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. ALLEN

FUNDAMENTALS OF MATHEMATICS

NUMBER SYSTEM :

Natural Numbers : (N) = {1, 2, 3....0}

Whole Numbers : (W) = {0, 1, 2, 3.....0}

Integers : (I) = {-—oo,........ -3,-2,-1,0, 1, 2, 3.....00}
Positive Integers : (I') = {1, 2, 3 ... o}

Negative Integers : (I') = {—oo, .... -3, -2, -1}
Non-negative Integers : {0, 1, 2, 3........ }
Non-positive Integers : {—o, .... -3, -2, —1, 0}
Even Integers = {...—6, 4, -2,0,2,4,6 ..}

Odd Integers = {-5, -3, -1, 1,3, 5 ...... }

Note :
(i)  Zero is neither positive nor negative. (i) Zero is even number.
(i)  Positive means > 0. (iv) Non-negative means > 0.

FRACTION (BJ :

q
(@) Proper Fraction = %: N' <D’ (b) Improper Fraction= % :N">D"
2
. . 3 3
(¢) Mixed Fraction : 2+g (d) Compound Fraction : 5
6
() Complex Fraction : 2l (f) Continued Fraction : 2+ 2 >
3 2+—
+eeree
This is usually written in the more compact
1
24— — e
form 2+ 2+

RATIONAL NUMBERS Q) :
All the numbers that can be represented in the form p/q, where p and q are integers and q # 0,

are called rational numbers. Integers, Fractions, Terminating decimal numbers, Non-terminating but

repeating decimal numbers are all rational numbers. Q = {gip, qeland q = 0}

Note :

(i) Integers are rational numbers, but converse need not be true.
(i) A rational number always exists between two distinct rational numbers, hence infinite rational

numbers exist between two rational numbers.
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10.

IRRATIONAL NUMBERS (Q°) :

There are real numbers which can not be expressed in p/q form. Non-Terminating non repeating
decimal numbers are irrational number e.g. /2, /5, /3, 3/10; e, n.

e = 2.71 is called Napier's constant and © ~ 3.14
Note :

(i)  Sum of a rational number and an irrational number is an irrational number e.g. 2 + NE)

(i) Ifae Qandb ¢ Q, then ab = rational number, only if a = 0.
(ii))  Sum, difference, product and quotient of two irrational numbers need not be an irrational number

or we can say, result may be a rational number also.
REAL NUMBERS (R) :

The complete set of rational and irrational number is the set of real numbers, R = Q U Q. The
real numbers can be represented as a position of a point on the real number line.

COMPLEX NUMBERS. (C) :

A number of the form a + ib, where a, b € R and i = /-1 is called a complex number. Complex
number is usually denoted by z and the set of all complex numbers is represented by

C={(x+iy):x,yeR i=+-1}

NcwclcQeRe(C

EVEN NUMBERS :

Numbers divisible by 2, unit's digit 0, 2, 4, 6, 8 & represented by 2n.

ODD NUMBERS :

Not divisible by 2, last digit 1, 3, 5, 7, 9 represented by (2n + 1)

(a) even £ even = even

(b) even + odd = odd

(¢) odd £ odd = even

(d) even x any number = even number

(¢) odd x odd = odd

PRIME NUMBERS :

Let 'p' be a natural number, 'p' is said to be prime if it has exactly two distinct positive integral
factors, namely 1 and itself. e.g. 2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31 .....
COMPOSITE NUMBERS :

A number that has more than two divisors

Note :

(i '1' is neither prime nor composite.

(i) '2'is the only even prime number.

(i) '4' is the smallest composite number.

(iv) Natural numbers which are not prime are composite numbers (except 1)
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11.

12.

13.

14.

15.

CO-PRIME NUMBERS/ RELATIVELY PRIME NUMBERS :

Two natural numbers (not necessarily prime) are coprime, if their H.C.F. is one

e.g. (1, 2), (1, 3), (3, 4) (5, 6) etc.

Note :

(i) Two distinct prime number(s) are always co-prime but converse need not be true.
(i) Consecutive natural numbers are always co-prime numbers.

TWIN PRIME NUMBERS :

If the difference between two prime numbers is two, then the numbers are twin prime numbers.
e.g. {3,5}, {5 7}, {11, 13} etc.

NUMBERS TO REMEMBER :

Number | 2 3 4 5 6 7 8 9 (10|11 |12 |13 |14 |15 |16 |17 | 18 | 19 | 20

Square 4 9 16 | 25| 36 | 49 | 64 | 81 | 100|121 (144|169 196 225|256 | 289 | 324 | 361 | 400

Cube 8 | 27 | 64 [125] 216|343 | 512|729 [1000|1331|1728|2197]|2744(3375|4096]4913(5832]|6859(8000
Sq.Root [1.41|1.73| 2 [2.24|2.45(2.65(2.83| 3 |3.16
Note :

(i)  Square of a real number is always non negative (i.e. x° > 0)
(i)  Square root of a positive number is always positive e.g. Ja =2

(i) x2 =K

DIVISIBILITY RULES :
Divisible by Remark.
2 Last digit of number is 0, 2, 4, 6 or 8
3 Sum of digits of number divisible by 3 (Remainder will be same when number
is divided by 3 or sum of digits is divided by 3.)
4 Number formed by last two digits divisible by 4 (Remainder will be same whether
we divide the number or its last two digits)
5 Last digit 0 or 5

Divisible by 2 and 3 simultaneously.

8 Number formed by last three digits is divisible by 8 (Remainder will be same whether
we divide the number or its last three digits)

9 Sum of digits divisible by 9. (Remainder will be same when number is divided
by 9 or sum of digit is divided by 9)

10 Last digit 0

11 (Sum of digits at even places) — (sum of digits at odd places) = 0 or divisible by 11

LCM AND HCF :

(a) HCEF is the highest common factor between any two or more numbers or algebraic expressions.
When dealing only with numbers, it is also called "Greatest common divisor" (GCD).

(b) LCM is the lowest common multiple of two or more numbers or algebraic expressions.

(¢) The product of HCF and LCM of two numbers (or expressions) is equal to the product of

the numbers.
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16. FACTORIZATION :
Formulae :
(@ (axtbyl=a+2ab+b=(a 3z b=+ 4ab
(b) a’—b’ = (atb) (a-b)
e Ifa’—b>=1thena+ b= !
a—-b
1
For example : Sece—tanezm or \/§+\/_: \/gi\/i
(c) (atb)y’ =a’ + b’ + 3ab(atb)
(d) (a-b)’ =a’-b’ — 3ab (a-b)
(e) a’ +Db’ = (a+b) (a™ab+ b’) = (a + b)’ — 3ab(a+tb)
(H a- b’ =(ab) (a’+ab+ b’ =(a—b) + 3ablab)
(g (@a+b+c)y=a+b +c +2ab+2bc+ 2ca
h) a*+b’+c-3abc=(a+b+c) (@ +b*+c®-ab-bc-ca)
1
= E(a +b+o{@a-b’+®d-0+(c-a?}
i) @+b+cl=a’+h’+*+3@+Db)( +c) (c +a)
G) a'+a’+1=@+1’-a’=10+a+a)(d-a+a2a)

17.

18.

19.

20.

CYCLIC FACTORS :

If an expression remain same after replacing a by b, b by ¢ & c by a, then it is called cyclic expression

and its factors are called cyclic factors. e.g. a(b — c) + b(c — a) + c(a — b)

REMAINDER THEOREM :

. n n—1 n—2 . o . . . .
If a polynomial a x" + ax™ + ax"~ +...+a_is divided by x—p, then the remainder is obtained

by putting x = p in the polynomial.

FACTOR THEOREM :

A polynomial a x" + ax""' + ax"*+...+a is divisible by x—p, if the remainder is zero
polyn: ! ) 3 n Yy X

ie. if ap” +a2p“’l+...+an= 0 then x — p will be a factor of polynomial.

RATIO AND PROPORTION :

(a)

£2-S% 4 ~a+b_c+d d ~a-b_c-d dividendon:
b g then: — d (componendo); b 4 (dividendo);
a+b c+d

. a_b b_d
1-b c—d (componendo and dividendo); . d (alternendo); 2 (invertendo)
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. a_c_e_ _ ha+d,c+Ase.. here L I b
(b) b d o Abtdd 4 Al where A A A ... are real numbers
1
a_c_°¢ : a"+c"+e" |
¢c) If—=—=—==..... » then each ratio = | ——————
© b d f (b“ +d" +f“j

21.

22,

a_c_
Example : b d

INDICES AND SURDS

Important Results :

1. axaxax.. xa(mtimes)=am™ 2. a"xa'=am™"
3. am - an — am—n 4. (am)n — amn

w1 x)  x"
o el o (-

a y y

7. (xy)"=x"y" 8. 1x=x"";n22,neN
9. a'=1
10. a*=a"=x=yora=lora=0ifx>0 & y>0
11. a*=b*=a=borx=0 12. a”1= (ar)Va = (a9

13, (x)°# x¥ but=x* e.g. (2°)?=2°=64 & 2% =2°=512
INTERVALS :

Intervals are basically subsets of R. If there are two numbers a, b € R such that a < b, we can

define four types of intervals as follows :
(@) Open interval : (a, b) = {x : a < x < b} ie. end points are not included.
(b) Closed interval : [a, b] = {x : a < x < b} i.e. end points are also included.
This is possible only when both a and b are finite.
(c) Semi open or semi closed interval : (a, b] = {x : a<x <b};[a, b)={x:a<x<b}
(d) The infinite intervals are defined as follows :
1 (a,0)={x:x>a} (i) [a, ) = {x:x > a}
(i) (—o0, b) = {x : x < b} (iv) (-o0, b] = {x : x < b}
(V) (0,00 =R
Note :
(i  For some particular values of x, we use symbol { } e.g. [fx=1,2 we can writeitas x € {1, 2}

(i)  If there is no values of x, then we say x € ¢  (null set)

*
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23. BASIC CONCEPTS OF GEOMETRY :
(A) BASIC THEOREMS & RESULTS OF TRIANGLES :
(@ Two polygons are similar if (i) their corresponding angles are equal, (ii) the length of their

corresponding sides are proportional. (Both conditions are independent & necessary)
In case of a triangle, any one of the conditions is sufficient, other satisfies automatically.

(b) Thales Theorem (Basic Proportionality Theorem) : In a triangle, a line drawn parallel to
one side, to intersect the other sides in distinct points, divides the two sides in the same ratio.
Converse : If a line divides any two sides of a triangle in the same ratio then the line must be
parallel to the third side.

(¢) Similarity Theorem :

(1)  AAA similarity : Ifin two triangles, corresponding angles are equal i.e. two triangles are
equiangular, then the triangles are similar.
(i)  SSS similarity : If the corresponding sides of two triangles are proportional, then they
are similar.
(iii) SAS similarity : Ifin two triangles, one pair of corresponding sides are proportional and
the included angles are equal then the two triangles are similar.
(iv) Iftwo triangles are similar then
(I)  They are equiangular
(2) The ratio ofthe corresponding (I) Sides (all), (I) Perimeters, (III) Medians,
(IV) Angle bisector segments, (V) Altitudes are same (converse also true)
(3)  The ratio of the areas is equal to the ratio of the squares of corresponding
(D Sides (all), (IT) Perimeters, (II1) Medians, (IV) Angle bisector segments,
(V) Altitudes (converse also true)

(d) Pythagorastheorem :

(i) Inaright triangle the square of hypotenuse is equal to the sum of square of the other two
sides.
Converse : In a triangle if square of one side is equal to sum of the squares of the other
two sides. then the angle opposite to the first side is a right angle.

A
(i) In obtuse A AC?=AB? + BC?+2BC . BD
D B C
A
(i) In Acute A AC? = AB? + BC2 — 2BC . BD
T C

(e)  The internal/external bisector of an angle of a triangle divides the
opposite side internally/externally in the ratio of sides containing

the angle (converse is also true) i.e. AB = BD_BE

AC DC CE
()  The line joining the mid points of two sides of a triangle is parallel & half of the third side. (It's
converse is also true)

.
~
.
.~
.
.~
.~
.
.
N
.
“~
N
.
.~
.
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(h)

@

)

(i)  The diagonals of a trapezium divided each other D ~—
. , . AE_BE ’ Q
proportionally. (converse is also true) i.e. EC_ED F. \
(i)  Any line parallel to the parallel sides of a trapezium divides the non parallel sides
. DG_CF
proportionally i.e. ‘=" =n

(iii) Ifthree or more parallel lines are intersected by two transversals, then intercepts made by
them on transversals are proportional.

In any triangle the sum of squares of any two sides is equal to twice the square

of half of the third side together with twice the square of the median

2
which bisects the third side. i.e. AB? + AC? = 2(%BCJ + 2 (AD)?

=2(AD? + BD?)

In any triangle the three times the sum of squares of the sides of a triangle is equal to four times
the sum of the square of the medians of the triangle.

The altitudes, medians and angle bisectors of a triangle are concurrent among themselves.

(B) BASIC THEOREMS & RESULTS OF CIRCLES :

(@)
(b)
(©)

Concentric circles : Circles having same centre.

Congruent circles : Iff their radii are equal.

Congruent arcs : Iff they have same degree measure at the centre.

Theorem 1 :

(i)  Iftwo arcs of a circle (or of congruent circles) are congruent, the corresponding chords
are equal.

Converse : If two chords of a circle are equal then their corresponding arcs are congruent.

(i)  Equal chords of a circle (or of congruent circles) subtend equal angles at the centre.
Converse : If the angle subtended by two chords of a circle (or of congruent circles) at
the centre are equal, the chords are equal.

Theorem 2 :

(i)  The perpendicular from the centre of a circle to a chord bisects the chord.
Converse : The line joining the mid point of a chord to the centre of a circle is perpendicular
to the chord.

(i)  Perpendicular bisectors oftwo chords of a circle intersect at its centre.

Theorem 3 :

(i)  There is one and only one circle passing through three non collinear points.

(i) If two circles intersects in two points, then the line joining the centres is perpendicular
bisector of common chords.

Theorem 4 :

(i)  Equal chords of a circle (or of congruent circles) are equidistant from the centre.
Converse : Chords of a circle (or of congruent circles) which are equidistant from the
centre are equal.

*
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(i)  Iftwo equal chords are drawn from a point on the circle, then the centre of circle will lie
on angle bisector of these two chords.
(i) Ofany two chords of a circle larger will be near to centre.

Theorem S : g
(i)  The degree measure of an arc or angle subtended by an arc at the A i

centre is double the angle subtended by it at any point of alternate
segment.

< /3
(i)  Angle in the same segment of a circle are equal. (y‘\\

(iii) The angle in a semi circle is right angle.

Converse : The arc of a circle subtending a right angle in alternate
segment is semi circle.
Theorem 6 :
Any angle subtended by a minor arc in the alternate segment is acute and any angle subtended
by a major arc in the alternate segment is obtuse.
Theorem 7 :
Ifa line segment joining two points subtends equal angles at two other points lying on the same
side of the line segment, the four points are concyclic, i.e. lie on the same circle.
Cyclic Quadrilaterals :
A quadrilateral is called a cyclic quadrilateral if its all vertices lie on a circle.
Theorem 1 :
The sum of either pair of opposite angles of a cyclic quadrilateral is 180°
OR
The opposite angles of a cyclic quadrilateral are supplementary.
Converse : If the sum of any pair of opposite angle ofa quadrilateral is 180°, then the quadrilateral
is cyclic.
Theorem 2 : D C
Ifaside ofa cyclic quadrilateral is produced, then the exterior angle is equal
to the interior opposite angle. i.e. ZCBE = ZADC
Theorem 3 :
The quadrilateral PQRS formed by angle bisectors of a

cyclic quadrilateral is also cyclic.
Theorem 4 :

Iftwo sides of a cyclic quadrilateral are parallel then the remaining two sides are
equal and the diagonals are also equal. i.e. AB| |1CD < AC = BD & AD =BC
OR

A cyclic trapezium is isosceles and its diagonals are equal.

Converse : If two non-parallel sides of a trapezium are equal, then it is cyclic.
OR
An isosceles trapezium is always cyclic.

ALLEN .

node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TENEng\O1 Logarithm.p65



node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TENEng\O1 Logarithm.p65

. ALLEN Logarithm ||} R

Theorem S :
The bisectors of the angles formed by producing the opposite sides of a cyclic quadrilateral
(provided that they are not parallel), intersect at right angle.
(C) TANGENTS TO A CIRCLE :
Theorem 1 :
A tangent to a circle is perpendicular to the radius through the point of contact.
Converse : A line drawn through the end point of a radius and perpendicular to it is a tangent to the

circle.
Theorem 2 :
If two tangents are drawn to a circle from an external point, then : - 0
(1)  they are equal. 0

(i) they subtend equal angles at the centre,
(ii)) they are equally inclined to the segment, joining the centre to that point.
Theorem 3 :
Iftwo chords of a circle intersect inside or outside the circle when
produced, the rectangle formed by the two segments of one chord
is equal in area to the rectangle formed by the two segments of
the other chord. PA x PB=PC x PD
Theorem 4 :
If PAB is a secant to a circle intersecting the circle at A and B and
PT is tangent segment, then PA x PB =PT?

