global maximum value = 7, and the global minimum value = 5.
Ans.
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Hlustration 33 :  Solve ? = tany cotx — secy cosX.
X
. dy
Solution : & = tany cotx — Secy CosX.
Rearrange it :
(sin x — siny)cos x dx + sin x cosy dy = 0.
Putu=siny, So, du=cosydy:
Substituting, we get
) ) du cosX
(sinx—u)cosxdx+sinxdu=0, ——uU———=-C0SX
dx sin X
The equation is first-order linear in u.
The integrating factor is
I:expj—césxdx:exp{—ln(sinx)}: —.
sin x sin x
1 .
Hence, u— :_I C?Sde:—ln|s1nx|+C,
sinx sin x
Solve foru: u=-sin x In |sin x|+ C sin x.
Put y back : siny =—sin X In |sin x|+ C sin x. Ans.
Hlustration 34 :  Solve the equation X J y(t)dt =(x+1) J ty(t)dt,x >0
0 0
Solution : Differentiating the equation with respect to x, we get
xy(x)+ l.'[y(t)dt =(x+Dxy(x)+1 .'[ty(t)dt
0 0
ie., [y(Hdt=x"y(x)+ [ty(t)dt
0 0
Differentiating again with respect to x, we get y(x) = x? y'(x) + 2xy(x) + xy(x) EE
x*dy(x 3
e, (1-3xyx) = 2®
dx !
(1-3x)dx  dy(x) . .
Le., 3 = , Integrating we get :
X y(x) i
|
Y -1/x %
Le., Yy=—3¢ Ans.
X
L
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ANSWERS FOR DO YOURSELF
1 : (@) one, two (ii) two, two (iii) one, one
2 (@) y-y=2(1-%) (i) x’y" + 2xy' — 2y =0 (iii) y" = 4y'
1 1
3 : () fny=x+/mx|+k (ii —§=Z\/1+4X2+k (iii) sec y =2 cosx + C
oy Ax+2 . '
4 : @ m—ce (i) 2(x—y)=c+sin2(x+y)
: oY 3x’
S () x+2y+/n2x—y[tc=0 (i) 7+3y—7+5xy=0
6 : (i) x=cyev (i) y=cx?e™
7 : (i) /m(x>+y>)=2tan"’ (XJ +c (ii) Vx' -y’ =sin’’ (XJ +c
X X
8 : () 3 (i) 2/3 (iii) (a) homogeneous  (b) homogeneous (c) not homogeneous
9 : () Bxty)(x-y=c, @ii) y/n (XJ —y+x/nx+cx=0 (iii) xX’y(2x +y)=3
X
10: ) xty-3=C(x—-y+1)
. x* . 3 c )
11 : @ y=?+6x2€n|x|—2x+cx2 (ii) y =2(x—a) +(x—a)3 (i) 2x /ny=/(n*y + C.
: y=—1 i X—z——zx3 z+€nx +cC . i X
12 : () (c—x)> (i) Y 3 3 (iii) ; =—sinx+ce".
13: () @ y-2x=K (y=x+K
14: @ % MmE*+y)+y'=C () y+x*+1=Cx
15: G @-5¢"%+5kg  (b) %(—e“f + 1)kt
o X_ 2 C ey 2 2
16 : () y_X+ @ x"+y =C
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EXERCISE (0O-1)

Number of values of m € N for which y = e™ is a solution of the differential equation
D3y —3D?y—4Dy + 12y =0, is DE0002
(A)O B)1 (©)2 (D) more than 2

The value of the constant 'm' and 'c' for which y = mx + ¢ is a solution of the differential equation
D%y -3Dy—4y=—4x. DE0004
(A)ism=-1;¢c=3/4 (B)ism=1;c=-3/4 (C)nosuchrealm,c (D)ism=1; c=3/4
Consider the two statements

Statement-1: y=sinkt satisfies the differential equation y"+9y=0.

Statement-2: y = et satisfy the differential equation y" +y' — 6y =0

The value of k for which both the statements are correct is

(A)-3 B)0 ©)2 (D)3 DE0005
The differential equation corresponding to the family of curves y=e* (ax+b)is
d’y ., dy d’y ,dy
A)—+2—=-y =0 B)—-2—+y =0
@ &Y B 2 T Y
d2y dy dzy dy
— 2427 4y = D)—-2—-y = DE0001
© dx?  dx y=0 D) dx?  dx y=0 000

Spherical rain drop evaporates at arate proportional to its surface area. The differential equation corresponding
to the rate of change ofthe radius of the rain drop if the constant of proportionality is K > 0, is

AE K=0 BE K=0 CE—Kr D DE0009
(A) § +K= (B) 4 —K= ©) 7y = (D) none

The x-intercept of the tangent to a curve is equal to the ordinate of the point of contact. The equation of the
curve through the point (1, 1) is

x x y y
(A) ye¥ =e¢ (B) xe’ =¢ (C) xeX =e (D) ye* =e  DE0010
Which one of'the following curves represents the solution of the initial value problem
Dy=100-y, wherey(0)=50 DE0012

y y y y
\100 ______________________ &_ . 100 100
(A) _Oi"ﬁ (B) 7%_, © 4"‘/_ (D) #
O ¢} 8}

A curve C passes through origin and has the property that at each point (x, y) on it the normal line at that

point passes through (1, 0). The equation of a common tangent to the curve C and the parabola y= = 4x is
DE0014
(A)x=0 B)y=0 OC)y=x+1 D)x+y+1=0

2
X

e

A function y=f(x) satisfies (x +1).f’ (x) -2 (x> +x) f(x) :(x+1) ,V X > —

If £(0)=5,then f(x)is

3x+5) ;2 6X+5) 2 6x+5 <2 5-6x ) 2
(A) x+1 © (B) x+1 - © (x+1)2 © (D) x+1 -

DE0015

1

ALLEN .
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10. If I ty(t)dt=x2+y (x) then y as a function of x is

1.

Xz—az Xz—az
(A)y=2-(2+a%)e ? B)y=1-(2+a?)e 2
Xz—az
(O y=2-(1+a%e 2 (D) none DE0017
EXERCISE (0-2)
One or more than one correct
d 3
The differential equation, x A o =Y DE0019
dx dl
X
(A) isoforder 1 (B) is ofdegree 2 (C) is linear (D) is non linear

A curve y=1f(x) has the property that the perpendicular distance of the origin from the normal at any point
P of'the curve is equal to the distance of the point P from the x-axis. Then the differential equation of the

curve
(A) is homogeneous.
(B) can be converted into linear differential equation with some suitable substitution.

(C) is the family of circles touching the x-axis at the origin.

(D) the family of circles touching the y-axis at the origin. DE0022
The function f(x) satisfying the equation, f2(x) +4 {'(x) . fix) +[f' (x)]>=0.
(A) fix)=c. e B) fxy=c. "
©) fx)=c. " P D) fix)=c. ¢ >V DE0021
where c is an arbitrary constant .
. . ) . ) dy 1 !
If y = f(x) is solution of the differential equation, Xz& 08 —ysin - = - 1, wherey > —1 as
X — 00, then
1 1 . 1
(A) f(x)=sin——cos (B) lim(~/(x)) = DE0027
. x 2 .1
(©) lim(~f(x)) =e (D) f'00+2x/'(x) +x2"(x) = =5 sin—
Consider the differential equation % +ytanx=xtanx+ 1. Then
X
(A) The integral curves satisfying the differential equation and given by y=x +c cos x.
T
(B) The angle at which the integral curves cut the y-axis is 1
(C) Tangents to all the integral curves at their point of intersection with y-axis are parallel.
(D) None ofthese DE0028

*

Differential Equation & Area Under the Curve



JEE-Mathematics

ALLEN
L4
EXERCISE (S-1)
(E-1)
[FORMATION & VARIABLES SEPARABLE]
State the order and degree of the following differential equations:
3 4 2 3/2
. d’x dx . d’y (dyJ
22 220t = — 2 14| 2

)] Ltz} + {dt} xt =0 (i) e [ + dx DE0029
(a) Form a differential equation for the family of curves represented by ax” + by’ = 1, where

a & b are arbitrary constants. DE0030

(b)  Obtain the differential equation of the family of circles x>+ y*+ 2gx+ 2fy +¢=0; where g, f& ¢
are arbitrary constants. DE0031

(c)  Obtain the differential equation associated with the primitive,

y=c,e*+c,e™+ce*, wherec , c,, c, are arbitrary constants. DE0032

Solve the following differential equation for Q.3 to Q.9.