OR

Area of the rectangle formed by the two segments of a chord is
equal to the area of the square of side equal to the length of the
tangent from the point on the circle.

Theorem S :

If a chord is drawn through the point of contact of a tangent to a
circle, then the angles which this chord makes with the given tangent

are equal respectively to the angles formed in the corresponding
alternate segments.

/BAQ = ZACB and ZBAP = ZADB
Converse :
Ifa line is drawn through an end point of a chord of a circle so that the angle formed with the chord is
equal to the angle subtended by the chord in the alternate segment, then the line is a tangent to the
circle.

(D) COMMON TANGENTS OF TWO CIRCLES :

A common tangent is called direct tangent if both centres of circle lie Direct common
. . . . . . tangent R
on same side of it and called transverse tangent if centres lie on opposite N
side ofit. C % >
(@ When OO'>r+ s i.e. the distance between the centres is greater than
.. S KN Transverse AN 7
the sum of the radii. common tangent

*
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(b)

(c)

d)

(e)

In this case, the two circles do not intersect with each other and
four common tangents can be drawn to two circles. Two of them
are called direct (external) common tangents and the other two
are known as transverse (internal or indirect) common tangents

NDirect common

When OO'=r+ s i.e. the distance between the centres is equal to the sum tangent /

of the radii. et —

In this case, the two circles touch each other externally the

[——Transverse
common tangent

common point of the two circles is called the point of contact
and three common tangents can be drawn to the two circles. Two
ofthem are direct common tangents and one transverse common
tangent.

When |r—s| <OO'<r + s i.e. the distance between the centres is less than

the sum of the radii and greater than their absolute difference.

In this case, the two circles intersect in two points and there are two

direct common tangents only.

When OO' =1 —s, r > s i.e. the distance between the centres is equal to the

difference of the radii. @
In this case the two circles touch internally. The common point of the two
circles is called their point of contact and there is only one common tangent to
the two circles. ‘

When OO' <r —s, r > s i.e. the distance between the centres is less than the
difference of the radii.

In this case one circle lies inside the other and they do not touch. In such a case there is no
common tangent.

Theorem 1 :
If two circles touch each other (internally R
or externally) the point of contact lies on

the line through the centres.

Theorem 2 :
A

The points of intersection of direct common ‘ B
tangents and transverse common tangents to two
circles divide the line segment joining the two ) =

jav]

centres externally and internally respectively in c
the ratio of their radii.
. . . ) . OP r
(i) P divides OO' externally in the ratio r : s i.e. oO'P =—
s
.. .. . ) . . 0Q r
(i) Q divides OO' internally in the ratio r : s i.e. O_'Q =—
s
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24. BASIC CONCEPT OF MENSURATION
(A) TRIANGLE : A
(@) Sum ofthree angle is 180°
(b) Perimeter = Sum of three sides=a+b+c=2s
Semi perimeter s = (a + b + ¢)/2
(¢) Area=1/2 (Base x Height)

B a

=% (Any side x Altitude over it) =A = \/ s(s—a)(s—b)(s—c)

Note : Area of triangles formed between two same parallel lines
and on the same base is same

Area = lbh - ¥
2 —Db—
(d) Right Angle Triangle : One angle 90° (Right angle)
& Hypotenuse?= Perpendicular? + Base? (Pythagoras theorem) H
P
Area = lPB
2

B

(e) Isosceles Triangle : Two sides equal hence two angle are equal.
Special case : Isosceles Right Triangle : Two sides equal and Base = Perpendicular.

b

3

(H Equilateral Triangle : All three sides and angles (60°) are equal; h= (7

Arca :Gjbase % height =Gj (a) x [gj a =[§j @ th;

(B) QUADRILATERAL : e
(@) Sum of all angles is 360° S

-
S
Sa., L
Nt
i
.

.
.

.
.
)

Area =% (AC)(h, + h)) i.e. sum of areas of AACD -l-AABC=Ed1d2 sinf  A® B

(b) Parallelogram :

(i)  Opposite sides are parallel and equal.
(i)  Opposite angles are equal. (£/B = £ZD and ZA = £ZC)

(iii) Diagonals bisects each other. AO = OC & BO = OD
(iv) Perimeter=2(a+Db);

(v) Area :% (ah) +% (ah) = ah i.e. sum of area of

P.P,

AACD + AABC also, Area =—
sin O
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(¢c) Special cases of parallelogram :
(i Rhombus : All sides are equal and opposite angles are equal.
AB=BC=CD=DA=a
/A=/C & /B=/D
Diagonals are not equal (d, # d,) but bisects each other at 90°
AC # BD but AC 1 BD
Area :% (d, x d,)i.e. sum of areas of A ACD + AABC
(i) Square : All sides are equal and all angle are equal (90°) Ag—2 5D
Diagonals are equal and perpendicular bisectors of each other R \,;.1"" .
Area=a2=7 g — ¢
AC L BD & AO=0C,BO=0D
(iii) Rectangle : Opposite sides are equal and parallel, all angles
are equal (90°) and diagonal are equal and bisects each other A —— a - D
but not at 90°. o 1~~.,><,..»‘2"" )
Area=a x b; Perimeter =2(a+b) [ 7 O™
(iv) Trapezium : Any two opposite sides are parallel but not equal. B 2 a e
Diagonals cuts in same proportion. AD || BC; AD#BC;d, # d,
Area =(%j (a+b)h ie.sum ofarea of AABC+ AACD
AO OD
oC OB (= ABOC ~ ADOA)
(C) POLYGON : E
A plane figure enclosed by line segments (sides of polygon).
(@) nsides polygon have n sides : Triangle and quadrilaterals are F D
polygon of three and four sides respectively. The polygons having C
5 to 10 sides are called, PENTAGON, HEXAGON, A 4
HEPTAGON, OCTAGON, NANOGON and DECAGON
respectively.
(b) Regular polygon : Polygon which has all equal sides and equal angles and can be inscribed in

a circle whose center coincides with the center of polygon. Therefore the center is equidistant

from all its vertices.
(i)  Aregular polygon can also circumscribe a circle. / \
(i) A ‘n’ sided regular polygon can be divided into ‘n’ Isosceles

Congruent Triangles with a common vertex i.e. centre of \ @ /

polygon.

—a—»
1

(i) Area=n x (ij ax h
(iv) Perimeter =na
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-2
n

v)  Each interior angle of polygon = | X x 180°
v) gle of polyg

(vi) Angle subtended at the centre of inscribed/circumscribed circle by one side = 360°/n

(vii)) Each exterior angle = (ﬂj
n

(viii)) Sum of all interior angle = (n — 2) x 180°

(ix) Sum of all exterior angles = 360°

(x) Convex polygon : If any two consecutive vertices are joined then remaining all other
vertices will lie on same side.

(D) CIRCLE :

Area A = nr? ; Circumference (perimeter) = 2mr

(@) Sector of a circle : Bounded by arc of circle (subtending angle ‘6’ at
center) and two radii. Circle is divided into minor (containing ‘0’) and
major sectors

(i)  Arc length of sector : /= ( 0 j2nr

360°
(i) Area:A =( o jnr2=(lj /r 4
3600 2 L\
. _ AT C
(ili) Perimeter of sector AOC = 2r + / Minor

(b) Segment of a circle : Bounded by arc of the circle and the chord (determining
the segment).
(i)  Circle is divided into two segments minor segment and major segment.

(i)  When chord is diameter, sector coincides with segment.

(i) Area (segment ACB) = Area of sector OACB - Area of AAOB ﬂ
_e°X2[1j(.ej( J AT,
= nri—| — |X | 2rsin— |X | rcos—

(360") 5 rsin 5 > 'C
Area =( o° jnr2 —(lj 1’ sin O
360° 2

Require three dimension to describe
(@) Surfaces of solids : Plane areas bounding the solid e.g. six rectangle faces bounding a brick.

Surface area is measured in square units.

(b) Volume of solids : Space occupied by a solid and is measured in cubic units.
Cub01d Cone Cyhnder Sphere
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(A) CUBOID :

Rectangular shaped solid also known as rectangular parallelopiped (e.g. match box, brick)

(@) Have six rectangular faces with opposite faces parallel and congruent.
(b) Have twelve edges (Edge - The line segment where two adjacent faces meets).
(¢c) Three adjacent faces meet at a point called vertex and cuboid have eight vertices
(d) Surface area: A=2[/ xb+bxh+h x /] square unit.
(¢) Volume: V=1xb x h cubic unit.

(B) CUBE:

Special case of cuboid having all sides equal.

Area = 6/2 ; Volume = /3 Unit cube : Side 7/ =1

Volume is 1 cubic unit (From this cubic unit is derived)

(C) CYLINDER :

Having a lateral (curved) surface and two congruent circular cross section.

(e.g. Jar, Circular Pillars, Drums, Pipes etc.)

(@) Axis: Line joining the centers of two circular cross section.
(b) Right circular cylinder : When axis is perpendicular to circular cross section.
(¢) Generators : Lines parallel to axis and lying on the lateral surface.
(d) Base : With cylinder in vertical position, the lower circular end is base.
(e) Height (h) : Distance between two circular faces.
(® Radius (r) : Radius of base or top circle.
(g) Total surface area : Base area + curved surface area
= 2nr? + 2nrh = 2nr(h + r)(including two circular ends).
Without circular ends (Hollow cylinder) = 2nrh
(h) Volume : V = nrzh
(D) CONE :

Have a curved surface with a vertex (V) and circular base radius : r and center O)

(@)
(b)
(©)

d)

Axis : Line joining vertex and center of base circle (VO)

Height of cone (h) : Length of VO

Slant height (Q) : Distance of vertex from any point of base circle
(= +n®

Right circular cone : When axis is perpendicular to base.

..............
s .

&Y
&
N
N

>

-ader\Maths\Sheet\Basic Maths, Log, TRI & TE\ENG\O1 Logarithm.p65

node06\BOBO-BA\Kota\JEE(Advanced)\Le:



node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TENEng\O1 Logarithm.p65

. ALLEN Logarithm

(e) The cross section of a cone parallel to base is a circle and perpendicular to base is an isosceles

triangle.

)  Volume : (1/3)nr*h (volume of a cone is 1/3rd of volume of a cylinder with same height and
base radius).

(g) Curved surface Area : mtr/
(h) Total surface Area : nr/ + nr?2=nr (£ +r)

(i A right circular cone can be generated by rotating a right angled triangle about its right angle

forming side.

(E) SPHERE :
All point on its surface are equidistant from its center, the distance is called &
radius (r) and any line passing through center with end points on surface '

is called diameter.
(@ Volume : (4/3) nr3
(b) Surface area : 4nr?
(F) HEMISPHERE :
A sphere is divided into two hemi spheres by a plane passing through center. @
(@) Volume : (2/3)nr?
(b) Curved surface area : = 2nr?

(¢) Total surface area : = 2nr? + 7r?2 = 3nr?
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MODULUS
1. ABSOLUTE VALUE FUNCTION/MODULUS FUNCTION : ,
The symbol of modulus function is [x] o\ .
N\ 43//
' x if x>0 s x
and is defined as : y = |x| = X ifx<0 |
y = [x]

Properties of Modulus :

For any a, b € R

(@ [a=0 (b) [a] = [
al |aj
(c) [ab] = |a||b| @ 5 :m
(e) |a+b|<lalt+b] (D |al-b|<[a Db
(@) |a+bl=|a|+[b| = ab>0 ) Vx? =x|

Hlustration 1 :

Solution :

Hlustration 2 :

Solution :

If ||x—1| — 2| = 5, then find x.

x—1|-2=+5

x—1/=7,-3

Case-I: When|x—-1|=7T=x-1=+7=>x=8,-6
Case-II : When [x— 1| =-3
If|x — 1] + |[x + 1| = 2, then find x.

(reject)

Case-I: [fx<-1
—(x-1)—-(x+1)=2
= x+tl-x-1=2
= 2x=2 = x=-1
Case-Il: If-1<x<1
(x—D)+(x+1)=2
= —-xt1l+x+1=2
= 2=2 = -1<x<I1
Case-III : Ifx > 1
x—1+x+1=2
= x=1

Thus from (i), (ii) and (iii)) — 1 <x <1
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Do yourself - 1 :

@ Solve:|x+3]=2(5-%)

(i) Solve:x|x|+7x—8=0

2.  INEQUALITIES INVOLVING MODULUS FUNCTION :

Properties of modulus function :

(i) [|x|=2a= x=>aorx<-a, where a is positive.
(i) |x|<a= x € [—a, a], where a is positive

(ii)) [x>[y]= x*>y

() Jal-Ib] <[a£b|<[a]+ o

V) x+yl=Kl+lyy=xy=0

V) [x—yl=K+|yy=>xy<0

Hlustration 3:  If x satisfies [x — 1| + |[x — 2| + |[x — 3| > 6, then

(A)0<x<4 B)x<-2orx>4
(C)x<0orx>4 (D) none of these
Solution : Casel: x<1,then
l-x+2-x+3-x26=>x<0
Hence x <0 ..(1)

CaseIl: 1 <x<2,then

Xx—1+2-x+3-x26 =>x<-2

But 1 <x <2 = No solution. ..(1i)
Case III : 2 <x <3, then

X—1+x-2+3-Xx26=>x2>6

But 2 < x <3 = No solution. ...(1i1)
Case IV : x> 3, then

Xx—1+x-2+x-326=>x2>4

Hence x > 4 ...(1v)

From (i), (ii), (iii) and (iv) the given inequality holds for x < 0 or x > 4.

Illustration4: Solve forx: (a) |x—1]+2|<4. (b) X_4S x=2
x+2 |[x-1
Solution : (@ [x—11+2|<4 = 4 <|x-1]+ 2<4
= —-6<|x-1/<2
= x—1]1<2 = 2<x-1Z2
= —-1<x<3 = x € [-1, 3]
(b) Case 1 : Given inequation will be statisfied for all x such that
S Y S x € (=2, 4]- {1} (i)
) 4=y

(Note : {1} is not in domain of RHS)




x—4
Case 2 :
X+2

>0 = Xxe(-w, —2)ud,©) (i)

Given inequation becomes

x—2_x—-4 x—2 x—4
2 or S-—
x—1 x+2 x—1 X+2
on solving we get on solving we get
xe(-2, 4/5)u(l, ») x € (=2, 0]u(l, 5/2]

taking intersection with (ii) we get  taking intersection with (ii) we get
xe(4, o ... (iii) X €

Hence, solution of the original inequation : x € (-2,00) —{1} (taking union of (i) & (iii))

2
Hllustration5:  The equation x| + Ll = | X | is always true for x belongs to
X — X —
(A) {0} (B) (1, ) O LD (D) (=00, 0)
x* X
Solution : = ‘x +—
| x—1] x—1
o x|+ 2| =[x + =] is true only if (XLJ >0 = x e {0} U (1, ). Ans (A,B)
x—1 x—1 x—1

3. IRRATIONAL INEQUALITIES :

Illustration 6 : Solve for x, if Vx> -3x+2>x-2

x> =3x+2>0 ((x-1)(x-2)=0
x—-2>0 x-2)=0 = x>2
()(2—3)(+2)>(x—2)2 Xx—2>0
Solution : or = or
x> =3x+2>0 x-I)(x-2)=0
= x<1
x—2<0 x—2<0

Hence, solution set of the original inequation is x € R — (1,2]

Do yourself - 2 :

@ Solve for x if

(i) Solve for x if Vx> —x >(x—1)

JEE-Mathematics ALLEN .
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LOGARITHM

4. DEFINITION :
Every positive real number N can be expressed in exponential form as a* = N where 'a' is also
a positive real number different than unity and is called the base and 'x' is called an exponent.
We can write the relation a® = N in logarithmic form as log N = x. Hence a* = N <> log N = x
Hence logarithm of a number to some base is the exponent by which the base must be raised in
order to get that number.
Limitations of logarithm: log N is defined only when
1 N>0 (i) a>0 (i) a=1
Note :
(1)  For a given value of N, log N will give us a unique value.

(i) Logarithm of zero does not exist.

(i) Logarithm of negative reals are not defined in the system of real numbers.

Hllustration 7 :  1flog,m = 1.5, then find the value of m.