10.

11.

/n(secx + tanx) dx = /n(secy + tany)

dy DE0033 4. (1-x*)(1-y)dx=xy(l+y)dy DE0034
COsX cosy

2 2
d x —1){y -1 d d
_Y+\/( I ):o DEO035 6. y-x->=a|y’ +-> DE0036
dx Xy dx dx
dy . dy _ x(@/mx+1)
dx =sin(x+y)+cos(x+y) DE0037 8. dx —siny T ycosy DE0038
(a) ﬂ+sinx Y sine—Y DE0039
dx 2 2
. dy ) T
(b) s Y Inyify=e, when x = 5 DE0040

The population P of a town decreases at a rate proportional to the number by which the population

exceeds 1000, proportionality constant being k> 0. Find

(a) Population at any time t, given initial population of the town being 2500.

(b) If 10 years later the population has fallen to 1900, find the time when the population will
be 1500.

(¢) Predict about the population of the town in the long run. DE0041

A normalis drawn at a point P(x,y) ofa curve. It meets the x-axis at Q. IfPQ is of constant length k, then

d
show that the differential equation describing such curves is, Yd—z =+Jk’ -y’ . Find the equation of such

a curve passing through (0,k). DE0043

node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheef\Differential Equation & AUC\Eng.p65



node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheef\Differential Equation & AUC\Eng.p65

. ALLEN Differential Equation & Area Under the Curve
d .
12. Giveny(0)=2000 and d_z =32000 —20y” | then find the value of Limy(x). DE0045
13. Let f{x) is a continuous function which takes positive values for x >0 and satisfy J.f (t)dt = x/f(x) with
0
1
f(1) = . Find the value of £ (V2 +1). DE0046
(E-2)
[HOMOGENEOQOUS]
2
. WX ey DE0048
dx <2+ yz
2.  The perpendicular from the origin to the tangent at any point on a curve is equal to the abscissa of the
point of contact. Find the equation of the curve satisfying the above condition and which passes through
(1, D). DE0055
3. (x-ydy=(xt+ty+l)dx DE0049
dy x+2y-3
L e DE0050
2(y +2)°
s, Yy 2+ DE0053
dx x+y-1
(E-3)
[LINEAR]
1 ﬂ + - = 1 DE0058
) dx 1+X2y 2x(1+x%)
»dy - 2\172
2. (l—x)d—+2xy—x(1—x) DE0059
X
3. (a) Findthe curve such that the area of the trapezium formed by the co-ordinate axes, ordinate of an
arbitrary point & the tangent at this point equals halfthe square of'its abscissa. DE0065
(b) A curveinthe first quadrant is such that the area of the triangle formed in the first quadrant by the x-
axis, a tangent to the curve at any of'its point P and radius vector ofthe point P is 2sq. units. If the
curve passes through (2,1), find the equation of the curve. DE0065
4. x(x—l)% -(x=2)y=x(2x-1) DE0060
X
. dy
5. sinx — +3y=cosx DE0061
dx
2 dy _ 2y 4 3
6. x(x +l)d——y(1—x)+x . Inx DE0062
X
4
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7.

8.

10.

11.

12.
13.

ALLEN
L4
X ay _ y =2 x? cosec 2x DE0063
dx
(1 +y?) dx=(tan"'y —x)dy DE0064
Find the differentiable function which satisfies the equation f(x) = —If (t)tan tdt + Itan(t —x)dt where
X € (—n/2, /2) DE0067
y —x Dy =b(1 + x*Dy) DE0068
dy R
2d—X—ysec X=ytanx DE0070
x>y —x3 —==y*cos x DE0071
y(2xy +e ) dx —e*dy=0 DE0072
(E-4)
(GENERAL - CHANGE OF VARIABLE BY A SUITABLE SUBSTITUTION)
(x—y?) dx+2xydy=0 DE0074 2. (X*+ty’+2)dx+2ydy=0 DE0075
y dy tany
xa +y Iny = xye* DE0076 4. dx d+x = (1+x)e*secy DE0077
dy e 1 dy _ y'—x
a "2 X DE0078 6. dx 2y (x+1) DE0080
d
dy_ ey (e*— ¢) DE0082 8. (C+y)FL=6x DE0083
dx dx
EXERCISE (S-2)
(MISCELLANEOUS)
d
dy —yIn2 =25 (cosx — 1)In2, y being bounded when x — + 0. DE0084
ydx—xdy  dx , given that y=2 whenx= 1. DE0086

x-y)  2Jl-x

1
Find the integral curve of the differential equation, x (1 —x ﬁny) + y=0which passes through [ j

Let f(x) be a differentiable function and satisfy f{0) =2, f(0) = 3 and "(x) = f(x). Find
(a)  therange ofthe function f{x)

(b) the value ofthe function when x = In2

(c) theareaenclosed by y=f(x) in the 2™ quadrant

DE0088

DE0095
DE0095
DE0095

Show that the curve such that the distance between the origin and the tangent at an arbitrary point is equal

tan~

+ ly
to the distance between the origin and the normal at the same point, /x* +y”> =ce” X

DE0096

Find the curve possessing the property that the intercept, the tangent at any point ofa curve cuts off on the

y-axis is equal to the square ofthe abscissa of the point of tangency.

DE0097
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. ALLEN Differential Equation & Area Under the Curve
EXERCISE (JM)
Solution of the differential equation cos x dy = y(sin x — y)dx, 0 <x < g is: [AIEEE-2010]
(1)secx=(tanx+c)y (2)ysecx=tanx+c¢
(3)ytanx=secx+c¢ (4)tanx=(secxtc)y DE0137
d
If d—z =y+3>0andy(0) =2, then y(In 2) is equal to :- [AIEEE-2011]
(1) 13 (2)-2 3)7 45 DE0098
Let I be the purchase value ofan equipment and V(t) be the value after it has been used for t years. The

dv(t)

value V(t) depreciates at a rate given by differential equation

= —k(T - t), where

k > 0 is a constant and T is the total life in years of the equipment. Then the scrap value V(T)

of the equipment is :- [AIEEE-2011]
k(T-1)’ I kT?

(HI —(T) (2) ekT (3) T2 - X 41— DE0099

The curve that passes through the point (2, 3), and has the property that the segment of any tangent to

it lying between the coordinate axes is bisected by the point of contact, is given by : DE0100
[AIEEE-2011]

x Y ’ 6
M @ +@ =2 @2y-3x=0 @) y=> ()0 +y2 =13

Consider the differential equation y*dx + (x —ley =0. Ify(1) =1, then x is given by :
y

[AIEEE-2011]
1 1 1 1

(1) 1_§+% (2) 4%7% 3) 3_§+% (4) 1+§_eey DE0101
The population p(t) at time t of a certain mouse species satisfies the differential equation
% = 0.5 p(t) — 450. If p(0) = 850, then the time at which the population becomes zero is :

[AIEEE-2012]
(1) In18 (2)2In18 (3) In9 4) % In18  DE0102

At present a firm is manufacturing 2000 items. It is estimated that the rate of change of production P w.r.t.