Solution : logm=15=>m=4"=>m=38
p'q’
Hllustration 8 :  1flog.p = a and log,q = a, then prove that 100 = 100"
Solution : logp=a=p=5°
logg=a=q=2°
4 4 4a ~n4a 4a 2a
p'a’ _5U2% _(0)" _ (100" _ o

100 100 100 100

Illustration 9 :  The value of N, satisfying log [1 +log {1 + log (1 + log N)}] =0 is -

(A) 4 (B)3 (©)2 D)1
Solution : 1 +log {1 +log (1 +log N)} =a’=1
= log, {1 +log (1 + logpN)} =0 = 1 +log(1+ logpN) =1
= log (1+ logpN) =0 = 1+ logpN =1
= log N=0 = N=1 Ans. (D)

Do yourself - 3 :
(i Express the following in logarithmic form :
(@ 81=3* (b) 0.001=10" (c) 2=128"

(i) Express the following in exponential form :

(@) log32=5 (b) logz4=4 () log,0.01=-2

@iii) If log, 51728=x, then find x.
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FUNDAMENTAL IDENTITIES :

Using the basic definition of logarithm we have 3 important deductions :

(@ logl =0 i.e. logarithm of unity to any base is zero.

(b) log N =1 i.e. logarithm of a number to the same base is 1.

(c) log, N=-1= logNl i.e. logarithm of a number to the base as its reciprocal is —1.
N N
N

Note : N = (a)=" e.g. 2°27 =7

Do yourself - 4 :
(i) Find the value of the following :

og B (Aj"gz
(@) 2143 30 (b) 3

(i) If 4"°¢2* =36, then find x.

6. THE PRINCIPAL PROPERTIES OF LOGARITHMS :
If m,n are arbitrary positive numbers where a > 0, a # 1 and x is any real number, then-
(@ logmn=logm+logn

(b) loga2 =log, m—log, n
n

(c) logm'=xlogm

2 25 625
Illustration 10 : Find the value of 2log— 5 +310g§—1 g—— 128

2 25 128
ion : 2log—+3log— +log——
Solution : g— 5 g 2 g6 25

22 5? ’ 27
:10g5—2+10g(2—3j +10g5—4
2% 5% 27
=lo PR =logl=0

Hllustration 11 : 1f logx — logy = a, logy — logz = b & logz — log x = c, then find the value of

CEOREN

Solution : logx — logy = a = log, Xoa=s 2oe
y
logy—logz=b= logelzb - L=¢
z z
z z
logz —logx=c¢c= log,.—=c = —=e¢
X X

() (e (e
a(b-c)+b(c—a)+c(a-b)

0
=e =e¢ =1
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a+b) 1
Hllustration 12 : 1f a> + b* = 23ab, then prove that log( 5 ) :E(log a+logb).
Solution : a’+b = (a+b) —2ab=23ab
= (a + b)’ = 25ab = a+b = 5./ab ...(d)
Using (i)
L.HS. = log (a+b) =log 5\/5% =%logab :%(logaﬂogb) = R.H.S.
Hlustration 13 : 1f log x = p and logbx2 = q, then logX\/E is equal to (where a, b, x € R" — {1})-
A 1+1 B 1 +1 o 1+ 1 1 N 1
4 - oy D) —+—
()pq ()2pq ()pzq ()2p2q
Solution : logx=p=a=x=a= x",

similarly b = x> = b = x™

211

1
Now, logX\/%: log)(\/x”l"x”q =log, x(10 qj‘z :L+l

2p q

Do yourself - 5 :

(i) Show that %10g9+210g6+%10g81 —logl2 =3log3

7. BASE CHANGING THEOREM :
Can be stated as "quotient of the logarithm of two numbers is independent of their common base."

Symbolically, log, m = ll(z)gga? ,wherea>0,a=1,b>0,b=1
Note :

@ loga. logb = %.iz—i:= 1; hence |log,a= logla .

() gome _ loue

(iii) Base power formula : log . m :%loga m

(iv) The base of the logarithm can be any positive number other than 1, but in normal practice,
only two bases are popular, these are 10 and e(=2.718 approx). Logarithms of numbers to
the base 10 are named as 'common logarithm' and the logarithms of numbers to the base e
are called Natural or Napierian logarithm. We will consider logx as log x or /nx.

(v) Conversion of base e to base 10 & viceversa :

1
log.a= 28108 _5303% log,a. log,a= log. a
log,, e ’ log, 10

€

=log,,exlog, a=0.4341og_a
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Hllustration 14 : 1f a, b, ¢ are distinct positive real numbers different from 1 such that

(log,a.loga—loga) + (logb.logb—logb) + (logc . logc—logc) =0, then abc is

equal to -
(A)O (B)e O)1 (D) none of these
Solution : (log,aloga—1) +(logb.logb—1)+(logclogc—1)=0

loga loga+logb 10gb+10gc logc_3

jlogb'logc loga logc loga'logb_

= (log a)* + (log b)* + (log ¢)* = 3loga logb logc
= (loga +logb +logc) =0 [--Ifa’+b*+c*—3abc= 0,thenat+b+c=0ifa=b#c]

= logabc =1log 1 = abc=1
Illustration 15 : Evaluate : 81'/'°%3 4270836  34/leg?
Solution : 8110g35 + 3310g936 + 3410g97

:3410g35 _{_310g3(36)3/2 +310g372

=625 +216 +49 = 890.

Do yourself - 6 :

log,135 log,5
log;s3  log,s3

@@ Evaluate:

(i) Evaluate : log 27— log, 9
(iii) Evaluate: ploes _ gloe2

(iv) Evaluate : log.4.log,5.log6 .log,7 .log 8 . log 9

1 1
+ >
v If log, . log, X then x can be -
(A)2 (B)3 (C)3.5 D) n
(vi) Iflog3 =2 and log 8 = 3, then logb is -
(A) log2 (B) log,3 (C) log4 (D) log,3

8. POINTS TO REMEMBER :

(i)  If base of logarithm is greater than 1 then logarithm of greater number is greater. i.e.
log,8 =3, log,4 = 2 etc. and if base of logarithm is between 0 and 1 then logarithm of greater
number is smaller. i.e. log, .8 = -3, log 4 = -2 etc.

x<y if a>1
g, x<logy < | oy if 0 <a<I
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10.

(i) It must be noted that whenever the number and the base are on the same side of unity then
logarithm of that number to that base is positive, however if the number and the base are located
on different side of unity then logarithm of that number to that base is negative.

1 1 1
e.g. log, /10 = 3 log ;49=4; log, (gj =3, log, (3—2J =5 log,(0.001) = -3
2

1 Y 1 o :
(i) X+—2=2 ifxispositive real number and x+—<-2 ifx is negative real number
X X

(iv n>2,ne N
2fa=a® = n" root of 'a' ('a' is a non negative number)

Some important values : log 2 = 0.3010 ; log, 3 = 0.4771 ; /n2 = 0.693, /(nl0 = 2.303

CHARACTERISTIC AND MANTISSA :

For any given number N, logarithm can be expressed as log N = Integer + Fraction

The integer part is called characteristic and the fractional part is called mantissa. When the value
of'log n is given, then to find digits of 'n' we use only the mantissa part. The characteristic is used
only in determining the number of digits in the integral part (if n > 1) or the number of zeros after
decimal & before first non-zero digit in the number (if 0 < n < 1).

Note :

(i)  The mantissa part of logarithm of a number is always non-negative (0<m<1)

(i)  If the characteristic of log, /N be n, then the number of digits in N is (n + 1)

(ii) If the characteristic of log, /N be (—n), then there exist (n — 1) zeros after decimal in N.
ANTILOGARITHM :

The positive real number n' is called the antilogarithm of a number 'm' if log n = m
Thus, logn =m < n = antilog m

Do yourself - 7 :
() Evaluate : log,(0.06)°
(i) Find number of digits in 18%

200
(iii) Determine number of cyphers (zeros) between decimal & first significant digit in (EJ

5
(iv) Find antilog of S to the base 64.

11. LOGARITHMIC INEQUALITIES :

Points to remember :
if 1
@ logx<logy < X<y 1 >
x>y if O<ax<l
@) Ifa>1, then (@) log, x<p=>0<x<a’ (b) log, x>p=x>a’

(i) If0 <a <1, then (@) log, x<p=>x>a’ (b) log, x>p=0<x<a’

Logarith IR
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Illustration 16 : Solve for x : (a) log (x*—5x+6)>-1

(b) log, (log,(x*~5)) >0

Solution : (@ log,(x*-5x+6)>-1 = 0<x*-5x+6<(0.5)"
= 0<x*-5x+6<2
X’ =5x+6>0
= xe[l,2)U(3,4]
x*—-5x+6<2
Hence, solution set of original inequation : x € [1,2) U (3,4]
(b) log (log(x*-5))>0 = 0<log, (x*-5)<1
0<log,(x*—5) = x* -5>1 X
I<(x*-5)<4
log,(x> =5)<1 = 0<x’>-5<4 = (=3
= 6<x*<9 = xe(—3,—\/g)U(\/g,3)
Hence, solution set of original inequation : X € (—3,—\/6 ) ) (\/E ,3)
Illustration 17 : Solve for x: log, x <———.
log, x -1
Solution : Let logx =t
t Si = ‘[—i <0
t—1 t—1
2 _t— t—2)(t+1
N t-t-2_ :>( Nt+D)
t—1 (t=D
= t e (—oo, 11U (1,2]
or log x € (—o,~1] U (1,2]
1
or X 6(0,5}u(2,4]
Illustration 18 :  Solve the inequation : log,, , x* <log, ,(2x +3)
Solution : This inequation is equivalent to the collection of the systems
(2 | (x>-1 [ (x>—1
x+3> ) = —1<x<3 & x£0
0<x?<2x+3 x-3)(x+1)<0 & x#0 “1<x<3
or
or — . — or or
0<2x+3<1 2 <x<nl 3 e 3 1
x> >2x+3>0 2 = Ty SX<T
- | (x=3)x+D)>0 | (x<-lorx>3
Hence, solution of the original inequation is x € (_i’ _IJU(_L 0)U (0, 3)
2
L
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12. EXPONENTIAL INEQUATIONS :

__/

yA
©. 1 y=a,a>1

Ifa™>b —

O X

[f(x)>log, bwhen a>1

| f(x) <log, bwhen 0<a<l

Hlustration 19 :

Solution :

Hlustration 20 :

Solution :

=

or
=

1

Solve forx : 22 > (%jx

We have 22> 272% Since the base 2 > 1, we have x + 2 >_2

X
(the sign of the inequality is retained).

2 x? +2x+2
Now x+2+—>0 = —>0
X X
2
M>0 = xe(0, )
X

Solve forx : (1.25) < (0.64)2(”*&)

5 1-x 16 2(14+x) 4 x—1 4 4(1+x)
h Z | <= - <|=
wenne (3] <(35] o (3] <(3)

Since the base 0 < % <1, the inequality is equivalent to the inequality x — 1 >4 (1 + Jx )

N X;S > \/;
Now, R.H.S. is positive

x—5 .
= >0 = x>5 ... (i)

Xx-5
we have > \/;

4
both sides are positive, so squaring both sides
Y Y
u >X or M —-X > O
16 16
X’ —26x+25>0 or (x—25)(x—1)>0
X € (-0, 1)U (25, ©) ........ (i1)

intersection (i) & (ii) gives x € (25, )

Do yourself-8 :

(i) Solve for x : (a) log,, (X’ + 8) > log,,(9x) (®) Tog, (ix —6j 20

X1

2

(i Solve for x : (Ejm >1
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Miscellaneous Illustrations :

Illustration 21 : Show that log,18 is an irrational number.

log, 3 1

1
Solution : log,18 = log,(3* x 2) = 2log,3 + log2 =2 —*—+——=log, 3 +5

log,4 log, 4

assume the contrary, that this number log 3 is rational number.
= log3= P Sincelo g,3 > 0 both numbers p and q may be regarded as natural number
q

= 3=204 = 2r=3¢
But this is not possible for any natural number p and q. The resulting contradiction

completes the proof.

Illustration 22 : 1finaright angled triangle, a and b are the lengths of sides and c is the length of hypotenuse

and c—b=# 1, c+b=1, then show that

logﬁba + logc_ba = 2logc+ba . logc_ba.

Solution : We know that in a right angled triangle

¢ =a’+ b’
c-b*=a . @)

1 N 1 _log,(c—b)+log, (c+b)
- log,(c+b) log,(c—b) log,(c+b).log (c—b)

LHS

log,(c* —b”) log, a®

) log, (c+b).log (c—b) log, (c+b).log,(c—b) (using (1))

2
) log,(c+Db).log, (c—b) = 210g(c+b)a . log(c_b) a=RHS

ANSWERS FOR DO YOURSELF

1: G 7 T
: @) 3 (i) x=
2: (i) xe (-0 -2)uU(l,3/2) (i) x € R—(0,1]
3: () (a) log81=4 (b) log,(0.001)=-3 (©) log, 2=1/7
(i) (a) 32=2° () 4=2)" (©) 0.01 =107
(i) 6
1
4: () (@1 (b) 5 (i) 3
6: () 3 (ii) 5/6 (iii) 0 (iv) 2 W) (A) (v (O
7: (i) 8.6686 (ii) 26 (i) 155  (iv) 32
8: () (@ xe(1,8) (b) xe (-x,1/2) i) x € (-1,1)
2

ALLEN .
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10.

11.

12.

13.

EXERCISE (0O-1)

Sum ofroots of the equation (x + 3)%- 4x+3+3=0is-

(A) 4 (B) 12 (C) —-12 (D) 4 LG0111
The solution of the inequation |x2 -2x-3|< |x2 —x+5|is -

(A) (-0, 5) (B) (o0, 2)U(3, 8)(8, )

(C) (-8,x) (D) (3,8) LG0112

The minimum value of f(x) = [x — 1| + [x — 2| + |x — 3| is equal to -

(A1 B)2 )3 (D)0 LG0113
The complete solution set ofthe inequation /x + 18 <2 —x 1S-

(A)[-18,-2] (B) (~o0,-2)U (7,0) (C) (-18,2)U(7,%) (D) [-18,-2) LG0114

Solution of the inequality, x — 3 < /x> +4x-5 is -

(A) (~0,~5]U[Lw)  (B) (-5, 3] (C) (=0, -5]U (%oo) (D) (%oo} LGO115
If logyx +log y =7, then the value of (lo gyx)2 +(lo gxy)z, is

(A)43 (B) 45 (C) 47 (D)49 LG0116
Iflog,(log,(log,(x))) =0, log,(log,(log,(y))) =0 and log(log,(log,(z))) =0, then the sum of x, y and z is-
(A) 89 (B) 58 (C) 105 (D) 50 LG0117
log,,(log,3) +log,,(log,4) +log,(log,5) +....... +log,(log,,;1024) simplifies to

(A) acomposite (B) a prime number

(C) rational which is not an integer (D) aninteger LG0118

7 3
Iflogyx +log,y = 5 and log, x —log, y = Y then x +y equals

(A)35 (B)41 (C) 67 (D)73 LG0119
Iflog b +log, c +log a vanishes where a, b and ¢ are positive reals different than unity then the value of
(logab)3 + (logbc)3 + (logca)3 is LG0120
(A) an odd prime (B) aneven prime (C) anodd composite (D) an irrational number

Let x =2"% and y=3""% where base of the logarithm is 10, then which one of the following holds good ?

(A)2x<y (B)2y<x (C)3x=2y D)y=x LG0121
The sum of all the solutions to the equation 2log, ;x—log, ,(2x—75) =2
(A)30 (B) 350 (©)75 (D) 200 LG0122
The value of'a' for which log, 7 _ log_36 holds good, is

log, 7
(A) 1/n (B) ©) Jr (D)2 LG0123

*
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14.

15.

16.

17.

18.

19.

20.

ALLEN
¢
Let W,X,Y and Z be positive real numbers such that
log(W.Z) +1log(W.Y) =2; log(Y.Z) + log(Y.X) =3; log(X.W) + log(X.Z)=4.
The value of the product (WXYZ) equals (base of the log is 10)
(A) 107 (B) 10° (C) 10* (D) 10’ LG0124
n-1 r+ 2 99
If Z log, ( J = H log (r+1), then 'n'is equal to
p—ry r+1 r=i0
(A4 B)3 )5 (D)6 LG0125
The number N = 6log 2 +log, 31, lies between two successive integers whose sumis equal to
(A)S B)7 ©9 (D) 10 LG0126
Number of real solution(s) of the equation |x -3 0 lis- LG0127
(A) exactly four (B) exactly three (C) exactly two (D) exactly one
The solution set of the inequality log, (2){2 -X —%j >1is-
8
L o1o3 L
(A) | 2 ? 4 4 2 (B) b >
A Y R o, —L]U[ 2,
(©) 237 2 D) | = ~7 2 LG0128
Solution set of the inequality, 2 — log,(x* + 3x) 2 0 is - LG0129

(A) [4, 1] (B)[4,-3) v (0, 1]  (C) (-0, 3) W (1, 0) (D) (-0, 4) U [, )
If log, 5 (k—_j is less than unity then x must lie in the interval -
X+2
(A) (-0, —=2) U (5/8, o) (B) (-2, 5/8)
(C) (—oo, 2) U (1/3, 5/8) (D) (-2, 1/3) LG0130
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EXERCISE (S-1)

1.  Solve the following equations where x e R.

(@)
(b)
©

(x-1)x*—4x+3|+2x*+3x-5=0
[x*+4x + 3+ 2x+5=0
Xx+3|(x+1)+]2x+5=0

MATCH THE COLUMN

2.  Consider the function f(x) = [x — 1| — 2|x + 2| + |[x + 3]

(A)
B)
©)
(D)

Column-I
If f(x) = k has no solution, then k €
If f(x) = k has one solution, then k €
If f(x) = k has two solution, then k €

If f(x) =k has more then two solution, thenk e

3.  Find the square of the sumof'the roots of the equation

log.x.log x.log x=log x.log x +log x.logx + log x .log x.

4. (a)

(b)

(c)
d)

Calculate : 4”5 (3-46)-6t0gs(5-+2)

1 3

@ log 73 2
SlIl’lphfy u.[(ﬁ)logzﬂ _(125)10g256J

409

Find the value of 49! 572 4 57loss4,
3

(p)
@
()
(s)

Find the value of the expression

+
log4 (2000)°  logs(2000)°

Column-II
2, 4)
(=00, =2) L (4, @)
2,2) v {4
2,2}

LG0131
LG0132
LG0133

LG0134

LG0048

LG0049

LG0050

LGO053

LG0072

5. Ifabandc are positive real numbers such that &7 = 27:p"¢"!' =49 and clen2s — /11 . Find the value

of ( glom?’ | plog 17 | (og, 257 ) LG0074
6. Solveforx:
log,(x=3) _1
@ g (x*-21) 2 LG0135
(b) log(log x) +log(log x*—2) = 0; where base of log is 10. LG0136
(© log2.log 2=log, 2 LG0137
(d) S=+5x8=13 (a>0); where base of log is a. LG0138
(e) If9!*leex_3MMoex_ 210 =0; where base of log is 3. LG0139




JEE-Mathematics

7.

10.
11.
12.

X+y

10
Ifx,y>0,lo gx+ log y= — and xy= 144, then = /N where N is a natural number, find the value

of N. ’ LG0102
Solve the system of equations :

log, xlog (xyz) =48

log ylog (xyz)=12,a>0,a= 1

log zlog (xyz) = 84 LG0088

Solve the equation for x : x°®*4=32, where base of logarithm s 2. LG0140

Find the product of the positive roots of the equation \/m (x)"8* = x2 LG0141

Solve the inequality : log,, (x+1)>log, (2-x). LG0067

Solve the inequality : log 2 .log, 2. log, 4x> 1. LG0068
EXERCISE (JA)

Let (x,, ¥,) be the solution of the following equations [JEE 2011, 3 (-1)]

(2X)ln2 _ (3y)1n3

3lnx — 2lny

Then X, 1S

A l B l C l D)6 LG0107

(A) ¢ ®) 5 (©) 5 (D)

The value of 6+ log, L 4— 1 4— L 4— L 18 [JEE 2012, 4M]

132\ 32\ 32V 32

LG0108

If 3*= 4", then x = [JEE-Advanced 2013, 4(-1)]

2log,2 2 1 2log, 3
A) ———— B) —— C D) —=2— LG0109
(A) 2log,2-1 (B) 2-log,3 © 1-log,3 D) 2log,3-1
1 1

The value of ((log2 9)2)10gz(logz 9) x(xﬁ )1°g47 is [JEE(Advanced)-2018, 3(0)]

LG0110

ALLEN .

node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TENEng\O1 Logarithm.p65



node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TENEng\O1 Logarithm.p65

Logarith ISR

‘AI.I.EII
ANSWER KEY
EXERCISE (0O-1)

.C 2C 3B 4D 5A 6C 17A 8D 9.C 10.A
1.D 12D 13.C 14.B 1B 16B 17.B 18.A 19.B  20.A
EXERCISE (S-1)

1. (@l (b)4,-v3-1; (c)-4,-2,-V3-1 2. (A)—(q), (B)=(1), (C)=>(p), (D)—(s)

3. 3721 4. (@) 9 (b) 1 ©) % d) 1/6 5. 469

6. (a)x=5,(b)x=10(c) x=2"2 or 277 (d) x = 27" where base of logis5 (e)x=5

7. 507 8. (a4, a,a7) or (

€

40
a

l,%j 9. x=2orl/32
a

10. (2008’ 11.—1<x<1_2*/§or1+2ﬁ<x<2 12. 2P <x<2t 1<x< 2"
EXERCISE (JA)
1. C 2. 4 3. ABC 4. 8
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TRIGONOMETRIC RATIOS & IDENTITIES

INTRODUCTION TO TRIGONOMETRY :
The word 'trigonometry' is derived from the Greek words 'trigon' and 'metron' and it means 'measur-
ing the sides of a triangle'. The subject was originally developed to solve geometric problems involv-
ing triangles. It was studied by sea captains for navigation, surveyor to map out the new lands, by
engineers and others. Currently, trigonometry is used in many areas such as the science of seismol-
ogy, designing electric circuits, describing the state of an atom, predicting the heights of tides in the
ocean, analysing a musical tone and in many other areas.
(@) Measurement of angles : Commonly two systems of measurement of angles are used.
(i) Sexagesimal or English System : Here 1 right angle = 90° (degrees)
1°=60' (minutes)
1'=60" (seconds)
@ii) Circular system : Here an angle is measured in radians. One radian corresponds to the
angle subtended by an arc of length 'r' at the centre of the circle of radius r. It is a constant

quantity and does not depend upon the radius of the circle.

D R

(b) Relation between the these systems : % = m

(c) If0O isthe angle subtended at the centre of a circle of radius 'r',

l
by an arc of length '/' then e 0.

Note that here /, r are in the same units and 0 is always in radians.

Illustration 1 :  If the arcs of same length in two circles subtend angles of 60° and 75° at their centres.

Find the ratio of their radii.

Solution : Let r, and r, be the radii of the given circles and let their arcs of same length 's' subtend

angles of 60° and 75° at their centres.

Now, 60° =(6OXLJ :[EJ and 750:(75XLJ :(S_ch
180 3 180 12

T S St s

g—r_l and E_rz

T 5m 5m
= Zh=Sand SL=S= L =—70L = 4=5r = 1

3 122 31 12 'r2=5:4 Ans.

1

Do yourself - 1 :
(i) Theradius ofa circle is 30 cm. Find the length of an arc of this circle if the length of the chord

of the arc is 30 cm.

ALLEN .

Log, TRI & TE\ENG\02. Compund Angle. p65

node06\BOBO-BA\Kota!



Log, TRI & TE\ENG\02. Compund Angle. p65

node06\BOBO-BA\Kota!

. ALLEN Compound Angles

2. T-RATIOS (or Trigonometric functions) :

In a right angle triangle h

sinezg; cos@z%; tan@z%;cosecezh;sec9=E andcot6=E - b -

p
'p' is perpendicular ; 'b' is base and 'h' is hypotenuse.
Note : The quantity by which the cosine falls short of unity i.e. 1 — cos®0, is called the versed sine 0

of 0 and also by which the sine falls short of unity i.e. 1— sin is called the coversed sine of 0.

3. BASIC TRIGONOMETRIC IDENTITIES :

(1) sin0O.cosecO=1 (2) cosBO.secO=1
sin O cos©
3) tanO.cotO=1 4) tanO= & coth =—
cos© sin O

(5) sin0+cos’0=1 orsin0=1-cos*0 orcos’0=1-sin>0
(6) sec’0—tan’0=1 orsec’0=1+tan’0 ortan’0 =sec’0—1

1

(7) secO+tan@ =———
secO—tan O
8) cosec’0—cot?0=1 or cosec’0=1+cot’>0or cot>?0 =cosec’0—1

1

(9) cosecO+coth= ———
cosecO—cot0

(10) Expressing trigonometrical ratio in terms of each other :

sin O cos0 tan O coto secO cosecO
2
ino | sino | Jieoro | RO | L |dsecool)
\/1 +tan’ 0 \/1 +cot’ 0 secH cosecH
— 1 cotO 1 Jcosec?0—1
cos0 1-sin“ 0 cos0
Jran'6 | Jircor | sec0 | cosecd

sin© J1-cos’ 0 1 > 1
\sec 0—1

tan O tan O

1-sin’0 cos0 cot 6 \Jcosec?0—1

J— 1 2
cotO ! .sm 0 cost ! cotO 1 Jcosec’ 0 —1
sin 6 1—cos’ 0 tan 6 vsec’ 01

2
1 1 m \J1+cot” 0 cosecH

secO _— secO —_—
1—sin’© cos0 cot 0 \cosec?6—1
1 1 /1 +tan?
cosec 0 +tan” 0 Jl+cot’ 0 secd cosecO

sin O l1—cos*0 tan 0 Vsec?0-1
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Illustration 2 :  1f sin0+sin’ 0 =1, then prove that c0s”0+3cos"0+3cos*O+cos’0-1=0

Solution : Given that sin0 = 1 — sin’0 = cos’0
L.H.S. =co0s0(cos’0 + 1)’ — 1=sin’0(1 + sin®)’ — 1= (sin® + sin’0)’ —1=1-1=0

Hllustration 3:  4(sin%0 + c0s®0 ) — 6 ('sin*0 + cos*0 ) is equal to

(A)O B) 1 (C)-=2 (D) none of these
Solution : 4 [(sin?0 + cos?0 )* — 3 sin? 0 cos?0 ( sin?0 +cos?0 ) | —6[ (sin?0 + cos?6 )2 — 2sin?0 cos?0]

=4[1 -3 sin? 0 cos?0] — 6[1 -2 sin’0 cos?0]

=4 — 12 sin?0 cos20 — 6 + 12 sin?0 cos?0 =2 Ans.(C)

Do yourself - 2 :
4
@i Ifcotb= 3’ then find the value of sinf, cosO and cosecO in first quadrant.

(i) Ifsind + cosecd = 2, then find the value of sin®0 + cosec®0

4. NEW DEFINITION OF T-RATIOS :

5 <

By using rectangular coordinates the definitions of trigonometric

functions can be extended to angles of any size in the following way
(see diagram). A point P is taken with coordinates (X, y). The radius
vector OP has length r and the angle 0 is taken as the directed angle
measured anticlockwise from the x-axis. The three main trigonometric k

functions are then defined in terms of r and the coordinates x and y.

> X

N,

sin = y/r,
cosO =x/r
tand = y/x,
(The other function are reciprocals of these)

This can give negative values of the trigonometric functions.

S.  SIGNS OF TRIGONOMETRIC FUNCTIONS IN DIFFERENT QUADRANTS :

90°, /2
II quadrant [ quadrant
only sine All +ve
& cosec +ve
180°n 0°, 360°, 2n
only tan & cot | only cos
+ve & sec +ve
Il quadrant IV quadrant
270° 3r/2

4
m
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6. TRIGONOMETRIC FUNCTIONS OF ALLIED ANGLES :

(a)

sin (2nw + 0) =sin O, cos (2nwt + 0) = cos 6, wheren € |

(b)

sin (—0) =—sin 0
sin(90° —0) = cosO
sin(90° + 0) = cosO
sin(180° —0) =sind
sin(180° + 0) = —sinO
sin(270° —0) =—cosO
sin(270° + 0) =—cosO
sin (360° — 6) =—sin6
sin (360° + 0) = sin0

cos (—0)=cos 0
c0s(90° —0) =sinO
c0s(90° + 0) =—sind
cos(180°—0)=—cosO
cos(180°+ 0)=—cosO
c0s(270°—0) =—sind
cos(270°+ 0) =sind
cos(360°—0) =cos0O
cos(360°+ 0)=cosO

7. VALUES OF T-RATIOS OF SOME STANDARD ANGLES :

Angles e 30° 45° 60° 90° 180° 270°
T-ratio 0 /6 n/4 /3 /2 T 3n/2

sin O 0 12 1/42 J3/2 1 0 -1
cos 0 1 372 1/42 12 0 -1 0
tan O 0 1/3 1 NE) N.D. 0 N.D.
cot 0 N.D. NE) 1 1/3 0 N.D 0
sec 0 1 2/3 J2 2 N.D. -1 N.D.
cosec | N.D. [ 2 2 2/3 1 N.D -1

N.D. — Not Defined

(a) sinnm = 0 ; cos nt =(—1)" tan nt = 0 where n € |
T T
(b) sin(2n+1)5= (G cos(2n+l)5 =0 where nel
1} ] fsi : = h i 1
Hlustration 4 : 1 sme——zandtane— 5 then 0 is equal to -
(A) 30° (B) 150° (C)210° (D) none of these
Solution : Let us first find out 0 lying between 0 and 360°.

1
Since sin 0 = —l = 0=210° or 330° and tanO=—= = 0=30° or 210°
2 NE)

Tn

Hence , 6 =210° or o

is the value satisfying both. Ans. (C)

*
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Do yourself - 3 :

1
@i Ifcosd= - and T<0< 3{ , then find the value of 4tan®0 — 3cosec?0.

(i) Provethat:(a) co0s570°sin510° + sin(—330°) cos(—390°) =0

(b) i i et g A 3-2V3
3 4 6 2
GRAPH OF TRIGONOMETRIC FUNCTIONS :
@i y=sinx (ii) y=cosx
Ny Ny
1 1

(iii) y=tanx (iv) y=cotx

(v) y=secx (vi) y = cosecx
/Y Y
\ J \J N I N/
(21 0.1 @rn| Y1 () (59
-51/2,0| _3x ol -n/2, /2, /2, /2, V. -r,0 7,0 N
\ 3n/2,0) /2,0 = /2,0 3n/2,0 | 5n/2,0 e X = X
(-m,-1) (1) - (%)
NI T aNa s
VY Y'

DOMAINS, RANGES AND PERIODICITY OF TRIGONOMETRIC FUNCTIONS :

T-Ratio Domain Range Period
sin x R [1,1] 2n

COS X R [—1,1] 2n

tan x R—{(2n+1)n/2 ; nel} R

cot x R—{nm:n eI} R

sec X R-{2n+l)n/2 :n eI} (—o0,—1] U[1,00) 2n
cosec X R-{nmn:n eI} (—o0,—1] U[1,00) 2n

ALLEN .
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10. TRIGONOMETRIC RATIOS OF THE SUM & DIFFERENCE OF TWO ANGLES :
@i sin(A+ B)=sin A cos B+ cos A sin B. (i) sin (A—B)=sin A cos B—cos A sin B.
(iii) cos(A+B)=cos A cos B—sin A sinB (iv) cos(A—B)=cosA cosB+sinAsinB
tan (A + B) = tan A +tan B S tan (A B) = tan A —tan B
V) tan( )= l-tan Atan B (V) tan (A-B)= l+tan Atan B
. (A +B)= cotBcotA -1 (A _B)= cotBcotA +1
(vii) - cot ( )= cotB+cotA (viif) cot (A—B)= cotB—cot A
Some more results :
@i sin’ A —sin’ B =sin (A + B). sin(A — B) = cos’ B —cos? A.
(i) cos* A —sin’ B = cos (A+B). cos (A — B).
Hllustration 5:  Prove that /3 cosec20° — sec20° = 4.
NE) 1 V3 c0s20° —sin 20°
Solution : LH.S. = - =
oution sin20° cos20° sin20°.c0s20°
3 1 .
B 4 (\/2_ c0s20° — 5 sin ZOOJ _ 4(sin 60.c0820° —cos 60°.sin 20°)
25in 20°c0s 20° sin40°

4's1n(60 -20°) 4 sin 40

. =4=RH.S.
sin 40° sin 40°

Hlustration6:  Prove that tan70° = cot70° + 2cot40° .

Solution : L.H.S. = tan70° = tan(20° + 50°) =

tan 20° + tan 50°
1—tan20°tan 50°

or tan70° — tan20° tan50° tan70° = tan20° + tan50°
or tan70° = tan70° tan50° tan20° + tan20° + tan50° = 2 tan 50° + tan20°

= cot70° + 2cot40° =R.H.S.

Do yourself - 4 :

. 3 9
@i IfsinA= 5 and cosB = TR 0<A&B< g , then find the value of the following :

(a) sin(A + B) (b) sin(A - B) (c) cos(A+B) (d) cos(A-B)
(i) Ifx+y=45° then prove that :
(@) (1+tanx)(1 +tany)=2 (b) (cotx—1)(coty—1)=2

(Remember these results)

11.