. . dP
additional number of workers x is given by e 100 —12v/x . If the firm employs 25 more workers, then

the new level of production ofitems is : [JEE (Main)-2013]
(1) 2500 (2) 3000 (3) 3500 (4) 4500 DE0103
Ifthe surface area of a sphere of radius r is increasing uniformly at the rate 8cm?/s, then the rate of change
ofits volume is : [JEE-Main (On line)-2013]
(1) proportional to r? (2) constant

(3) proportional to r (4) proportional to Jr DE0104
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10.

11.

12.

13.

14.

15.

16.

. . . o dy_ Y
Consider the differential equation 2(xy? —x2)

Statement 1 : The substitution z = y* transforms the above equation into a first order homogenous
differential equation.

yZ

Statement 2 : The solution of this differential equation is y’e * =C.

(1) Statement 1 is false and statement 2 is true. (2) Both statements are true.

(3) Statement 1 is true and statement 2 is false. (4) Both statements are false. DE0105
[JEE-Main (On line)-2013]

1
If a curve passes through the point (2, 9 and has slope [1 - ;j at any point (X, y) on it, then the

ordinate of the point on the curve whose abscissais —2 is : [JEE-Main (On line)-2013]
5 5 3 3
(1)- 5 (2) 5 3) ~3 4) 5 DE0106
The equation of the curve passing through the origin and satisfying the differential equation
d

(1+x? d_z +2xy=4x* is: [JEE-Main (On line)-2013]

(H(A+x)y=x 2)30+x*)y=4x> @B)3(1+x)y=2%x 4 (1 +x)y=3%x]
DE0107

Let the population of rabbits surviving at a time t be governed by the differential equation % = %p(t) -200.

Ifp(0) = 100, then p(t) equals : [JEE(Main)-2014]

(1) 400 — 300 e2 (2) 300 — 200 e 2 (3) 600 — 500 e2 (4) 400 — 300 e 2
DE0108

d
Let y(x) be the solution of the differential equation (x log x) d_z +y=2xlogx, (x>1).

Then y(e) is equal to : [JEE(Main)-2015]
(1)2 (2) 2¢ (3)e 4)0 DE0109
Ifa curve y=1(x) passes through the point (1,—1) and satisfies the differential equation, y(1 +xy) dx =x dy, then
f(—%j is equalto: [JEE(Main)-2016]
2 2) -2 3) - 42 DE0110
(1) 2) (3) )3
If (2+sinx)?+(y+1)cosxzo and y(0) = 1, then y(g) is equal to :- [JEE(Main)-2017]
X
1 i 2 l 3 —% 4 —l DEO111
(1) 5 @) 5 (3) -3 4) -3
Let y = y(x) be the solution of the differential equation sin x % +ycosx=4x,x € (0, n). If y(gj =
0, then y(%) is equal to : [JEE(Main)-2018]
1) 2 ) S 3)2p 4y == pEOLL2
() g™ 2) -y B)—ym 4) 93T

ALLEN .
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. ALLEN Differential Equation & Area Under the Curve
17. Ify=y(x)is the solution of the differential equation, Xﬂ +2y = x° satisfying y(1)=1, then y(%j is equal
dx
to : [JEE(Main)-2019]
7 13 49 1
(1) P (2) I (3) 16 4) 1 DE0138
8 &3 o1 xe[_“ j dY[ JJ th y[—ﬁj ls:  [JEE(Main)-2019
. x| cosx y o’ %’ 33 an 4 )~ 3 then 4 | equals : [ (Main)- ]
1 1 _4 1, e
(1) 3 +e (2) 3 3) 3 4) 3 +e DEO114
19. The curve amongst the family of curves, represented by the differential equation,
(x2 —y?)dx +2xy dy = 0 which passes through (1,1) is : [JEE(Main)-2019]
(1) Acircle with centre on the y-axis
(2) Acircle with centre on the x-axis
(3) An ellipse with major axis along the y-axis
(4) Ahyperbola with transverse axis along the x-axis DEO115
. . ) ) . dy 2x + 1 oy 1,
20. Ify(x)is the solution of the differential equation ™ + y =¢e*, x>0, where y(l) = 5¢
X X
then: [JEE(Main)-2019]
1
(1) y(x) is decreasing in (0, 1) (2) y(x) is decreasing in (5, 1)
log_ 2
(3) y(log,2) = % @) y(log, 2) = log, 4 DE0139
21.  Lety=y(x) be the solution of the differential equation, (x* + 1)2 ? +2x(x” +1)y =1 suchthat y(0) =0.
X
If \/gy(l) = 3% , then the value of'a'is : [JEE(Main)-2019]
1 1 2 L 3 1 4)1 DE0140
(1) 5 @)+ 3 (4)
22. Consider the differential equation, y’dx + (x —ley =0. Ifvalue of yis 1 when x = 1, the the value of
y
x for whichy =2, is : [JEE(Main)-2019]
1) L4 23 e 3) 24— 4y -+
M) 3+ @) 5-e () 3+ (4)5~J; Deowt
4




EXERCISE (JA)

Let fbe a real valued differentiable function on R (the set of all real numbers) such that f(1) = 1. If the
y-intercept of the tangent at any point P(x,y) on the curve y =f(x) is equal to the cube of the abscissa of P,
then the value of f{—3) is equal to [JEE 2010,3]

DE0142
(@ Letf:[1,0) >[2,0) be a differentiable function such

that f(1) =2. If 6Jf(t)dt =3x f(x)—x’ forall x> 1, then the value of f(2) is [JEE 2011, 4]
1

DE0120

(b) Let y'(x) + y(x)g'(x) = g(x)g'(x), y(0) =0, x € R, where f'(x) denotes d dxX) and g(x) is a

glven non-constant differentiable function on R with g(0) = g(2) = 0. Then the value of y(2)

is [JEE 2011, 4]

DEO121

If y(x) satisfies the differential equation y' — ytanx = 2x sec x and y(0) = 0, then [JEE 2012, 4M]
A y(EJ— il B y[Z)-X C y(EJ—n—Z D) ¥ (nJ dn 2
WY 3)Tn @Y ©Y )Ty oYIETs

DE0122

Let f: {— 1} — R (the set ofall real numbers) be a positive, non-constant and differentiable function

1 1
such that f'(x) <2f(x) and f [Ej =1 Then the value of I f(x)dx lies in the interval
1/2

[JEE(Advanced) 2013, 2M]

e—1
(A) 2e — 1, 2¢) B)(e-1,2¢-1) ©) [— c— 1) (D) [0’ Tj DE0123
A curve passes through the point [1, gj Let the slope of the curve at each point (X, y) be

tan sec(zj, x>0 . Then the equation of the curve is [JEE(Advanced) 2013, 2M]

X X
DE0124

. 1
(A s1n[%j=logx+5 (B) cosec( J logx+2 (C) sec(2 ) logx+2 (D) cos[ﬁjzlongté
X

The function y = f(x) is the solution of the differential equation
JS
dy xy x* +2x

dx 21 \/l— in (—1,1) satisfying f(0) = 0. Then _f fx)dx is [JEE(Advanced)-2014, 3(-1)]

(A) E—% (B) g—g (C) %—? (D) %—? DE0126

Consider the family of all circles whose centers lie on the straight line y = x. If this family of circles is

represented by the differential equation Py" + Qy' + 1 =0, where P,Q are functions of x,y and y' (here

2
y'= jy ,y" j }2] ), then which of the following statements is (are) true? [JEE 2015, 4M, —2M]
(A)P=y+x B)P=y—x , DE0128
COP+Q=1-x+y+y+(y) DP-Q=x+y-y-()

JEE-Mathematics ALLEN .
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8.

10.

11.

12.

13.

14.