FORMULAE TO TRANSFORM THE PRODUCT INTO SUM OR DIFFERENCE :
@i 2sin A cos B=sin(A+ B) +sin (A—B). (ii) 2 cos A sin B =sin (A + B) — sin (A — B).
(iii) 2 cos AcosB=cos(A+B)+cos(A—B) (iv)2 sin A sin B=cos (A —B) —cos (A + B)

*
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tan(A+B) A+l
tan(A—-B) A-1’

Hllustration7:  1f sin2A = A sin2B, then prove that

Solution : Given sin2A = A sin2B
sim2A A
sin2B 1
Applying componendo & dividendo,
sin2A+sin2B A +1
sin2B—sin2A  1—\

. [2A+2B 2A-2B
2sin cos
2 2 _A+1

= (2B+2Aj . [2B—2Aj_l—k
2¢cos

sin
2
sin(A+B)cos(A-B) A+l sin(A+B)cos(A-B) A+l

= cos(A+B)sini—(A-B)! 1-A —  cos(A+B)x—sin(A-B) —(h—1)

sin(A+B)cos(A-B) A+l A+
2 os(A+B)sin(A_B) -1 = nArBjco(A=B)=T

tan(A+B) A+l
N -

tan(A-B) A-1
12. FORMULAE TO TRANSFORM SUM OR DIFFERENCE INTO PRODUCT :

C+D C-D
@) sinC+sinD=2sin(—jcos( j

2 2
) ) C+D)  (C-D
@i snC-sinD=2cos|—= | sin
2 2
C+D C-D
(iii) cosC+cosD=2cos > cos >

C+D _
(@iv) cosC—cosD=2sin( 5 Jsm(DTCJ

sin 50+ sin 20 —sin O

Tllustration 8 : c0850+ 20830+ 2 cos’ 0+cosh equal to -
(A)tan © (B)cos 6 (C)cot O (D) none of these
2sin 20 cos 30 +sin 20 sin20[2cos30+1]

Solution : LH.S.= =
orution 2¢0830.c0s20+2¢0s30+2¢c0s” 0 2| c0s30(cos20+1)+(cos?0) |

___ sin20[2cos30+1]  _ sin26(2cos30+1) _ .
2[005 36(2cos? 0) + cos’ 6] 2cos’ 0(2cos30+1)

an 0 Ans. (A)

4
m
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2
Hlustration9: Show that sin12°.sin48°.sin54° = 1/8
- 1 . 1 . 1
Solution : LHS. = E[COS 36°— cos60°]sin 54° = 3 c0s36°sin 54° —Esm 54°
1 ) ) 1. ) )
ZZ[Z c0s36°sin 54° —sin 54°] = 7 [sin 90° + sin 18° —sin 54°]

%[1 —(sin54°—sin18°)] :%[1 —2sin18°c0s36°]

_ 1 1_2s1n18 cosl8°cos36°}=l[l—sm36 cos36 }
41 cosl8° 4 cos18°

_ 1], 2sin36°cos36 }1[1_ sin 72 }:l[l—l}:l:R.H.S.
41 2cos18° 4 2sin72°] 4 21 8

Do yourself - 5 :

sin 75° —sin 15°

cos75°+cos15°

G  Simplify

(ii) Prove that
(a) (sin3A + sinA)sinA + (cos3A — cosA)cosA =0
1
(b) cos20°cos40°cos60°00580°=E

sin 80 cos O —sin 60 cos 30

c) - - =tan 20
c0s20cos0 —sin 30sin 40

13.

TRIGONOMETRIC RATIOS OF SUM OF MORE THAN TWO ANGLES :
@i sin (A+B+C) = sinAcosBcosC + sinBcosAcosC + sinCcosAcosB — sinAsinBsinC
= XsinA cosB cosC — I1sin A
= cosA cosB cosC [tanA + tanB + tanC — tanA tanB tanC]
@ii) cos (A+B+C) = cosA cosB cosC — sinA sinB cosC — sinA cosB sinC — cosA sinB sinC
=IIcos A — Zsin A sin B cos C
=cos Acos Bcos C[1 —tan A tan B —tan B tan C —tan C tan A ]

tan A+tanB+tanC—tan AtanBtanC S, —§S,
I-tanAtanB—-tanBtanC—-tanCtanA 1-S,

(iii) tan(A+B+C) =

Compound Angles
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14. TRIGONOMETRIC RATIOS OF MULTIPLE ANGLES :
(@) Trigonometrical ratios of an angle 20 in terms of the angle 0 :
i) sin20=2sinOcosb= ane
1+tan” 6
1—tan® 0
() cos20=cos’0—sin?0=2cos’0—-1=1-2sin*0 =———
1+tan” 6
(i) 1+cos20=2cos’0 @iv) 1-co0s20=2sin’0
tane_l—cos26_ sin20 o tan20 = 2tan 0
\ sin20  1+4cos20 V) 1-tan’ 0
2cos2A +1
Illustration10: Prove that : —————— =tan(60° + A) tan(60° - A) .
2cos2A -1
Solution : R.H.S. =tan(60° + A) tan(60° — A)
(tan600+tanA J( tan60°—tanAJ_ \/§+tanA \/g—tanA
~ 1-tan60°tan A {1 +tan 60°tan A 1—\/§tanA 1+\/§tanA
sin” A
B 3—tan’ A 7 o2 A 3cos’A—sin®’ A 2cos’ A+cos’ A—2sin’ A +sin’ A
T 1-3tan’ A 1-3 sin A cos’A-3sin’ A 2cos’ A—2sin’ A—sin> A —cos> A
cos’ A

_ 2(cos’ A—sin® A)+cos’ A+sin A 2cos2A+1

- 2 2 > = =L.H.S.
2(cos” A—sin” A)—(sin" A+cos” A) 2cos2A -1
Do yourself - 6 :
@i Provethat:
sin20 _ tan0 ® 1+ s%n 20+ cos26 _ cotO
1+cos260 1+sin260—co0s26

(b) Trigonometrical ratios of an angle 30 in terms of the angle 0 :

@i  sin30 = 3sinO — 4sin°0. (i) cos30=4cos’0—3cos0.

3tanO—tan’ 0

00 t 36 —
(@) tan 1-3tan’ 0
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Illustration11: Prove that : tanA + tan(60° + A) + tan(120° + A) = 3tan3A
Solution : L.H.S. = tanA + tan(60° + A) + tan(120° + A)

= tanA + tan(60° + A) + tan{180° —(60° — A)}
= tanA + tan(60° + A) — tan(60° — A) [~ tan(180°—0)=—tan0]

tan60°+tanA  tan60°—tan A ¢ A+\/§+tanA \/g—tanA

=tan A + — =tan —
1—tan60°tan A 1 +tan 60°tan A 1-3tanA 1++3tanA

B +tanA+3tan A ++/3tan? A —/3 +tan A +3tan A —/3 tan® A

=tan A +
(1-+/3 tan A)(1++/3 tan A)

8tan A B tan A —3tan’ A +8tan A

=tan A + —= 5
1-3tan" A 1-3tan” A

B 9tan A —3tan’ A _3[3tanA—tan3A

> > =3tan3A =R.H.S.
1-3tan” A 1-3tan” A

Do yourself - 7 :

@i Provethat:
(@) cotBcot(60°—0)cot(60°+0)=cot36 (b) cos50=16c0s’°0—20cos’0+5cos
(c) sin40=4sinO cos’0 —4cos0 sin®0

15. TRIGONOMETRIC RATIOS OF SUB MULTIPLE ANGLES :

Since the trigonometric relations are true for all values of angle 0, they will be true if instead of © be

) 0
substitute —

2
0 2tan9
i) smnO=2sinT cosT = 2
2 2 , 0
1+tan” —
2
0
2
) 0 N 0 N 1—tan5
(ii) cosO=cos’< —sin*>= =2cos’< —1 =1-2sin’P- =—%
2 2 2 2 1 , 0
+tan” —
2
(i) 1+cos6=2cos2§ (iv) 1—c0s6=2sin5
0
O _1—c0s0 _ sin® S an6 - 2tan5
\ 2  sin®  1+cosO V) tan6= , 0
l—tani




ALLEN .

. . 0 [1-cosb
(vii) sm2 = >
0 1-cosO
tan— ==+
() 2 1+cos0

(xi) 2cosg =+J1+sin@ F+/1-sin0

1+cosO
2

0
iii) cos—==
(viii) 5

x) 2sing:i\/l+sin9 ++/1—-sin 0

+y/1+tan’ 0 —1
tan O

xil) tan—=
(xii) >

for (vii) to (xii) , we decide the sign of ratio according to value of 6.

Hlustration 12:  sin 67% °+ cos 67% ° is equal to

1
(B) 5\14—2\/2
1 1 : P . .
sin675° n cos675° — V1+sin135°= /1+—\/§ (using cosA + sinA = /1 +sin2A )

(A) %x/4+2\5

Solution :

©) i( 4+2ﬁ) (D) ;(m)

1

1
= [44202 Ans.(A)
Do yourself - 8 :
(i) Find the value of
sin =~ b cos = tan =
@ sing (b) cose (© tang
16. TRIGONOMETRIC RATIOS OF SOME STANDARD ANGLES :
@i sinl8°= sin— = @ =c0s72° = cosﬁ
10 4 5
(i) c0836°=cosZ = V51 =s1n54°=s1n3—n .
5 4 10 5
(iii) sin72°:sin%:lo+2\/§=cos18°=cosl ;”
(iv) sin36°= sinE = M =c0854° = cos?’—Tc
5 4 10
. ) -1
(v) sinl5°= s1nl = \/5— =cos75°= cos5—7t
12 22 12
I . . g
vi coslS"zcoslzx/g—jL=s1n75°:s1nE 2
(vi)
12 22 12
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V3-1_ 5n

cot 75° = cot—
Bl

J3+1
51
3n

(ix) tan(22.5°)= tang =2-1= cot(67.5°) = cot?

(vii) tanl5°= tan— =2- f

(viii) tan75°—tani——2 +/3 = —cot15°=cot%

(x) tan(67.5°) = ‘[an%E =J2+1= cot(22.5°) = cotg

Hlustration13: Evaluate sin78° — sin66° — sin42° + sin6°.

Solution :

= <in18° — cos36° z(x/g—lj_(x/gﬂj: 1

4 4

1
2

The expression = (sin78° —sin42°) — (sin66° —sin6°) = 2cos(60°) sin(18°) — 2c0s36°. sin30°

Do yourself -9 :

(i) Find the value of

. . 13
(a) s1n%+s1n—7t (b) cos” 48°—sin® 12°

17.

CONDITIONAL TRIGONOMETRIC IDENTITIES :
If A+ B+ C=180° then

(i) tan A +tanB +tan C =tan A tan B tan C

(i) cotAcotB+cotBcotC+cotCcotA=1

A B B C C, A
(iiiy tan—tan—+tan—tan—+tan—tan—=1
2 2 2 2 2 2

A B C A B C
(iv) cot—+cot—+cot— =cot—cot—cot—
2 2 2 2 2

(v) sin 2A + sin 2B + sin 2C = 4 sinA sinB sinC
(vi) cos 2A + cos 2B + cos 2C =1-4 cosA cosB cosC

ey - . ) A B C
(vii) sin A + s B + sin C =4 cos ?COSECOSE

. A . B.C
(viii)cos A+cosB+cosC=1+4 Sln?smzsmz

Illustration 14: In any triangle ABC, sin A — cos B = cos C, then angle B is

(A) /2 (B) n/3 (C) n/4

Solution : We have , sin A — cos B=cos C

sin A=cos B+cosC

(D) /6
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. A A B+C B-C
—  2sin—cos—=2cos cos
2 2 2 2
2sinécosé—2cos n—A cos B-C
= > > 5 > - A+B+C=mx
A A . A B-C
—  2sin—cos—=2sin—cos
2 2 2 2
A _
= cos?:cos > or A=B-C ; But A+B+C=m=x
Therefore 2B=n1 = B=mn/2 Ans.(A)

3n
Hlustration15: 1f A+ B+ C= —, then cos 2A + cos 2B + cos2C is equal to-

2
(A) 1 —4cosA cosB cosC (B) 4 sinA sin B sinC
(C) 1+ 2cosA cosB cosC (D) 1 — 4 sinA sinB sinC
Solution : cos 2A + cos 2B +cos 2C =2 cos (A+ B ) cos (A—B) + cos 2C
3n 3n
=2 cos 7_(: cos (A—B) +cos 2C -.'A+B+C=7

=—-2sinCcos (A-B)+1— 2sin’C =1-2sinC[cos(A-B)+sinC)

=1-2sinC [ cos (A—B)+sin(32—n—(A+B)J]

=1-2sinC[cos(A-—B)—cos(A+B)] =1—-4sin AsinBsinC

Ans.(D)

Do yourself - 10 :

(i) If ABCD is a cyclic quadrilateral, then find the value of sinA + sinB — sinC — sinD

T
i IfA+B+C= EX then find the value of tanA tanB + tanBtanC + tanC tanA

18.

MAXIMUM & MINIMUM VALUES OF TRIGONOMETRIC EXPRESSIONS :

(i acosO + bsin® will always lie in the interval [_\/ aZ+b? ,\/ a’ +b?] Le. the maximum and

minimum values are /a® + b ,—\/ a’ +b? respectively.

@ii) Minimum value of a’tan?0 + b* cot? 6 = 2ab where a, b > 0

(i) —\/a’+b’+2abcos(a—B) <acos (a+t0)+bcos (B+0) < \/a? + b’ +2abcos(c.—B) Where o

and 3 areknown angles.

(iv) In case a quadratic in sin 6 & cos 6 is given then the maximum or minimum values can be

obtained by making perfect square.
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T
Illustration 16:  Prove that : —4<5c0s0+3 COS(e +§j +3 <10, for all values of 0.
. n no ... m 13 33 .
Solution : We have, 5cos0 + 3cos| 0 + 3 =5cos0 + 3cosecos§—3sm6 smg = cosO — — sin®
2 2 2 2
Since, —\/(Ej +(—£j < Ecose —ﬁsine < \/(Ej + [—ﬂj
2 2 2 2 2 2
=7 Sgcose—ﬂsine <7
2 2
= —7£500s6+3c0s(6+§j£7 for all 0.
- —7+3£500$9+3c0s(9+§j+3S7+3 for all ©.
- —4£5c0s6+3c0s(6+§j+3£10 for all 0.
T
Hlustration 17: Find the maximum value of 1 + sin(§+ 9} + 2 cos (Z_ej -
(A)1 (B)2 ©)3 (D)4
. T T
Solution : We have 1+ sin (Z + 9} +2 cos (Z_ GJ

N

() ol

maximum value = 1+ (L +2 j 2=4 Ans. (D)

2

=1+L(c0s9+sin9)+\/§ (cosO+sin0) =1+(%+\/§j (cos©+sin0)
2 2

Do yourself - 11 :

(i) Find maximum and minimum value of 5cos0 + 3sin(e +%J for all real values of 0.

(i) Find the minimum value of cos6 + cos26 for all real values of 0.

(iii) Find maximum and minimum value of cos’ 0 —6sinOcos®+3sin*0+2 .

19. IMPORTANT RESULTS :

(i) sin0Osin(60°—0)sin (60°+6) = %sin 30

1
(i) cos 6. cos (60°—0) cos (60°+6) = 258 36

(iii) tan O tan (60°—0) tan (60° + 0) =tan 30
(iv) cot 6 cot (60°—0) cot (60°+0)=cot 30
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3
(v) (a) sin? 0 + sin? (60° + 0) + sin® (60° — 0) =3

3
(b) cos? 0+ cos? (60° + 0) +cos? (60° —0) =3

(c) tan6 +tan(60° + 0) +tan(120° + 0) = 3tan360
(vi) (a) IftanA+tanB+tanC=tan AtanBtanC,then A+ B+ C=nn,n el

T
(b) IftanAtanB+tanBtanC+tanCtanA=1,then A+ B+C=(2n+1) E’HEI
sin(2"0
(vii) cos 6 cos20cos40....cos (2! 0) = n(—)

2"sin O
(viii) (a) cotA —tanA =2cot2A (b) cotA +tanA = 2cosec2A

ool
ol el

(ix) sin o+ sin (a+p) + sin (a+2p) +... sin (q+n—1 ) =

(x) cosa +cos(at+f)+cos(a+2p)+.... +COS(OL+EB) =

Do yourself - 12 :

. m . 3m . 5m
(i) Evaluate sin—+sin—+siIn—+......... to n terms
n n n

Miscellaneous lllustration :

Hlustration18:  Prove that

tano + 2 tan2a, + 2° tan’oL + ... +2"" tan 2" o + 2" cot 2"t = cota
Solution : We know tan©@=cot®0—-2cot20 ... (1)

Putting 0 = a, 20,2700 cveereenn. in (1), we get

tan o = (cot o — 2 cot 2a)

2 (tan 20.) = 2(cot 20— 2 cot 2°at)

2% (tan 2° o) = 2° (cot 2° oL — 2 cot 2’ar)

2" (tan 2" o) = 2" (cot 2" o — 2 cot 2" )

Adding,
tano + 2 tan2a + 2* tan’a + ... +2"" tan 2" o = cotaw — 2" cot 2"a

tano, + 2 tan2o, + 2° tan’oL + ... +2" tan 2™ o + 2" cot 2" o = cot a.

4
m
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. A . B.C.D 1
Hllustration19:  1f A,B,C and D are angles of a quadrilateral and Sln?smzsmzsm? =7 prove that

A=B =C=D=n/2.

; 2sinésinE 2singsin2 =1
Solution . > > > >

= {25l ol 2 52

Since, A + B =21 — (C + D), the above equation becomes,

- ({57
452 o 8o 2] 52 e A5 2]

BJ which has real roots.

This is a quadratic equation in cos(

A-B c-D)|° A-B C-D
— cos —cos| — | —4<1—cos .COS >0
2 2 2 2
2
(COSA_B+COSC_DJ >4
2 2

A-B C-D A-B C-D

= coS +cos =2 Now both cos and cos <1
= cosA_B:l&cosC_D:I

A—B_O_C—D
= 2 2

= A=B,C=D.
Similartly A=C,B=D=>A=B=C=D=mn/2

ANSWERS FOR DO YOURSELF

1. 3 10 2. 3 g i é (1] 2
N ()] T cm N ()] 5°353 (ii)
v o s R (7 £ R TR L'
P 0 @55 ® 55 © 555 (@55

1 J2 -1 J2 41
5500 80 @ (S5 0 O (55 © 2o

1
% O @ -5 0 ﬁg” 10: G 0 Qi 1
9

n: © 7&7 @ - i) 4+10 & 4-/10 12: @ O
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EXERCISE (O-1)
If sin x + sin? x = 1, then the value of cos?x + cos*x is -
(A)O (B)2 O 1 (D)3 TR0001
2(sin® O + cos® B) — 3(sin* O + cos*0) + 1 is equal to -
(A)2 (B)O0 ©) 4 (D)6 TR0002
If tan A = —% and tan B = —% , (Where A,B > 0), then A + B can be
A) B) 2~ c) = D)2 trowot
(5 B, ©) 7 D)
c0s248° — sin212° is equal to -
J5-1 J5+1 V3-1 V3+1
A) —— B C) —— D TR0102
(A) 2 (B) g ©) 2 D)~ NG
Th ~ sin80cosO—sin60cos30 |
D T
(A)tan© (B) tan 20 (C) sin 20 (D) cos26 TRO008
an 2B
If3sina=5sinp,then — 2 _
oa—p
tan
2
(A1 (B)2 )3 (D)4 TR0014
sin(A—C)+2sin A +sin(A+C) .
- - - is equal to -
sin(B—C) +2sin B +sin(B +C)
A tan A B sin A c cos A D sinC TR0007
(A) tan (B) sinB © cosB (D) cosB
1+sin20+c0s20
1+sin20—-cos20 g
1 1
(A) ) tan 0 (B) ) cot 0 (C)tan O (D) cot O TRO009 ¢
If A = tan 6° tan 42° and B = cot 66° cot 78°, then - %
(A)A=2B (B)A=1/3B (C)A=B (D)3A =2B TRO011
2
Ifx= ycos?n = zcos% ,then xy +yz + zx =
(A) -1 (B)0 O 1 (D)2 TRO003
If tanoe = (1+27%)), tan = (142¥* Y], then o + B = %
(A) /6 (B) n/4 (C) /3 (D) n/2 TR0013 :
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12.

Iftan A + tan B + tan C = tan A. tan B. tan C, then -
(A) A,B,C must be angles of a triangle
(B) the sum of any two of A,B,C is equal to the third

(C) A+B+C must be n integral multiple of

(D) None of these TR0023
13. The value of sin10° + sin20° + sin30°+....+ sin 360° is equal to -

(A)O B) 1 ©) 3 (D)2 TR0004
14. The number ofreal solutions of the equation sin(e*) = 2* + 2% is -

(A1 (B)O0 )2 (D) Infinite ~ TRO103

sin 3x .
15. Iff(x) =— , X # n1, then the range of values of f(x) for real values of x is -
sin x
(A) [-1,3] (B) (—o0,~1] (©) (3, + ) (D)[-1,3)  TRo024
. . . X+y

16. Ifcosx+cosy+cosa=0andsinx+siny+sino=0, thencot[Tj=

(A) sin o (B) cos a (C) cot a (D) 2sina  TRO006
17. The value of sinlsin?’—nsins—n is :-

14 14 14

A i B l C l D)1 TR0028

(A) 16 B) 3 © 5 (D)
18. Maximum and minimum value of 2sin’0 — 3sin® + 2 is -

1 7 1 21 21 3 7

A) =, —— B) —, — =, -= D) 7,~ TRO025

W5 B) 57 © 57 (D) 73
19. For 0 € (0, /2), the maximum value of sin(G + %J +cos (6 + %J is attained at 6 =

A) = B) — C) = D) - TRO026

) 1 (B) ©) 3 D
20. Minimum value of the expression cos?0 —( 6 sin 0 cos 8) + 3 sin® 0 + 2, is -

(A) 4+4/10 (B) 4-+/10 (C) 0 (D) 4 TR0027
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EXERCISE (S-1)
Prove that : cos’a + cos? (o + ) —2cos o cos B cos (a + ) = sin?P3 TRO056
Prove that : cos 2o = 2 sin*} + 4cos (o + B) sina sin 3 + cos 2(a + ) TR0072
P that - sin® =~ + sin® 3n + sin* Sn + sin* Ir_3 TR0O055
T 16 16 16 2
. n . T . 3n n T 3n
If X =sin|0+— |+sin| 6—— |+sin| 0+—|,Y =cos| 0+— |+cos| 6 —— |+cos| 0+— | then
12 12 12 12 12 12
X Y
prove that ———=2tan20 . TR0053
Y X
Find the positive integers p,q,t,s satisfying tan% = (\/5 - \/E )(\/; - s) . TRO077
m+n
If mtan(6 — 30°) =n tan (6 + 120°), show that €020 = ———— TRO058
2(m —n)
4 5 . T
If cos(a+PB) = 55 sin (a—P) 3 & a, P lie between 0 & e then find the value oftan2a
TR0OO059

.. . . ++/b
Ifthe value of the expression sin25°. sin35°.sin85° can be expressed as NaTND where a,b,c € N and

are in their lowest form, find the value of (a+b +c). TRO060

Prove that (4 c0s?9° —3) (4 cos*27° — 3) = tan9°. TRO057
21 v 21

Prove that 4c0s7.cos7—1 = 2cos7, TRO104

Let P(k)=|1+ cos— || 1+ COSM 1+ COSM 1+ COSM then find the value
4K 4K 4k 4k

of (@) P(5) and (b) P(6). TR0062

Calculate without using trigonometric tables (Q.12 to Q.15) :

12.

14.

15.
16.

17.

18.

2c0s40°—cos20°

400s20° —~/3 cot 20° TR0063 13. 300 TRO064
cos® - 4 cos63—n+ cos65—n+cos67—n TRO065
16 16 16
tan10° —tan50° + tan70° TR0066
Given that (1 +tan 1°) (1 +tan2°)....(1 + tan45°) = 2", find n. TRO067
. sin*a costa 1 . sina  cos'a 1

Prove that from the equality + 5 " ath follows the relation; I P @tb)
TRO105

(@) Ify=10cos®x— 6 sinx cosx + 2 sin’x, then find the greatest & least value of'y. TRO068

(b) Ify=1+2sinx+ 3 cos’x, find the maximum & minimum values of y V x € R. TRO069

(c) Ify=9secx+ 16 cosec, find the minimum value of'y for all permissible value ofx. TR0070

(d) Ifa<3cos [9+§j+ 5 cosO + 3 <D, find a and b, where a is the minimum value & b is the

maximum value. TRO071
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88 1 k

19. Letk=1°, then prove that Z === TRO075
: ’ p “~ cosnk.cos(n+1)k sin’k

20. Ifxandy are real number such that x>+ 2xy —y? = 6, find the minimum value of (x> +y?)% TR0106

21. IfA+B+C=nr;prove that tan’ % +tan’ g +tan’ % >1. TR0076

EXERCISE (JM)
1.  If 5(tan?x — cosx) = 2cos 2x + 9, then the value of cos4x is :- [JEE(Main)-2017]
1)~ 2) -2 3+ " TROO86
() — @ -3 () 5 OF

2. Forany6 e G’gj’ the expression 3(sin® — cos0)* + 6(sin® + cos6)? + 4sin®d equals :
[JEE(Main)-Jan 19]
(1) 13 — 4 cos®0 (2) 13 — 4 cos*0 + 2 sin20cos20
(3) 13 — 4 cos?0 + 6 cos*0 (4) 13 — 4 cos20 + 6 sin?Ocos20 TR0087
T T T . T .
3.  Thevalue of cos? . cos?- ..... -cosF . szT IS: [JEE(Main)-Jan 19]
1 ! 2 1 3 L 4 L TRO088
()256 ()2 ()512 ()1024
1 . .
4. Letf (x)= E(smk x + cos* x) fork=1,2,3, .... Then for all x € R, the value of f,(x) — fy(x) is equal
to :- [JEE(Main)-Jan 19]
1 2 2 -1 3 L 4 L TRO089
M @) 1 (3) “)
5.  The maximum value of 3cos0+5 sin(e - %) for any real value of O is : [JEE(Main)-Jan 19]
J79
(1) V19 @) — (3) V31 (4) 34 TR0090
3 . 5
6. Ifcos(a+p) =g,sm(oc -B) =5 and 0<a,p< g ,thentan(2a) isequalto:  [JEE(Main)-Apr 19]
21 63 33 63
(1) T6 (2) 52 3) 52 4) 6 TR0107
7. The value of cos>10° — cos10°cos50° + cos>50° is [JEE(Main)-Apr 19]
1 i(1+cos20°) 2 3 3 i+cos 20° 4 3 TR0108
(M 5 @) (3) 5 “) 5
8.  The value ofsin 10° sin30° sin50° sin70° is :- [JEE(Main)-Apr 19]
1 L 2 L 3 L 4) L TR0109
(D 36 2) 32 ) 18 16
L 4
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EXERCISE (JA)
sinx cos'x 1
If + =—,then [JEE 2009, 4]
2 3 5
A) tan? 2 B sin8x+cos8X_L O tar? 1 - Sin8X+COS8X_i
(A)tan"x =3 B " Ty ©urx=3 o OIS
TR0094
- § (m- D mn
For 0 <0< 5 the solution(s) of ZCOSCC O+T cosec| 0 +T =4\2 is (are) -
m=1
[JEE 2009, 4]
i T i 5w
A) =~ B) — — D) = TR
A ®) © ©) 3 0095
) : 1 .
The maximum value ofthe expression Sin’ 0+ 3500030+ 5005’ 0 1S [JEE 2010, 3]
TR0096
Let P= {6 :8in@ —cosO = \/Ecose} and Q= {6 :sin0+cos0 = \/Esine} be two sets. Then
(A) PcQ and Q-P = B) Q¢P TR0098
©) P£Q D) P=Q [JEE 2011,3]
13
The value of Z ! is equal to [JEE(Advanced)-2016, 3(-1)]
= . (n (k-Dn). (n kn
sin| —+-——— [sin| —+—
4 6 4 6
(A) 3-3 (B) 23-+3) (C) 23-1) (D) 22+~3)  TR0099
S (k+1 j . [k+2 j
Zsm 5™ Jsin ST
For non-negative integers n, let f(n) =+2—~1 * n+
2, L, [ k+1 j
ZSIH T
o n+2

Assuming cos ' x takes values in [0, 7], which of the following options is/are correct ?
[JEE(Advanced)-2019, 4(-1)]

(1) sin (7 cos ' f(5))=0 (2) f(4)= g TRO110
(3) rl,lfi f(n) =% (4)Ifa=tan (cos ' f(6)), theno’+20—1=0
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. ALLEN Compound Angles

ANSWERKEY

EXERCISE (0O-1)

1. C 2. B 3. D 4. B 5. B 6. D 7. B 8. D
9. C 10. B 11. B 12. C 13. A 14. B 15. D 16. C

17. B 18. D 19. A 20. B
EXERCISE (S-1)

56 3-45 243
5. p=3,q=2;r=2;s=1 7. 3 8. 24 11.(a)3—2,(b) T
12. -1 13. V3 14. % 15. 3 16. n = 23
18. @) y_=11,y_=1;(b) y,. =%, y =-1;(c)49; @) a=—4 &b=10 20. 18
EXERCISE (JM)
1. 1 2. 1 3. 3 4. 4 5. 1 6. 4 7. 2
8. 4
EXERCISE (JA)
1. AB 2.CD 3. 2 4. D 5. C 6. 124
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TRIGONOMETRIC EQUATION

1. TRIGONOMETRIC EQUATION :

An equation involving one or more trigonometrical ratios of unknown angles is called a trigonometrical

equation.

2.  SOLUTION OF TRIGONOMETRIC EQUATION :

A value of the unknown angle which satisfies the given equation is called a solution of the trigonometric
equation.

(@) Principal solution :- The solution of the trigonometric equation lying in the interval [0, 21).

(b) General solution :- Since all the trigonometric functions are many one & periodic, hence there
are infinite values of 0 for which trigonometric functions have the same value. All such possible
values of 0 for which the given trigonometric function is satisfied is given by a general formula.

Such a general formula is called general solution of trigonometric equation.

(¢c) Particular solution :- The solution of the trigonometric equation lying in the given interval.

3. GENERAL SOLUTIONS OF SOME TRIGONOMETRIC EQUATIONS (TO BE
REMEMBERED) :

(@ IfsinB©=0,then 6 =nn, n € I (set of integers)

) Ifcos0 =0, then ® = (2n+1)§,n el

(¢c) Iftan0=0,then®=nm,nel

(d) Ifsin© =sina, then 6 = nm + (—1)"a where o e [_—;,E} ,nel
(e) IfcosO=cosa,then0=2nt+a,nel, a e [0,x]

-T T
) IftanO=tana,thenO=nn+a,nel, 016(7,5j
. T T

(9] Ifs1n6=1,then6=2nn+5=(4n+I)E,neI
(h) IfcosO=1then0=2nmt,nel
(i) Ifsin? 0 =sin’> o or cos? O = cos?> o or tan’ O = tan’ o, thenO =nn + o, n e I
() Fornel,sinnt=0andcosnt=(-1),nel

sin (nt + 0) = (—1)"sin O cos (nt + 0) =(-1)"cos O
k) cosnmt=(-1),nel

n—-1

Ifn is an odd integer, then sinﬂ = (_1)7,(305% =0,
2 2
n—1
sin (?+ e) =(~1) 2 cos®

n+l
cos(%nte):(—l) 2 sin®

node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TE\Eng\03.T E..p65



node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TE\Eng\03.T E..p65

. ALLEN

Hlustration 1 :  Find the set of values of x for which

tan3x —tan2x

1+tan3x.tan2x o

tan 3x —tan 2x

Solution : We have, =1 = tan(3x-2x)=1 = tanx =1
1 +tan3x.tan 2x
T T .
= tanx=tanz = x=nn+ R I {using tan® =tano < 0 =nn + )

But for this value of x, tan 2x is not defined.

Hence the solution set for x is ¢.

Do yourself-1 :
(i Find general solutions of the following equations :

30 30
(a) sin® =% (b) cos (7J =0 (c) tan (TJ =0

0
(d) cos20=1 () +f3sec20=2 (fy  cosec (EJ =-1

IMPORTANT POINTS TO BE REMEMBERED WHILE SOLVING TRIGONOMETRIC
EQUATIONS :

(@) For equations of the type sin 6 =k or cos 0 =k, one must check that | k | <1.

(b) Avoid squaring the equations, if possible, because it may lead to extraneous solutions. Reject
extra solutions if they do not satisfy the given equation.

(¢) Do not cancel the common variable factor from the two sides of the equations which are in a
product because we may loose some solutions.

(d) The answer should not contain such values of 6, which make any of the terms undefined or
infinite.

(i)  Check that denominator is not zero at any stage while solving equations.
(i) Iftan O or sec 0 is involved in the equations, 6 should not be odd multiple of g .

(iii) Ifcot O or cosec 0 is involved in the equation, 6 should not be multiple of rt or 0.
DIFFERENT STRATEGIES FOR SOLVING TRIGONOMETRIC EQUATIONS :
(@) Solving trigonometric equations by factorisation.

e.g. (2sinx—cosx)(1+cosx)=sin’x

: (2sinx—cos x) (1 +cosx)— (1 —-cosx)=0
(1+cosx)(2sinx—cosx—1+cosx)=0
(1+cosx)(2sinx—1)=0

= cosx=-1 orsinxza
= cosx=—1=cost = x=2nm+n=02n+ n,nel

or sinx = =sing = x=kn+(—l)kg,kel

1
2

Trigonometric Equation
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1
Hlustration 2 :  1f — sinB, cosO and tan0 are in G.P. then the general solution for 0 is -

6
T T T
(A) 2nni§ (B) 2nnig (©) Hﬂig (D) none of these
. . l . )
Solution : Since, g sin 0, cos 0, tan O are in G.P.

1
= cos26=gsin6.tan6 =  6c0s’0+cos’0-1=0
(2cos8—1)(3cos’0+2cosB+1)=0

= cosfO= (other values of cos 0 are imaginary)

| =

= cos6=cos§ = 6=2nni§,nel. Ans. (A)

(b) Solving of trigonometric equation by reducing it to a quadratic equation.
e.g. 6— 10cosx = 3sin’x

6 — 10cosx =3 —3cos’x = 3cos’x — 10cosx+3=0

1

= (Bcosx—1)(cosx—3)=0 = COSX = 3 or cosx =3

Since cosx = 3 is not possible as — 1 < cosx < 1

1

1
COSX =7 = cos(cos1 l} = X = 2n7 + cos™! (—j, nel
3 3 3

Illustration 3:  Solve sin’0 — cosd = % for O and write the values of 0 in the interval 0 < 0 < 2.