Let f : (0, ) — R be a differentiable function such that f'(x)=2- /&) for all x e (0,00) and f(1)

# 1. Then [JEE(Advanced)-2016, 4(-2)]
(A) hmf( j (B) lim Xf( j

x—0" x—0"

(©) lim x 2f'(x)=0 (D) |f(x)| <2 for all x € (0,2) DE0130

x—07"

-1
If y = y(x) satisfies the differential equation 8v/x (\/ 9++/x )dy = ( 449+ Jx ) dx, x>0

and y(0) = J7, then y(256) = [JEE(Advanced)-2017, 3(-1)]
(A) 80 (B)3 (C) 16 (D)9 DE0131
If f : R > R is a differentiable function such that f'(x) > 2f(x) for all x € R, and f(0) = 1, then
[JEE(Advanced)-2017, 3(-2)]
(A) f(x) > ™ in (0,00) (B) f(x) is decreasing in (0,00)
(C) f(x) is increasing in (0,0) (D) f'(x) < ™ in (0,00) DE0132
Let f: R — Randg: R — R be two non-constant differentiable functions. If f'(x) = (v '(X)fg(x)))g'(x) for
allx e R, and f(1)=g(2)=1, then which ofthe following statement(s) is (are) TRUE ? DE0133
[JEE(Advanced)-2018, 4(-2)]
(A) f2)<l-log2  (B)f(2)>1-log2 ©)g)>1-log2  (D)gl)<l-log2
f(x)sint— f(t)sinx

Let f : (0, 1) = R be a twice differentiable function such that ltl_{lxl — =sin’x for

allx € (0, m). If f (%j = —%, then which of the following statement(s) is (are) TRUE ?
[JEE(Advanced)-2018, 4(-2)]

(A) f( j il (B) f(x)<%—x2 for all x e (0, n)

(C) There exists a € (0, m) such that f'(a)=0 D) f "( j +f ( j DE0134

Let f : R — R be a differentiable function with f(0) = 0. If y = f(x) satisfies the differential equation

? =(2+5y)(5y—2), thenthe value of lim f(x) is . [JEE(Advanced)-2018, 3(0)]
X X—>—00

DE0135

Let I denote a curve y = y(x) which is in the first quadrant and let the point (1, 0) lie on it. Let the
tangent to I" at a point P intersect the y-axis at Y ,. IfP'Y, has length 1 for each point P on I, then which

of the following options is/are correct ? [JEE(Advanced)-2019, 4(-1)]
1++/1-x2
(1) y=10ge[T}— 1-x (2) xy'-\1-x* =0
1++41-x>
(3) y=—log, {+—X}+ 1-x 4) xy'+Vl-x*> =0 DE0136
X
4

Differential Equation & Area Under the Curve
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ANSWER KEY

DIFFERENTIAL EQUATION
EXERCISE (O-1)

C 2. B 3. A 4. B 5. A 6. A
7. B 8. A 9. B 10. A

EXERCISE (0-2)
1. ABD 2. ABD 3. CD 4. ABD 5. AB,C
EXERCISE (S-1)
(E-1)
[FORMATION & VARIABLES SEPARABLE]
1. (i) order 2 & degree 3 (ii) order 2 & degree 2

dzy dsz dy 2 y d’y . .dy
. e 0 A + (V). " = 6—+11 -6y =0
1
3. lnz(secx + tanx) — lnz(sec y +tany) = c¢ 4. Inx(l- y)2 = C_E y2 -2y + Exz
5. WJxP-l-sec'x+4y’-1=c 6. y=c(l-ay)(x+a)
7. ln{lﬂanxzy}zﬂc 8. ysiny=lenx+c
9. (@) in tan% =c—25in§, (b) y= e

10. (a) P = 1000 + 1500e * where k=%ln[3j (b) T =10 log,,(3) ; (¢c) P = 1000 as t—o0

11. X+y =k 12. 40 13. 1/4
(E-2)
[HOMOGENEOUS]

1 _1X+2y
1. cx—-y)?PE+xy+y)=exp {—tan , where exp x = e*
V3 x+/3

2y +1 1
2. x2+y2—2x=0 3. arc tan 2Z+l=lnc\/X2+y2+X+y+§
—ZtanlyJr2
4. (x+y-2)=c(y-x)° 5. e TP =c(y+2)
L 2
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. ALLEN Differential Equation & Area Under the Curve
(E-3)
[LINEAR]
; 1 1 . - 1 J1+x2 -1
1. yvl+x =c+zln tanaarctanx . Another formis yv1+x =C+Eln—
X
2. y=c(-x)+1-x’ 3. (a) y=clEx; (b) xy=2
= 2(x2 ! 3 X _ X
4. yEx-1)=x*(x*-x+c¢) S. §+y tan 5—c+2tan5—x
6. 4x*+1)y+x3(1-2Mmx)=cx 7. y=cx+xintanx
8. x=ce®™™+arctany-— 1 9. cosx-—1 10. y(1+bx)=b+cx
1 x r 33 =1 X — 2
11. — =-1+(c+x)cot E+Z 12. x’y~=3sinx+c 13. y'e*=c—x
y
(E-4)
1. y+xlnax=0 2. y=3x-6x—-x*tce*+4 3. xlny=e(x—1)+c
4. siny=(e*+c)(1+x) 5. cx*>+2xe¥=1
6. Y =—1+(X+1)lnL 0rx+(x+1)lnL 7. e'=c.exp(-e") te -1
x+1 x+1

8. y=3mx*ty+3)+C

EXERCISE (S-2)

. sin”' x y _m_,

1. y=2™ > +x—y_z_ 3. x(ey+tlmy+1)=1
4 @00 @335 6 ymex-x

EXERCISE (JM)
1. 1 2. 3 3. 4 4. 3 5 4 6. 2 7. 3
8 3 9. 2 10. 3 11. 2 12. 1 13. 1 14. 1
15. 2 16. 2 17. 3 18. 1 19. 2 20. 2 21. 2
22. 4

EXERCISE (JA)
1. 9 2. (a) Bonus;(b) 0 3. AD 4. D 5. A 6. B
7. B,C 8. A 9. B 10. AC 11. B,C 12. BCD 13. 04
14. 14
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AREA UNDER THE CURVE

1. AREA UNDER THE CURVES:

(a)

(b)

(o)

(d)

Area bounded by the curve y = f(x), the x-axis and the ordinates at x = a and
b
X =b is given by A = _[ ydx , where y = f (x) lies above the x-axis

and b > a. Here vertical strip of thickness dx is considered at distance x.

If y = f (x) lies completely below the x-axis then A is negative and

b
we consider the magnitude only, i.e. A = Iy dx
c b
If curve crosses the x-axis at x = ¢, then A = I ydx [+ I ydx

Sometimes integration w.r.t. y is very useful (horizontal strip) :

v
y=b
. . dy#
Area bounded by the curve, y-axis and the two abscissae at y_y

b
y=a &y =bis written as A=dey.

> X

Note : Ifthe curve is symmetric and suppose it has 'n' symmetric portions, then total area =n (Area of
one symmetric portion).

T
Hllustration 1 : Find the area bounded by y = sec? x, x = PR

Solution :

& X-axis

w3

/3

S S S L
Armmmded—In/6ydx—In/6sec xdx =[tanx] —tan3—tang—\/§—\/§—\/§sq.umts.

n/6

Hllustration 2 : Find the area in the first quadrant bounded by y=4x% x=0,y=1and y=4.

Solution :

4
1|2
Required area = fx dy='|‘l4§ dy = E[Eym} Y
1
= 1[43/2_ 1] =l[8 _ 1]
3 3

= g = 2§sq.units.
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. ALLEN Differential Equation & Area Under the Curve

Illustration 3 : Find the area bounded by the curve y = sin2x, x-axis and the lines x = g and x = 3n
/2 3n/4

4
Solution : Required area = _[ sin 2xdx + ‘[ sin 2xdx| = (_ Coszzxj N (_ cogzzxj

/4 /2 n/4 /2 V\

i /2 3n/4
! . X
5(0+(—1))‘ =1 sq. unit l \J

/2 3n/4

~ —%[—1—01+

Do yourself - 1 :
(i) Find the area bounded by y = x> + 2 above x-axis between x =2 & x = 3.

(ii) Using integration, find the area of the curve y =+/1—x> with co-ordinate axes bounded in

first quadrant.

(iii) Find the area bounded by the curve y = 2cosx and the x-axis from x =0 to x = 2.

(iv) Find the area bounded by the curve y = x|x|, x-axis and the ordinates x = —% and x=1.

2. AREA ENCLOSED BETWEEN TWO CURVES : y vi=fx)

(a) Area bounded by two curves y = f (X) & y = g(x) ﬁ
- Ney=glx)

such that f (x) > g(x) is

O] x X2 >X

A= [y -y,)dy
A= [1£(0) - g(x)]dx

X X1=f(y)

(b) In case horizontal strip is taken we have

Y, X,=g(v)
A= [ (x,—x,)dy :

Y1

A= [ ) -y

(¢) Ifthecurvesy, = f(x)andy, = g(x) intersect at x = ¢, then required area ¥

A= [(g() - F0)dx+ [ (f(x) - g())dx = [| £(x) — g(x)]dx

Note : Required area must have all the boundaries indicated in the problem.
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Hlustration 4 : Find the area bounded by the curve y = (x — 1

ordinates x = 0 and x = 3 and x-axis

) (x = 2) (x — 3) lying between the

Solution : To determine the sign, we follow the usual rule of change of sign.

y=+ve forx>3

y=-ve for2<x<3

y=+ve forl<x<2 Y4

C
y=-ve forx<I. B b
’ ! 2 3 0 {mﬂh%\mﬂ% >X
[Iylax=] Iyldx+] Tyldc+[ Jy|dx E
1 2 3 ?(0, -6)
= '[0 —ydx+'[1 ydx+j2 —ydx
Now let F(x) =] (x—1) (x-2) (x=3) dx =] (* = 6x>+ 1 1x— 6) dx = %x4—2x3+ %x2—6x.
9 9
F0)=0,F(1) == 7. F2)=-2.F3)=—-—..
: 3 :

Hence required Area =— [F(1) — F(0)] + [F(2) - F(1)]-[F(3) - F(2)] = 2Z sq.units.
Illustration 5:  Compute the area of the figure bounded by the straight lines x = 0, x =2 and the curves

y=2%y=2x—x.

2
Solution : The required area = '[0 (y, -y, dx R(2,4)
2 2 x 2 T
wherey, =2%and y, = 2x — x* = J.O (2" =2x+x)dx NS D
2 Q
2 et (A3 4 G a0

“lm2 " 730 ] Um2 T 73) 2 W2 3 S4UMSO M(2.0)
Hlustration 6 :  Compute the area of the figure bounded by the parabolas x =—2y?% x =1 — 3y~
Solution : Solving the equations x = -2y x = 1 — 3y?, we find that ordinates of the points of

intersection of the two curvesasy, =—1,y, = 1.
The points are (-2, —1) and (-2, 1).

The required area
1 1
2 (=x) gy = 2 [, [1-3y*) —(-2y*)ldy

Y

=2 J.Ol (1-y>)dy=2 {y - = 3 s$qg.units.

Y

=l 1-3y2
WHWWMR
JMJ/HJMW 1
‘ﬁﬂﬂﬂﬂ 1

X

3 1

3 :|0
Do yourself - 2 :
({) Find the area bounded by y = Jx andy=x.
(ii)

(iii) Find the area of the region bounded by the curves x =

Find the area bounded by the curves x = y* and x = 3 — 2y~

2,x=2,y=logxandy=2".
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3. CURVE TRACING :

The following procedure is to be applied in sketching the graph of a function y = f(x) which in
turn will be extremely useful to quickly and correctly evaluate the area under the curves.

(a) Symmetry : The symmetry of the curve is judged as follows :

(i) If all the powers of y in the equation are even then the curve is symmetrical about the
axis of x.

(ii) If all the powers of x are even, the curve is symmetrical about the axis of y.

(iii) If powers of x & y both are even, the curve is symmetrical about the axis of x as well
asy.

(iv) If the equation of the curve remains unchanged on interchanging x and y, then the
curve is symmetrical about y = x.

(v) If on interchanging the signs of x & y both, the equation of the curve is unaltered then
there is symmetry in opposite quadrants.

(b) Find dy/dx & equate it to zero to find the points on the curve where you have horizontal
tangents.

() Find the points where the curve crosses the x—axis & also the y—axis.

(d) Examine if possible the intervals when f(x) is increasing or decreasing. Examine what happens
to ‘y’ when x — o or — .

Hllustration 7 :  Find the area of a loop as well as the whole area of the curve a’y* = x? (a’> — x?).

Solution : The curve is symmetrical about both the axes. It cuts x-axis at (0, 0), (—a, 0), (a, 0)

Area of a loop = 2J.;ydx= 2joa§\/a2 —x*dx

Y
L oo 12 2 %
ST A e e T o

2 .
Total area =2 x 3 a’= 3 a’sq.units.

Hllustration 8 :  Find the whole area included between the curve x%y* = a*(y* — x?) and its asymptotes.
Solution : (i)  The curve is symmetric about both the axes (even powers of x & y)
(i) Asymptotes are x =+a

A=4'a[ydx J
0

T ax X=—a dx|x=a X
= 4| ———dx
'([ — / \\

a
=4al—/a’ —x’

0

= 432
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Hlustration 9 :
Solution :

Find the area bounded by the curve xy* = 4a*(2a—x) and its asymptote.

(1)  The curve is symmetrical about the x-axis as it contains even powers of y.
(i1) It passes through (2a,0).

(1i1) Its asymptote is x = 0, i.e., y-axis.

2a—Xx

dx

v A=2Tydx=22f2a
0 0 X

Put x = 2a sin’0

(2a,0) X

/2
A=1le6a’ '[ cos’ 6d0

A 0

=4na’

4. IMPORTANT POINTS :
(a) Since area remains invariant even if the co-ordinate axes are shifted, hence shifting of

origin in many cases proves to be very convenient in computing the area.

Hlustration 10 :

Solution :

Hlustration 11 :

Solution :

Find the area enclosed by [x — 1| + |y + 1| = 1.
Shift the origin to (1, —1). V2

X=x-1 Y=y+1 (¢1,0) (1,0)
X|+[Y]=1 N
(0,-1)

Area =./2 x+/2 =2 sq. units

Find the area of the region common to the circle x> + y*> + 4x + 6y — 3 = 0 and the
parabola x? + 4x = 6y + 14.
Circleis x> +y*+4x + 6y -3 =0

= x+2)P+(y+3)?2=16

Shifting origin to (-2,-3).

X2+Y?*=16

equation of parabola — (x + 2)? = 6(y + 3)
= X*=6Y

Solving circle & parabola, we get X =+ 243

Hence they intersect at (—2\/5,2) & (2\/5,2)

A= 2ﬁ\/6_YdY+i\/16—Y2dY}

2 » [1 16 . , Y| (43 16n .
=2 —\/g Y3/2 +| =Y 16—Y2 +—s1n’1— =| —— +——[sQ. units
{3 [ }o [2 2 4H { 3 j a

5 3

Do yourself : 3
(i) Find the area inside the circle x>-2x + y* — 4y + 1 = 0 and outside the ellipse
x*-2x+4y*~16y+13= 0

ALLEN .
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. ALLEN Differential Equation & Area Under the Curve
(b) Ify=f(x)is a monotonic function in (a, b), then the area bounded by the ordinates at x = a,
x=b,y=f(x)and y= f (c) [where ¢ € (a, b)] is minimum when ¢ = ath
Proof : Let the function y = f (x) be monotonically increasing. AV y=/x)
Required area A =j[ F(e)— F(x)]dx + T[ - fonx / 4
For minimum area, ((11—? =0 ) O]  x=a X=Cx=b &

Hlustration 12 :

Solution :

= [fe)c+fle)=f'(©a—-f(O]+[=f(c)=f'(c).b+ fi(c).c+ f(c)] =0

-, f'(c){c—a;b}ﬂ

a+b
= = (v f'(©)#0)

Find the value of'a' for which area bounded by x = 1, x=2, y=6x? and y=f(a) is minimum.
Letb=f (a). y=6x

Ya '
~—y=fla)
2 i :

A= j(b —6x2)dx+j(6x2 —b)dx =|bx —2x°| +[2x’ ~ bx
1 a

| x+ai s
x=1 x=2

&
<

=8a%>— 18a>+ 18

o dA
For minimum area & =0

= 24a>-36a=0 = a=1.5

d
Alternatively, y = 6x* = d—z =12x

Hence y = f (x) is monotonically increasing. Hence bounded area is minimum when

Do yourself - 4 :

T
(i) Find the value of 'a' (0 <a < 5) for which the area bounded by the curve f (x) = sin’x + sinx,
y = f(a) between x =0 & X =7 is minimum.