Solution : The given equation can be written as
1 —cos’0 —cosd 1 =  cos°0+cos®—3/4=0
—  4cos’®+4cosH-3=0 = (2c0s0—1)(2cosO+3)=0
= cosO= 1 , —i
2

Since, cosO =—3/2 is not possible as —1 <cosf < 1
1 T T
cosf=— cos0 =cos— 0=2nnt—
> = 3 = 3 ,nel

For the given interval, n=0and n=1.

5m

i
0=—, — .
= 33 Ans

4
m
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. ALLEN Trigonometric Equation
Hlustration 4:  Find the number of solutions of tanx + secx = 2cosx in [0, 27].
Solution : Here, tanx + secx = 2cosx =  sinx + 1 = 2 cos’x
5 . . 1
= 2smx+tsmx—-1=0 = smx=5,—1
. 3m . .
But sinx=-1 = x = EX for which tanx + secx = 2 cosx is not defined.
hus Six = o n 5
Thus sinx = ) =>X= 5’6
= number of solutions of tanx + secx = 2cos x is 2. Ans.
Hlustration 5 :  Solve the equation 5sin’x — 7sinx cosx + 16cos” x = 4
Solution : To solve this equation we use the fundamental formula of trigonometric identities,
sin’x + cos’x = 1
writing the equation in the form,
5sin’x — 7sinx . cosx + 16cos’x = 4(sin’x + cos’x)
—  sin’x — 7sinx cosx + 12cos* x =0
dividing by cos’x on both side we get,
tan’x — 7tanx + 12 =0
Now it can be factorized as :
(tanx — 3)(tanx —4) =0
= tanx=3,4
ie., tanx=tan(tan '3)or tanx =tan(tan ' 4)
— x=nn-+tan 3orx=nn+tan ' 4,nel Ans.
nm L .
Hlustration6: 1fx # PR n el and (cosx)™ x=3sinx+2 _ 1 "then find the general solutions of x.
nm
Solution : As X?f? = cosx#0,1,—-1

Hlustration 7 :

Solution :

So, (cos X)Sin2 x-3sinx+2 _ 1 = Sil’l2X —3sinx+2=0

(sinx — 2) (sinx — 1) = 0=> sinx =1, 2

where sinx = 2 is not possible and sinx = 1 which is also not possible as x = n—zn

no general solution is possible. Ans.
. .4 4 7 .
Solve the equation sin"x + cos” x = - SinX. cosx.
. 4 4 7. ) 2.\2 ) 2 7.
sin'x + cos'x = 7 SINX . COsX = (sin’x + cosx) —2smxcosx=5s1nx.cosx

. 7.

= 1--(Gin 2x)* = Z(sm 2x) =2sin’2x + Tsin2x — 4 = 0

— (2sin2x—1)(sin2x + 4) =0 = sin2x = % or sin2x =—4 (which is not possible)
AT

= 2x=nn+(-1) g,nel

ie., X:%Jr(—l)“ ,nel Ans.

2
12
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(a)
©

Do yourself-2 :

@i  Solve the following equations :
3sinx + 2cos’x = 0 (b) sec2a. =1 —tan2a
7cos?0 + 3sin’6 = 4 (d) 4cosb — 3secH =tanO

(i) Solve the equation : 2sin’0 + sin?20 = 2 for 6 e (-, 7).

(¢) Solving trigonometric equations by introducing an auxilliary argument.

Consider,asin®@ +bcosO=c ... (1)

sin O + cosO=

a b c
Var+b? Va? +b? Va? +b?

equation (i) has a solution only if [c| £ /32 4+ 12

a
“ T

C
sin (0+¢) = W Now this equation can be solved easily.

=cosd,

b , b
—————==38In =tan"' —
e ¢ & ¢=tan -

by introducing this auxillary argument ¢, equation (i) reduces to

Mlustration 8:  Find the number of distinct solutions of secx + tanx = /3, where 0 < x < 3.
Solution : Here, sec x +tanx = /3 = 1+ sinx = /3 cosx
or /3 cosx—sinx =1
dividing both sides by /52 + b2 i.e. V4 =2, we get
1
= ﬁcosx— lsinx= =
2 2 2
(:os£<30s><—sir1£si11x—l T 1
= 6 6 > = COS X+€ —5
As 0<x<3n
Tex+Z<3n+l
6 6
6 333 62 6
3n )
But at x = BE tanx and secx is not defined.
Total number of solutions are 2. Ans.
2
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. ALLEN Trigonometric Equation
Hlustration 9:  Prove that the equation kcosx — 3sinx =k + 1 possess a solution iffk € (—o, 4].
Solution : Here, k cosx — 3sinx = k + 1, could be re-written as :
k COSX — . sinx = kel
K> +9 K> +9 Vi +9
or cos(x+¢)= \/1% , Where tan¢ =%
which possess a solution only if —1 < k+l <1
k> +9
k+1

Le., ‘ﬁ <1
ie, (k+1’<k’+9
ie, K+2k+1<k+9
or k<4
=  The interval of k for which the equation (kcosx — 3sinx =k + 1) has a solution is (—o, 4].

Ans.
Do yourself-3 :
@  Solve the following equations :
(@) sinx +./2 = cosx.
(b) cosecH =1 + cotb.

(d) Solving trigonometric equations by transforming sum of trigonometric functions into

product.
e.g. cos3x+sin2x—sin4x=10
cos 3x—2sinxcos 3x=0

=  (cos3x) (1 —2sinx) =0

1
= cos3x=0 or sinxza
T . 1 T
= co0s3x=0=cos— or sinXx = — = sm—
2 2 6
T T
= 3x=2nm £ or Xx=mmu + (-1)™ —
2 6
__znn—kE — + lmE I
= Xx= 36 or x =mn + (1) 6,(n,me)
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Hlustration 10 :  Solve : cosO + c0s30 + cos50 +cos70 =0
Solution : We have cosO + cos76 + cos30 + cos50 =0
=  2c0s40c0s30 + 2c0s40c0s0 =0 = co0s40(cos30 + cos0)=0
= c0s40(2c0s20cos0) =0
=  Eithercos0=0= 0=2n,+1)n/2, n, €l
T
or co0s20=0 = 9=(2n2+1)z,n2 el
T
or cos40=0= 6=(2n3+1)§, n, el Ans.

(e) Solving trigonometric equations by transforming a product into sum.

e.g. sin5x. cos3x = sin6x. cos2x
sin8x + sin2x = sin8x + sindx
S 2sin2x . cos2x — sin2x =0
= sin2x(2cos2x—-1)=0
1
= sin2x=0 or cos2x = )
. ) 1 T
= sin2x=0=sin0 or COS2X = 5= cosg
— 2x=nmn+(1)Px0,nelor 2x=2mn= g mel
n T
= x=—,nel or Xx=mn+ -, mel
2 6
1
Hlustration 11 : Solve : cosO c0s20 cos30 = 1 ; where 0<0< .
1 1 1
Solution : ) (2c0s0 c0s30) cos20 = 1 =  (c0s20 + cos40) cos20 =5
1 ) 1
= 5 [2c0s"20 + 2c0s40 cos20]= 5 = 1 + cos40 +2co0s40 cos26 =1
cos40 (1+2c0s20)=0
cos40=0 or (1+2co0s20)=0
Now from the first equation : 2cos40 = 0 = cos(n/2)
1 o
40 = (n+—jn = 0=0C2n+l)—,nel
2 8
T
for n=0,9:£;n=1,9=3—n;n=2,6:5—n;n=3,9=— 0<6<m)
8 8 8 8
and from the second equation :
2
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Trigonometric Equation

1
cos20 = > =—cos(nt/3) = cos(n—m/3) = cos (2n/3)

20=2kn+2n/3 .. O=kn+n/3, kel

2

again for k=0,6:§;k=1,9 3 ("~ 0<0<n)
_& ™ 3m Smo2n Tn A
8 b 3 b 8 b 8 b 3 b 8 ns.
Do yourself-4 :
@@  Solve 4sinb sin20 sin46 = sin36.
@ii) Solve for x : sinx + sin3x + sin5x = 0.
®  Solving equations by a change of variable :

()

Equations ofthe form P (sinx + cos x, sin X. cos x) = 0, where P (y,z) is a polynomial, can be

solved by the substitution :

cosx+tsinx=t = 1 £2sinx. cos x =t
e.g. sinx+cosx=1 +sinX. cos X.

put sinx + cosx =t

= sin’x + cos’x + 2sinx . cosx = t?

= 2sinxcosx=t>—1 (" sin’x + cos’x = 1)

t?—1
= SINX.COSX = T

Substituting above result in given equation, we get :

t* -1

2
= 2t=t2+1=>t2-2t+1=0
= (t-12=0 = t=1

t=1+

= smx+cosx=1

Dividing both sides by /12 +12 i.e. /2 , We get
1 1 1
= ﬁsmx+ ﬁcosx= ﬁ =

T T T
X__ = -_— - =
= cos( 4J cos4 = X 4 2nm

T

COSX COS— + sinx.sin

4

T
:t_
4

T T
= x=2nn0rx=2nn+—=(4n+1)5,nel

2

K
4

1
B
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(ii)

(i)

Equations of the form of asinx + bcosx + d = 0, where a, b & d are real numbers can be
solved by changing sin x & cos x into their corresponding tangent of half the angle.

e.g. 3cosx+t4sinx=>5

2
3 1—-tan“x/2 +4( 2tan§(/2 j=5
1+tan®x/2 l1+tan”“x/2

3—3tan2§ 8‘[ani
N 2+ 2 =5
1+tan2§ l+tan2§
2 2
X X X X X
= 3 —3tan’— + 8tan— =5+ Stan’— = 8tan?— — 8tan— +2=0

2 2 2 2 2

2
4tan2§ — 4‘[21ni +1=0 = (Ztang—lJ =0

2 2
=l =tan| t 1
7 an E
1

=nn +tan1(§j, nel =

Jane — 1 =0 = tan—
anz— = :>an2

1
x=2nmw + 2tan"' -, n e |

= 2

X
2
Many equations can be solved by introducing a new variable.

e.g. sin*2x + cos*2x = sin 2x. cos 2x

substituting sin2x. cos2x =y *-

=
1-2y’=y
1
= 2y +y-1=0 = 2(y+l)(y—5j=0

1
= y=-1 or y= 5= sin2x.cos2x =—1 or Sin2X.cos2x =
= 2sin2x.cos2x =—2 or 2sin2x.cos2x = 1
= sindx = — 2 (which is not possible) or 2sin2x.cos2x = 1
. . T T nw
= sm4x=1=sm5 :>4x=nn+(—1)“5,nelz>x=7+

(sin®2x + cos*2x)? = sin*2x + cos*2x + 2sin*2X.cos*2x

sin*2x + cos*2x = 1 — 2sin’2x.cos?2x substituting above result in given equation :

1

2

P nel
(_) Sane
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Illustration 12 : Find the general solution of equation sin*x + cos*x = sinx cosx.

Solution : Using half-angle formulae, we can represent given equation in the form :
1-cos2x Y (1+cos2x) .
+ =S8iNnX COSX
2 2
= (1 —cos2x)? + (1 + cos2x)? = 4sinx cosx
=  2(1 +cos?2x) =2sin2x = 1 + | — sin?2x = sin2x
= sin?2x + sin2x =2
= sin2x =1 or sin2x = -2 (which is not possible)
s
= 2x=2nn+5,nel
T
= x=nn+z,n61 Ans.

(@) Solving trigonometric equations with the use of the boundness of the functions involved.

e sinx| cos>—2sinx |+| 1 +sin>—2cosx |.cosx =0
& 4 4

. X . X
smxcosz +cosxsmz +cosx=2

o[ 5x
sin (Tj +cosx=2

(5 :
= sm(%j= & cosx=I (assinB<1 & cos0<1)

Now consider

cosx=1 = X = 27, 47, 67, 87T .......
BN _ 2x 10% 18n
an s1n4 = X_S’S’S .......

Common solution to above APs will be the AP having

First term = 21t

i 8t 407
Common difference = LCM of 27 and ?ZT = 87

General solution will be general term of this AP i.e. 2w + (8n)n, n € |
= x=2@n+ 1, nel
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Ilustration 13 :  Solve the equation (sinx + cosx)' ™"**=2, when 0 < x < .
Solution : We know, —/a’ +b> <asin®+bcos0 < \/az +b% and -1 <sinB < 1.
(sinx + cosx) admits the maximum value as /2
and (1 + sin2x) admits the maximum value as 2.
2
Also (\/E ) =2.
the equation could hold only when, sinx + cosx = ,/2 and 1 + sin 2x = 2
T
Now,sinx + cos x = /2 = cos(x—zj=l
= x=2m+n/4,nel . (1)
T
and 1 +sin2x=2 = sin2x=1=sin5
T
= 2Xx=mrn+(-1)"-,mel = x=ﬂ+(—1)mE ...... (ii)
2 2 4
T
The value of x in [0, 7] satisfying equations (i) and (ii) is x = n (whenn=0 & m=0)
Ans.
Note : sin x + cos x = —/2 and 1 + sin 2x = 2 also satisfies but as x > 0, this solution is
not in domain.
1
Hllustration 14 :  Solve for x and y : 7cos’x /yz —y+1/2<1
1
SOIution N 2coszx ,yz -y +1 /2 <1 e (1)
1 2 2
; 1 1
AR —— | +|=] <1
\/(y 2) (2)
Minimum value of .7, =2
o [ ]
inimum value o y > > >
1
—  Minimum value of 2° %[y’ —y +5 is 1
1 2 2
" . ; 1 1
= (i) is possible when 2% * y=5 + 5 =1
= cos’x=landy=1/2 = cosx=+1 = x=nnr, wheren € L.
Hencex=nn,n el andy=1/2. Ans.
L 4

ALLEN .

node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TE\Eng\03.T E..p65



node06\BOBO-BA\Kota\JEE(Advanced)\Leader\Maths\Sheet\Basic Maths, Log, TRI & TE\Eng\03.T E..p65

. ALLEN Trigonometric Equation

: : 1 .
Illustration 15 : The number of solution(s) of 2cos” (%j sin’x = x*+ —,0<x<n/2,is/are -
X

(A)O B)1 (C) infinite (D) none of these
, 20 X} .2 2, 1 ) », 1
Solution : Let y =2cos ) s1nx=x+x—2 = y=(l+cosx)sinxandy=x"+ 2
wheny=(1+ cosx)sin’x = (anumber<2)(anumber<1) = y<2 ... (1)
1 1Y
andwheny=x2+—2:(x——j +2>2 = y=22 (i)
X X

No value of y can be obtained satisfying (i) and (ii), simultaneously
=  No real solution ofthe equation exists. Ans. (A)
Note:IfL.H.S. ofthe given trigonometric equation is always less than or equal to k and RHS is always

greater than k, then no solution exists. If both the sides are equal to k for same value of 6, then

solution exists and if they are equal for different values of 0, then solution does not exist.

Do yourself-5 :
@ Ifx*—4x+5-siny=0, yel0,2n), then -
A)x=1,y=0 B)x=1,y=mn/2 C)x=2,y=0 D)x=2,y=mn/2

(i) Ifsinx+cosx=,[y+—,y>0, x €0, n], then find the least positive value of x satisfying the
y

given condition.

6. TRIGONOMETRIC INEQUALITIES :

There is no general rule to solve trigonometric inequations and the same rules of algebra are valid provided

the domain and range of trigonometric functions should be kept in mind.

Hlustration 16 : Find the solution set of inequality sin x > 1/2.

Solution : When sinx = % , the two values of x between 0 and 2w are 7/6 and 57/6.
From the graph of'y = sin x, it is obvious that between 0 and 2,
sinx > % for m/6 <x <5m/6

Hence, sinx>1/2

= 2nm+a/6<x<2nm+5m/6,n el




I JEE-Mathematics ALLEN .