(d) The area bounded by a curve & an axis is equal to the area bounded by the inverse of that
curve & the other axis, i.e., the area bounded by y = f (x) and x-axis (say) is equal to the area
bounded by y = f~ !(x) and y-axis.

*
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Hllustration 13 : If y = g(x) is the inverse of a bijective mapping f : R — R, f (x) = 6x° + 4x* + 2x, find

Solution :

the area bounded by g(x), the x-axis and the ordinate at x = 12.

fx) =12 4
= A 2x=12 = x=1 R ot %
i ‘ y=g[x)
J g(x)dx = area of rectangle OEDF — J f(x)dx A(0,1) B
0 0
»X
0 F1,00 (12,0

1
—1x12- j(6x5 +4x> +2x)dx = 12— 3 =9 sq. units.
0

(i)

Do yourself - 5 :

Find the area bounded by the inverse of bijective function f (x) = 4x* + 6x, the x-axis and
the ordinates x = 0 & x = 44.

S.  USEFUL RESULTS:

(a)
(b)
(c)
(@)

(e)

Whole area of the ellipse, x*/a*> + y?/b?> = 1 is mab sq.units.
Area enclosed between the parabolas y* = 4 ax & x> = 4 by is 16ab/3 sq.units.
Area included between the parabola y* = 4 ax & the line y = mx is 8 a%/3 m’ sq.units.

The area of the region bounded by one arch of sin ax (or cos ax) and x-axis is 2/a sq.units.

b
Average value of a function y = f(x) over an interval a <x <b is defined as : y(av) :bL _[ f(x)dx.

Miscellaneous Illustration :

Hllustration 14 : Find the smaller of the areas bounded by the parabola 4y?> — 3x — 8y + 7 = 0 and the

Solution :

ellipse x*> + 4y —2x — 8y + 1 = 0.
C,is 4(y* —2y) =3x -7 I

or  Ay—12=3x-3=3(x-1) .. (i) / TN
! :

1L,372)
L

Above is parabola with vertex at (1, 1)
C,is (x*—2x) +4 (y* —2y) =1

or (x—1y+4(y—-1yY=-1+1+4
x—1)° ~1)°

( - ) & g ) _
Above represents an ellipse with centre at (1, 1). Shift the origin to (1, 1) and this will
not affect the magnitude of required area but will make the calculation simpler.

M
1-3/2)

or

I (i)

Thus the two curves are
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Differential Equation & Area Under the Curve

Hllustration 15 :
Solution :

Hlustration 16 :

Solution :

Required area =2(A + B) = 2UY1dX +.[Y2dX}
= 2{&]‘1&@( +Iz—V 4-X° dX} ={£+2_n} sq.units.
2 70 L) 6 3

Find the area bounded by the regions y > \/x , x> —\/§ & curve x* + y? = 2.

Common region is given by the diagram x=—\y
If area of region OAB = A C =
then area of OCD = A A yox

Because y =,/x & x= —\/§
will bound same area with x & y axes respectively. N

y=x =¥ =x o 1 )&

X =—\/§ = x* =y and hence both the curves are

symmetric with respect to the line y = x
2

Area of first quadrant OBC = %= g (v r=2)

T

Area of region OCA = —~— A

\S]

T T
Area of shaded region = (E —A)tA =5 $qg.units.

Find the equation of line passing through the origin & dividing the curvilinear triangle
with vertex at the origin, bounded by the curves y =2x —x* y=0 & x = 1 in two parts of
equal areas.

Area of region OBA = L)l (2x —x%)dx

2
TTATASA S

Let pt. C has coordinates (1, y)

1 1

AreaofAOCB=E>< 1 ><y=§
_2
773

C has coordinates (l, %j

o
Line OC has slope m = m=§

: : : 2
Equation of line OCisy=mx = y = 3%
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Illustration 17 : The area bounded by y = x* + 1 and the tangents to it drawn from the origin is :-
(A) 8/3 sq. units (B) 1/3 sq. units (C) 2/3 sq. units (D) none of these

Solution : The parabola is even function & let the equation of tangent is y= mx
Now we calculate the point of intersection of parabola & tangent
mx=x>+1
X-mx+1=0 = D=0 Q| AL
> m-4=0 > m==£2
Two tangents are possible y = 2x & y = —-2x oo, 0
Intersection of y=x*+ 1 & y=2xisx=1 & y=2
1 1
. 1 :
Area of shaded region OAB Z'[(y2 —y,)dx = '[((xz +1)-2x)dx = 354 units
0 0
, 1)_2 :
Area of total shaded region = 2 3 = 3 84 units
Hlustration 18 : Find the area bounded by x-axis and the curve given by x = asint, y = acost for 0 <t <.
b b 2 m 2 . TE 2 2
Solution : Area = J‘y%.dt = jacost(acost)dt = a—J‘(l +cos2t)dt = 2ty sin2¢_ a—|7'c| -
Ydat 29 2 ) 2
Alternatively,
m m 2| 2 . 2
Area =J.xﬂ.dt = Iasint(—asint)dt -2 I(cosZt —1)dt| = a|_smat_ . _rma
0 dt 0 2 0 0 2

ANSWERS FORDO YOURSELF

ALLEN .

1:

(i)

@
@
@

23—5 sq. units (ii) g $g. units. (iii) 8 sq. units.
% sq. units (i) 4 sq. units (iiii) 41;;/25 ;
21 sq. units

T

4

60 sq. units.

3
(iv) g $q.units

3
——log2 +5 sq. units
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. ALLEN

EXERCISE (0-1)
[SINGLE CHOICE OBJECTIVE TYPE]

The area bounded in the first quadrant by the normalat (1,2) onthe curve y*=4x, x-axis & the
curve is given by :

(A) 10 (B) 7 ©) 4 (D) 2 AU0001
3 3 3 2
Let 'a' be a positive constant number. Consider two curves C,: y=¢*,C, : y=¢* X Let S be the area of

the part surrounding by C,, C, and the y-axis, then Lim % equals
a—>0 g

(A) 4 (B) 172 (C)0 (D) 1/4 AU0003

The area of the region(s) enclosed by the curves y =x? and y=+/ | X | is
(A) 173 (B)2/3 ©) 1/6 D)1 AU0004
Area enclosed by the graph of the functiony =In’>x — 1 lying in the 4t quadrant is

: : @) ol
(A) 2 ®) (C)2[ e+ (D) ~ ] Auooos

The area bounded by the curve y = f{x) (where f(x) >0) , the co-ordinate axes & the line x =X, is given
by x,. ¢*'. Therefore f(x) equals :

(A)e* (B) xe* (C) xe*—e* (D) xe*+e*  AU0006
The slope ofthe tangent to a curve y=f(x) at (x, f(x)) is 2x+1. If the curve passes through the point
(1, 2) then the area of the region bounded by the curve, the x-axis and the line
x=11is
5 6 1
(A) — B) - ©) — (D) 1 AU0007
6 5 6
The area bounded by the curves y=x (x —3)? and y=x is (in sq. units) :
(A) 28 (B) 32 ©€) 4 (D) 8 AU0008
Area of the region enclosed between the curves x =y?> — 1 and x=y| ,/1— y2 is
(A1 (B)4/3 (C)2/3 (D)2 AU0009

The curve y=ax? +bx + ¢ passes through the point (1, 2) and its tangent at origin is the line y= x. The area
bounded by the curve, the ordinate of the curve at minima and the tangent line is

1 1 1 1
A o ®) © 3 D) ¢ AU0010

*

Differential Equation & Area Under the Curve
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EXERCISE (0-2)
[SINGLE CHOICE OBJECTIVE TYPE]
The area bounded by the curve y = x ¢ ™*; xy = 0 and x = ¢ where c is the x-coordinate of the curve's
inflection point, is
(A)1-3¢e7? (B) 1 —2¢72 (C)1-¢2 (D)1 AU0011

A function y = f(x) satisfies the differential equation d_y —y=cos X —sin x, with initial condition that y is
X

bounded when x — co. The area enclosed by y = f(x), y = cos x and the y-axis in the 1! quadrant

1
(A) 2 -1 B) {2 €)1 D) 73 AU0012

If the area bounded between x-axis and the graph of y = 6x — 3x? between the ordinates x=1and x = a
is 19 square units then 'a' can take the value

(A)dor-2 (B) two values are in (2, 3) and one in (-1, 0)
(C) two values one in (3,4) and one in (—2,—1) (D)none of these AU0013
[MULTIPLE OBJECTIVE TYPE]

Let T be the triangle with vertices (0, 0), (0, c?) and (¢, ¢?) and let R be the region betweeny = cx and
y = x? where ¢ > 0 then

3 3
(A)Area(R)= o (B) AreaofR = 3
Area (T 3
c—0" Area(R) c—0" Area(R) 2
x% -1
Suppose f is defined from R — [-1, 1] as f(x) = — ") where R is the set of real number. Then the
X

statement which does not hold is

(A) f is many one onto

(B) f increases for x > 0 and decrease for x <0

(C) minimum value is not attained even though f is bounded

(D) the area included by the curve y = f(x) and the line y= 1 is 7t sq. units. AU0015

Which of the following statement(s) is/are True for the function
f(x)=(x—1)*(x—2) + 1 defined on [0, 2]?

5]
(A) Range of fis 27 |-

52
(B) The coordinates of the turning point of the graph of y = f(x) occur at (1, 1) and (g ) 2—7J .

23
(C) The value of p for which the equation f(x) = p has 3 distinct solutions lies in interval (2—7 ) IJ .

7
(D) The area enclosed by y = f(x), the lines x =0 and y =1 as x varies from 0 to 1 is TE AU0017
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. ALLEN Differential Equation & Area Under the Curve
7. Let f(x)=2—|x— 1| & g(x) = (x— 1)*, then -
7 7
(A) area bounded by f(x) & g(x) is 3 (B) area bounded by f(x) & g(x) is 3 AU0019
.5 .5
(C) area bounded by f(x), g(x) & x-axis is 3 (D) area bounded by f(x), g(x) & x-axis is 5
8.  IfA, denotes area of the region bounded by the curves C, : y = (x— 1)e", tangent to C, at(1,0) & y-axis
and A, denotes the area of the region bounded by C, and co-ordinate axes in fourth quadrant, then -
AU0021
(A)A,>A, (B)A, <A, (C)2A,+A,=2 (D)A, +2A,=4
9.  Areabounded by the curve y = cotx, x = g andy =0 is- AU0023
n/4 T T 1 1 .4
A) | tan (— — xj dx (B) =—|[tan"'xdx C) 1- | tan™" xdx (D) | tan™' xdx
(A) j ; ®) j ( j j
EXERCISE (S-1)
1.  Find the areabounded on the right by the line x +y = 2, on the left by the parabola y=x? and below by the
X-axis. AU0026
2. Find the area of the region {(x,y) : 0<y<x*+1,0<y<x+1,0<x<2}. AU0027
3.  Find the area of the region bounded by curves f{x) = (x —4)?, g(x) = 16 —x? and the x-axis. ~ AU0028
Find the area bounded by the curves y =.,/1-x?> and y = x*— x. Also find the ratio in which the y-axis
divided this area. AU0030
5.  Ifthe area enclosed by the parabolas y=a—x2?and y=x?is 18+/2 sq. units. Find the value of 'a’. AU0031
6.  Consider two curvesC, 1y = " and C, : y=Inxon the xy plane. Let D, denotes the region surrounded
by C,, C, and the line x = 1 and D, denotes the region surrounded by C,, C, and thelinex = a. If D, =
D,. Find the value of 'a'. AU0033
7.  Find the area enclosed between the curves : y =log_(x+¢), x=1log,(1/y) & the x-axis. AU0034
8.  Find the positive value of"a' for which the parabola y = x? + 1 bisects the area of the rectangle with vertices
(0,0), (a, 0), (0,a%+ 1) and (a, a%+1). AU0036
9.  Find the value of 'c' for which the area of the figure bounded by the curve, y = 8x? — x>, the straight lines
x =1 & x=c & the abscissa axis is equal to 16/3. AU0038
10. The figure shows two regions in the first quadrant.

Y m P(t, sin t%)
il
< < d ‘H?(?)‘H X
Oly: !
A(t) is the area under the curve y= sin x? from 0 to t and B(t) is the area of the triangle with vertices O, P
and M(t, 0). Find Lim A . AU0041
t—-0 B(t)

*
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ALLEN .
EXERCISE (S-2)

Compute the area ofthe region bounded by the curves y=e. x. Inx & y=Inx/(e. x) where ln e=1.

AU0042
Find the area bounded by the curve y=x e ; xy =0 and x = ¢ where c is the x-coordinate of the curve's
inflection point. AU0045
Consider the curve y =x" where n> 1 in the 1% quadrant. Ifthe area bounded by the curve, the x-axis and the
tangent line to the graph of y=x" at the point (1, 1) is maximum then find the value of n. AU0046

Inx—-c

Show that the area bounded by the curve y= , the x-axis and the vertical line through the maximum

point of the curve is independent of'the constant c. AU0048
Let 'c' be the constant number such that ¢ > 1. Ifthe least area of the figure given by the line passing through the
point (1, ¢) with gradient 'm' and the parabola y= x? is 36 sq. units find the value of (c* + m?). AU0051
For what values ofa e [0, 1] does the area of the figure bounded by the graph of the functiony = f(x) and the

straight lines x=0, x=1 & y="1{a) is at aminimum & for what values it is at a maximumiff{x) =+/1—x?> . Find

also the maximum & the minimum areas. AU0054
EXERCISE (JM)

The area bounded by the curves y = cos x and y = sin x between the ordinates x = 0 and x =?n is :-

[AIEEE-2010]

(1)42 -2 (2) 42+ 2 (3)42-1 (4) 442 + 1 AU0085

1
The area of the region enclosed by the curves y=x,x=e,y= " and the positive x-axis is:- AU0056
[AIEEE-2011]

3 5 1
(1) 5 Square units (2) 5 square units 3) 5 square units (4) 1 square units
The area bounded by the curves y? = 4x and x2 = 4y is :- [AIEEE-2011]
32 16 8
(Ho (2) 3 3) 3 4) 3 AU0057

The area bounded between the parabolas x* = % and x2 = 9y, and the straight line y =2 is :
[AIEEE-2012]

(1) 1042 (2) 2042 3) % ) % AU0058

The area (in square units) bounded by the curves y = v/x, 2y —x+ 3 =0, x-axis and lying in the first quadrant

is: [JEE (Main)-2013]
27

(19 (2) 36 (3) 18 4) 2 AU0059

The area bounded by the curve y = In(x) and the lines y=0, y =In (3) and x = 0 is equal to :
[JEE-Main (On line)-2013]