5
Thus, the required solution set is ) (2nn + g , 207+ an Ans.
n 3n
Hlustration 17 :  Find the value ofx in the interval | =~ =~ | for which V2 sin2x +1 < 2sinx ++/2 cosx
Solution : We have, J2sin2x +1<2sinx ++/2 cosx = 242 sinx cosx —2sinx —+/2 cosx +1 <0
= 2sinx(\/zcosx—1)—1(\/5cosx—1) <0 = (2sinx—1)(x/§cosx -1)<0
(sinx—lj[cosx—ij <0
= ) \/5 =
Above inequality holds when :
C I: sinx l<O d cosx ! >0 sinx<l d cosx> !
ase-1 : ——= =0 an -——=z20 = S— an 2—=
2 V2 2 J2
Now considering the given interval of x :
.<l Xennu5n3n cOSX > T T
sinx <— - -, = —, = . —= =
for 5 2’6 6 2 and for \/— 4’2
. T
For both to simultaneously hold true : x € [_Z’ g}
Case-II : sinx l>0 d cosx < !
ase-II : ——20 an S—=
2 2
Again, for the given interval ofx :
1 T 5w T W n 3m
i — =, = <_-xe -, = |U|—, —
forsmxz2 : X€[6, 6} and for cosx R [ > 4} [4 2}
T Sm
For both to simultaneously hold true : X € [ 16 }
wven inequali ce| T m| [ 5
Given inequality holds for 16 16 Ans.
L

_ - 0 E Ed 5
2n z = Eﬁ \/
71-
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. ALLEN Trigonometric Equation

Illustration 18 : Find the values of o lying between 0 and &t for which the inequality : tan o, > tan” o is

valid.
Solution : We have : tano—tan’ a >0 = tano (1— tan’a) > 0
= (tano)(tano + 1)(tano — 1) <0 — - — -
So tana <-1, 0 <tana <1
Given inequality holds for a € (O, %J U (g, %J Ans.

Do yourself - 6 :

(i) Find the solution set of the inequality : cosx > —1/2.

(i) Find the values of x in the interval [0, 27t] for which 4sin’x — 8sinx + 3 < 0.

Miscellaneous Illustration :

Hlustration 19 :  Solve the following equation : tan?0 + sec?0 + 3 =2 (\/5 sec 0+ tan 0)
Solution : We have tan® 0+sec® 0+3=2+2secO+2tan0
= tan*0—2tan0+sec’ 0—2v2secO+3=0
= tan*0+1—2tan0+sec’ 0—2+/2sec0+2=0
= (tane_1)2+(sece_ﬁ)2:o = tan0=1 and secO=~2

As the periodicity of tan and secH are not same, we get
n
e:2nn+z,nel Ans.

Hlustration 20 :  Find the solution set of equation 5(1 *1ogs cos9) = 5/2
Solution : Taking log to base 5 on both sides in given equation :

(1 + log, cosx). log5 = log,(5/2) = log, 5 + log, cosx = log.5 — log.2

= log; cos x = —log,2 = cos x = 1/2 =>x=2nm+n/3,nel Ans.
Hllustration 21 : 1f the set of all values of x in (—g,g} satisfying | 4sinx + V2 | < J6 is (%,%j then
find the value of %‘
Solution : |4sinx +2 | <6

= - 6<4sinx+\/§<\/g = —\/g—\/z<4sinx<\/g—\/§

“W6+2) . N6-2 s _m (_EEJ
= 2 <sinx < 2 12<X<12forXe )

an T
' ith —<X<— w =_ =
Comparing with 4 q o Ve get,a=-10,b=2

| =4 Ans.
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Hlustration 22 : Find the values ofx in the interval [0,27t] which satisfy the inequality :

3|2 sinx —1| > 3 + 4 cos’x.
Solution : The given inequality can be written as :
312 sinx — 1| >3 + 4 (1- sin’x) = 3|2sin x —1| > 7 — 4 sin’x
Let sinx =t = 32t — 1[>7 — 4t°
Casel: For2t—1>0ie.t>1/2 we have, 2t—1]=(2t-1)
= 32t-1)>7 -4t = 6t—3>7 — 4t
= 42 +6t—10>0 = 202 +3t—-5>0
= (t-1) (2t+5)>0 = tS—g and t > 1

1
Now for t > E , we get t > 1 from above conditions i.e. sin x > 1

T
The inequality holds true only for x satisfying the equationsinx =1 .. x = B
(for x € [0,21])
1
Casell: For2t-1<0 = t<5
we have, [2t—1|=—-(2t—-1)
= 3Q2t-1)>7-4> = —6t+3>7-4t
= 42-6t-4>0 = 222-3t-2>0
1
= (t-2)Q2t+1)>0 = tS_E andt>2
) 1 1 ..
Again, for t< 5 we gett< ) from above conditions
Le. smx_—2:> s - %% (for x € [0,27])
Thus, 6’ 6 5 ns.
Hlustration 23 : Find the values of 0, for which cos 36 + sin 30 + (2 sin 20 — 3) (sin6 — cos0) is always
positive.
Solution : Given expression can be written as :

4¢0s%0 — 3 cosO + 3 sinb — 4 sin’0 + (2 sin26 — 3) (sind — cosO)

Applying given condition, we get

= —4 (sin®0 — cos?0) + 3(sind — cosO) + (sinb — cos0O) (2sin20 — 3) >0

= —4(sinb — cos0) (sin0 + cos?0 + sinBcosO) + 3(sind — cosO) + (sind — cosb) (2sin26-3) >0
= —4(sinO — cos0) (1+ sinO cosO) + 3(sin® — cosO) + (sinb — cosO) (4 sinO cos6 —3) >0
= (sinB — cosB) {—4 — 4sinb cosO + 3 + 4sinb cosd -3} > 0

= —4(sinb — cosO) > 0

= —4\/§sin(9—§J>0 = sin(@—%}<0 = 2nm -1 <0 - % <2nm,n el

3n T 3n T
= 2nm — - <e<2nn+2:>ee ZHTC—T,ZIUHZ ,nel Ans.

4
m
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. ALLEN Trigonometric Equation |23 EGK
Hllustration 24 : The number of values of x in the interval [0, 5] satisfying the equation
3 sin?x — 7 sinx +2 =0 s - [JEE 98]
(A) 0 B) 5 ©) 6 (D) 10
Solution : 3sin’x — 7 sinx + 2 = 0
= (3sinx — 1)(sinx — 2) =0
sinx # 2
. |
= sinx= 3 =sina (say)
where a is the least positive value of x
such that sino = %
Clearly 0 <a <§ . We get the solution,
X=o,T—0,27t+a, 3t — o, 4t + o and 57 — o.
Hence total six values in [0, 57] Ans. (C)
ANSWERS FOR DO YOURSELF
. e o 4nm
1: @O @ 9=nn+(—l)“g,nel(b) 9:(2n+1)§,nel (©) GZT,HEI
nmn T
(G)) 6:7,nel (e) eznnia,nel ® o6=2nn+(-)™"'n,nel
2 i @ x=n7t+(—l)n+1£ ne | (b) GZEOTOL=E+3—R, n,kel
6 2 2 8
(© 0=nm ig, nel (d) 6=nr+ (-1)"a, where o =sin" (%] or sin”' (_l_sﬁ], nel
L go)_ E 3 _nom3mom
(i) 47 4 274 472
T
3: @ (@ x=2nn—§,nel (b) 2mn+5,mel
4: () 6=nn0r6=ﬂig;n,mel (ii) XZ%,HEI and knig,kel
T
5 @ D (i) x=—
4
i U 2nn—ﬁ 2nn+2—7c T moom
6: O 307 @ {66
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1.

10.

11.

12.

EXERCISE (0O-1)

The general solution of tan 3x =1 is -

T nmw n T
(A)nmt + " (nel) (B) EY + T (nel) (C) nrt (nel) (D)nr + " (nel) TE0092
If2 tan? © = sec’ O, then the general solution of 0 -

n n n T
(A)nm + 7 (nel) (B)nn— 7 (nel) (C)nn+ 7 (nel) (D) 2nmw + 7 (nel) TEO001
Number of principal solution(s) of the equation 4 16507 % = 0sinx g

(A1 (B)2 )3 (D)4 TE0015
Iftan 60— 2 sec 0=+/3 , then the general solution of 0 is -

(A)nm+ (1) -2 B)nut (1) = (C)nm (-1 2+ (D)nmt ()P

4 3 3 4 3 4 4 3
wheren € [ TE0014
The number of solutions ofthe equation tan’x —sec'%x +1=01in (0,10)1s -
(A) 3 (B) 6 (©) 10 (D) 11 TE0020
The solution set of (5 +4 cos 0) (2 cos 0 + 1) =0 in the interval [0,27] is :

T 2% T 2n 4n 2n Sm

(A) { 373 } (B) {E’ TC} ©) {?a?} D) { 33 } TE0005
The equation sinx cos x =2 has :
(A) one solution (B) two solutions (C) infinite solutions (D) no solution TE0019

I[f0<x<3m, 0<y<3mand cosx. siny=1, then the possible number of values of the ordered pair (X, y)
is-

(A)6 (B)12 (O): (D) 15 TE0026
If tan26+tanb _ 0, then the general value of 0 is -
1—-tan Otan 20
nmn nmn nmn
(A)nm;nel (B)?;nel (C)T (D) ?;nel TE0012
wheren € 1

cos(a—B)=1and cos(a + 3) = 1/e, where a, B € [T, ], numbers of pairs of a,, § which satisfy both
the equations is

(A)O B)1 )2 (D)4 TE0093
If 0 < 0 < 2m, then the intervals of values of 0 for which 2sin*0 — 5sinf +2 > 0, is

pEmoiT) el iMET) ol
MY (B) O1™5)% 66 ) Dlag TE0094

The number of solutions of the pair of equations
2 sin%0 — c0s20 =0
2 ¢cos’0-3sin0=0
in the interval [0, 27t] is
(A) zero (B) one (C)two (D) four TE0095
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PASSAGE :

13.

14.

15.

A e

Sl

10.

11.

12.

Whenever the terms on the two sides of the equation are of different nature, then equations are known as Non
standard form, some of themare in the form ofan ordinary equation but can not be solved by standard procedures.
Non standard problems require high degree of logic, they also require the use of graphs, inverse properties
of functions, inequalities.

On the basis of above information, answer the following questions :

T
The equation 2cos? (ij sin?x = x2+x 2, 0<x< B has
2
(A) one real solutions (B) more than one real solutions
(C) no real solution (D) none of the above TE0025
The number of real solutions of the equation sin(e*) = 5* + 5% is-
(A)O B) 1 )2 (D) infinitely many  TE0096
The number of solutions of the equation sinx = x + x + 1 is-
(A)O B) 1 )2 (D) None TE0022
EXERCISE (S-1)

. 1 l+10g5 (sinx) l+10g15 cos X
Solve the equation for x, 52 +52 =152 TE0058

Find all the values of 0 satisfying the equation; sin@+sin50=sin30 such that0< 0 <m.  TE0051

Solve the equality: 2 sin 11x + cos 3x + /3 sin 3x =0 TE0059
Find all value of 0, between 0 & mt, which satisfy the equation; cos0.cos26.cos30=1/4. TE0054
Find the general solution ofthe equation, 2 + tanx - cot % +cotx- tan% =0 TE0097

Determine the smallest positive value of x which satisfy the equation, /1 + sin2x — V2 cos3x=0. TE0068

. . . . . (%+10g3 (cosx+sin X)j log, (cos x—sin x)
Find the general solution of the trigonometric equation 3 -2 =+/2. TE0065
Find the value of 0, which satisfy 3 —2cos0 —4 sinf — cos20 +sin20 =0. TE0098
Find the range of y such that the equation, y+cos x=sin x has a real solution. For y=1, find
x such that 0 < x<2m. TE0056
) ) ) ) ) cosO+sin6
Find the general values of 0 for which the quadratic function (sinf) x> + (2cos0)x +#
is the square ofa linear function. TE0057
Prove that the equations
(a) sinx - sin 2x - sin 3x =1 (b) sinx - cos 4x - sin 5x=—1/2 TE0066

have no solution.
If avand B are the roots of the equation, acos0 +bsin0 =c then match the entries of column-I with
the entries of column-I1.

Column-I Column-II
2b
SR p 2b
(A) sino + sin 3 P) re
) . c—a
B) sino . sin 3 Q —
c+a
2bc
C tan & +tan B _<be
© an 5 an 5 (R) Y
B c?—a’
(D) tan> . tan— (S) —_ TE0099
2 2 a’+b?

*

Trigonometric Equation
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EXERCISE (JM)
If 0 < x < 2m, then the number of real values of x, which satisfy the equation
cOSX + c0s2x + cos3x + cosdx =0, 1S :- [JEE(Main) 2016]
(H9 2)3 3)5 4)7 TE0074

If sum of all the solutions of the equation 8 cos x- (cos[%ﬂ().cos (%—x)—%j= 1 in [0, =] is kmt,
then k is equal to : [JEE(Main) 2018]

(1) % (2) g (3) % (4) % TE0075

Ifo<x< g , then the number of values of x for which sin x-sin2x+sin3x = 0, is

[JEE(Main)-Jan 19]

(1H2 2)1 3)3 (4)4 TE0076
. 3
The sum of all values of 0 e (0,%) satisfying sin® 20+ cos*20 = 1 is: [JEE(Main)-Jan 19]
i 3n Sm
(1) 3 )= 3) g 4) 2 TE0077

Let S={0 € [-2m, 27] : 2¢0s°0 + 3sinf = 0}. Then the sum of the elements of S is
[JEE(Main)-Apr 19]

13 5
(1) ?” Q) (3) 2n (4) ?” TE0078
All the pairs (X, y) that satisfy the inequality 24/sin?x - 2sinx +5 . — <1 also satisfy the eauation.
4sm“y
[JEE(Main)-Apr 19]
(1) sin x = [siny]| (2)sinx=2siny (3) 2|sinx| = 3siny (4) 2sinx = siny TE0079
. St 5
The number of solutions of the equation 1+ sin’ x = cos’3x, x € [_Tn 771} is : [JEE(Main)-Apr 19]
(H5 2)4 3)7 4)3 TE0080
Let S be the set of all a € R such that the equation, cos2x + asinx = 2o — 7 has a solution. Then S is
equalto: [JEE(Main)-Apr 19]
(1) [2, 6] (2)[3,7] 3)R (4)[1,4] TE0081
EXERCISE (JA)
-T T nmn
The number of values of 0 in the interval (75} such that 0# = for n = 0, £1,+2 and
tan0 = cot50 as well as sin20 = cos40, is [JEE 2010, 3]
TEO084
e o . 1 1 1 )
The positive integer value of n > 3 satisfying the equation = + is TE0085

SHEGER

[JEE 2011, 4]
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3.

The number of distinct solutions of equation 2 cos’ 2x +cos* x +sin” x +cos® x +sin® x = 2 inthe interval

[0, 2m] is [JEE 2015, 4M, -0M]
TE0088

Let S:{xe(—n,n):x;to,ig}. The sum of all distinct solution of the equation

\/gsec X +cosecx +2(tan X —cotx) =0 in the set S is equal to - [JEE(Advanced)-2016, 3(-1)]

n 27 5w
(A) —7 (B) —7 QX0 (D) o TE0089

T T

Let a, b, ¢ be three non-zero real numbers such that the equation x/ga cosx+2bsinx =c, x € [— E’E}

has two distinct real roots o and § with o + 3 =§. Then the value of N is TE0090
[JEE(Advanced)-2018, 3(0)]

Answer the following by appropriately matching the lists based on the information given in the
paragraph
Let f(x) = sin(m cosx) and g(x) = cos(27 sinx) be two functions defined for x > 0. Define the following
sets whose elements are written in the increasing order :
X={x:fx)=0}, Y={x:f(x)=0}, Z={x:g(x)=0}, W= {x:g'(x)=0}.
List-I contains the sets X,Y,Z and W. List -1I contains some information regarding these sets.

List-1 List-11

o X P) 2 {g,%ﬂ,%, 7n}

amy 'y (Q) an arithmetic progression
ny =z (R) NOT an arithmetic progression

{TC n 1375}

Which of the following is the only CORRECT combination ? [JEE(Advanced)-2019, 3(-1)]

(D (1), (R), (S) (2) (D, (P), (R) (3) (10, (Q), (T) 4)(D),(Q), (U)  TE0091
Which of the following is the only CORRECT combination ? [JEE(Advanced)-2019, 3(-1)]

(1) AV),(Q), (T) (2)AV),(P),(R),(S)  (3) (II), (R), (U) (4) 1), (P), (Q), (U)
TE0091

Trigonometric Equation
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ANSWER KEY
EXERCISE (0-1)
1. B 2. C 3. C 4. D 5. A 6. C 7. D 8.
9. B 10. D 11. A 12. C 13. C 14. A 15. A

1. x=2nn+%,nel

3 _nm_m _nm 7n

X e YT 4 T g
T

5. x=2nni?,nel

7. x=2m+ -

. X = ZNT 12

9, _ 2Sysﬁ;§,n

12.. (A)R; (B)S; (OP;(D)Q

EXERCISE (S-1)

T T
2. —,
Oa 65 35

, 1 € I 4' IPRE I ) 5 5

8. 0=2nm or 2nn+g;nel

T
10. 2HR+Z or 2n+1)n —tan 2, nel

EXERCISE (JM)
1 4. 1 5. 3 6. 1

EXERCISE (JA)
8 4. C 5. 05 6. 3

1. 4 2. 1 3

8. 1

1. 3 2. 7 3
¢
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