(1)3in(3) -2 2)3 3)2 (4) 3In(3) +2
AU0060
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. ALLEN Differential Equation & Area Under the Curve
7.  The area ofthe region (in sq. units), in the first quadrant, bounded by the parabolay = 9x* and the lines
x=0,y=1andy=4,is :- [JEE-Main (On line)-2013]
(1)7/9 (2) 14/3 (3) 14/9 (4)7/3 AU0061
8.  The area under the curve y = [cos x — sin x|, 0 <x < g , and above x-axis is : AU0062
[JEE-Main (On line)-2013]
(1) 22 (2) 242 +2 (3)0 422 -2
9. Letf:[-2,3] > [0, ©) be a continuous function such that f (1-x) = f (x) for all x € [-2, 3].
If R, is the numerical value of the area of the region bounded by y = f(x), x = -2, x = 3 and
3
the axis of x and R, = j x f(x)dx , then : [JEE-Main (On line)-2013]
-2
(1) 2R =3R, (2)R, =R, (3) 3R, = 2R, (4) R, = 2R, AU0063
10. The area of the region described by A= {(x,y) : x? +y?<land y2< 1 —x} is:
[JEE(Main)-2014]
n 4 n 4 T 2 T 2
(D) 54‘5 (2) 573 3) 573 4) 54‘5 AU0064
11. The area (in sq.units) of the region {(x, y) : y2>2x and x + y2 <4x,x >0, y > 0} is :-
q
[JEE(Main)-2016]
n 22 4 8 NG
(1) 33 ) 3 (3) = 3 4) n-— AU0065
12. The area (in sq. units) of the region {(x,y} : x>0, x+y<3, 2 <dyandy<1++/x }is:
[JEE(Main)-2017]
5 59 3 7
(1) 5 (2) B (3) > 4) 3 AU0066
13. Let g(x) = cos x?, f(x) = x and a, B (a0 < B) be the roots of the quadratic equation
18x% — 91tx + 72 = 0. Then the area (in sq. units) bounded by the curve y = (gof) (x) and the lines
x=0o,x=pandy =0 is- [JEE(Main)-2018]
1 1 1 1
(1) E(ﬁﬂ) ) E(ﬁ—ﬁ) 3) E(ﬁ—l) (4) E(ﬁ—l) AU0067
14. The area (in sq. units) bounded by the parabola y = x2 — 1, the tangent at the point (2, 3) to it and the
y-axis is : [JEE(Main)-2019]
14 56 8 32
(1) 3 (2) 3 (3) 3 4) 3 AU0068
15. Theareaoftheregion A= [(x,y) :0<y<x[x|+land -1<x< 1:| in sq. units, is :
[JEE(Main)-2019]
2 1 4
(1 - 2) = (3)2 4) = AU0069
3 3 3
16. The area (in sq. units) of the region bounded by the parabola, y = x2 + 2 and the lines,
y=x+1,x=0andx=3,is: [JEE(Main)-2019]
15 15 21 17
(1) ” (2) EY 3) > (4) 2 AU0086
4
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The area (in sq. units) of the region A= {(x, y) : X< y<x+2}is [JEE(Main)-2019]
10 9 31 13
(1) 3 (2) ) 3) r3 4) " AU0087
The area (in sq. units) of the region bounded by the curves y = 2*and y = |x + 1], in the first quadrant
is: [JEE(Main)-2019]
1 LA 2 : loge 2+ ) 4 )
(1) g2 @) 5 (3) logo 2+ “) 3 AU0071

If the area (in sq. units) of the region {(x,y) : Y2 <4x,x +y<1,x>0,y>0} is av/2 +b, thena—b
isequalto : [JEE(Main)-2019]

(1) g (2) ? (3) 6 (4) —% AU0072

EXERCISE (JA)

(a) Let the straight line x = b divide the area enclosed by y = (1 — x)>, y = 0 and x = 0 into

two parts R,(0<x<b)d and R,(b<x<1) such that R, —R, :%. Then b equals

3 1 1 1
(A) rl (B) 5 ©) 3 (D) Y AU0077
(b) Let f:[-1,2] — [0,00) be a continuous function such that f(x) = f(1-x) for all x € [-1,2].
2
Let R, = I xf(x)dx , and R, be the area of the region bounded by y = f(x), x=1, x=2, and

-1

the x-axis. Then - [JEE 2011, 3+3]
(A) R, = 2R, (B) R, = 3R, (C) 2R, = R, (D) 3R, =R, Au0078

The area enclosed by the curve y = sinx + cosx and y = |cosx — sinx| over the interval {0, g} is

(A) 42 -1) (B) 242(2-1)  [JEE(Advanced) 2013, 2M]
(©) 2(v2 +1) (D) 2422 +1) AU0079

6
Let F(x)= '[ 2cos’ tdt forallx e Rand f: [O,%} — [0,00) be a continuous function. For a € [0,%},

if F'(a) + 2 is the area of the region bounded by x =0, y =0, y = f(x) and x = a, then f(0) is AU0080
[JEE 2015, 4M, -0M]
If the line x = o divides the area of region R = {(x, y) e R : X’ <y <x, 0 <x < 1} into two equal

parts, then [JEE(Advanced)-2017, 3(-2)]

(D)2 - 40’ +1=0

N | —

1
(A) 5 <a<l B)o'+4a’-1=0 (C)0<a<
AU0081
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. ALLEN

S.

Let f : [0, ©) — R be a continuous function such that f(x)=1-2x+ Ie“f(t)dt
0

for all x € [0, o). Then, which of the following statement(s) is (are) TRUE ?
(A) The curve y = f(x) passes through the point (1, 2) [JEE(Advanced)-2018, 4(-2)]

(B) The curve y = f(x) passes through the point (2, —1)
n—2
4

(C) The area of the region {(x, y) € [0, 1] x R : f(x)<y<~I1-x"} is

-1
(D) The area of the region {(x, y) € [0, 1] x R : f(x)<y<+1-x*1}is nT AU0082

A farmer F has a land in the shape of a triangle with vertices at P(0, 0), Q(1, 1) and R(2, 0). From this
land, a neighbouring farmer F, takes away the region which lies between the side PQ and a curve of the
form y =x"(n> 1). If the area of the region taken away by the farmer F, is exactly 30% of the area of

APQR, then the value ofnis . [JEE(Advanced)-2018, 3(0)]
AU0083

The area of the region {(x, y) : xy < 8, 1 <y < x’} is [JEE(Advanced)-2019, 3(-1)]

14 14 7
(1) 810ge2—? (2) 1610ge2—? (3) 16log2 — 6  (4) 810ge2—§ AU0084

Differential Equation & Area Under the Curve
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ANSWER KEY
AREA UNDER THE CURVE

EXERCISE (O-1)
A 2. D 3. B 4. B 5. D 6. A 7. D 8. D
A

EXERCISE (0-2)
A 2. A 3. C 4. AC 5. ACD 6. BCD 7. BC 8. BC
A,B

EXERCISE (S-1)
5/6sq. units 2. 23/6squnits 3. 64 4. %z—: 5. a=9 6 ¢
2 sq. units 8. 43 9. C=-lor(s-+17) 10.273

EXERCISE (S-2)
(2-5)/4esqunits 2. 1-3¢2 3. /2+1 4. 112 5. 104
a=1/2 gives minima,A(%j =3\/§2—n ; a=0 gives localmaximaA(O)=1—§;
a=1 gives maximum value , A(1) = /4

EXERCISE (JM)
1 2. 1 3. 3 4. 4 5. 1 6. 3 7. 3 8. 4
4 10. 1 11. 3 12. 1 13. 4 14. 3 15. 3 16. 2
2 18. 1 19. 3

EXERCISE (JA)
(a) B; (b) C 2. B 3. 3 4. AD 5 BC 6. 4 7. 2
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